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Chapter 1

Introduction

1.1 Transparent Conducting Oxides

Transparent conducting oxides (TCO) constitute a unique class of materials
which combine two physical properties together - high optical transparency
and high electrical conductivity. These properties are generally considered
to be mutually exclusive of each other since high conductivity is a property
possessed by metals while insulators are optically transparent. This peculiar
combination of physical properties is achieved by generating free electron
or hole carriers in a material having a sufficiently large energy band gap
(i.e., >∼3.1 eV) so that it is non absorbing or transparent to visible light.
The charge carriers are usually generated by doping the insulator with suit-
able dopants and also by defects. It is no wonder that this unique material
property makes TCOs technologically an important material and TCOs are
widely used in commercial applications such as - in liquid crystal display
(LCD), plasma and organic light emitting (OLED) displays; touch-screen
sensors; thin-film and organic photovoltaics, OLED lighting; low-e windows
and smart windows; solar control film etc.

The TCOs used in technological applications should have following char-
acteristics. First, they should be transparent for the visible part of light with
transmittance >∼ 80%. Second, they should be a good conductor of electric-
ity with a high enough concentration of electrical carriers, i.e., an electron
or hole concentration >∼ 1019 cm−3 and with a sufficiently large mobility,
>∼ 1 cm2 V−1 s−1. The three most common TCOs are tin doped indium
oxide In2O3:Sn, fluorine doped tin oxide SnO2:F, and aluminum doped zinc
oxide ZnO:Al. All three of these materials have band gaps above that re-
quired for transparency across the full visible spectrum. Note that although
these TCOs are considered to be good conductors from the perspective of a
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semiconductor, they are actually very poor conductors compared to metals.
For example, the best conductivity of In2O3:Sn (for indium tin oxide or ITO)
is about a factor of 10 to 60 lower than that of a typical integrated circuit
contact metal. The low conductance of TCOs compared to metals has im-
portant consequences for both TCO and transparent electronics applications.
An ideal TCO should have high electrical conductivity combined with low
absorption of visible light. Therefore an appropriate quantitative measure of
the performance of TCOs is the ratio of the electrical conductivity (σ) to the
visible absorption coefficient (α). Thus the figure of merit of TCO material,
which is defined as the ratio of the electrical conductivity and the optical
absorption

Figure of merit =
σ

α
,

is used for quantitative description of TCO performance. Figures of merit
for some TCOs are given in Table 1.1.

Table 1.1: Figures of Merit σ/α for some TCOs [From Ref. [1]].

Material Sheet resistance Visible absorption coefficient Figure of merit
(Ω/ cm2) (α) (Ω−1)

ZnO:F 5 0.03 7
Cd2SnO4 7.2 0.02 7
ZnO:Al 3.8 0.05 5

In2O3:Sn 6 0.04 4
SnO2:F 8 0.04 3
ZnO:Ga 3 0.12 3
ZnO:B 8 0.06 2

SnO2:Sb 20 0.12 0.4
ZnO:In 20 0.20 0.2

1.2 TCO Materials

A plethora of systems have been studied as candidate material for a TCO [2].
Table 1.2 lists the commonly used TCO host materials and corresponding
dopants. These include binary oxides, ternary oxides and also multicompo-
nent oxides. Among these the binary oxides: In2O3, SnO2, ZnO and CdO
form a kind of basic set of TCO host materials since most of the ternary,
multicomponent oxide systems are derived from these. Sn-doped In2O3 thin
films [In2−xSnxO3:ITO] show the best performance as TCO and are widely
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Table 1.2: TCO materials.
Material Dopant or compound
In2O3 Sn,Ge,Mo, F, T i, Zr,Hf,Nb, Ta,W, Te
SnO2 Sb, F,As,Nb, Ta
ZnO Al,Ga,B, In, Y, Sc, F, V, Si,Ge, T i, Zr,Hf
CdO In, Sn
ZnO − SnO2 Zn2SnO4, ZnSnO3

ZnO − In2O3 Zn2In2O5, Zn3In2O3

In2O3 − SnO2 In4Sn3O12

CdO − SnO2 Cd2SnO4, CdSnO3

CdO − In2O3 CdIn2O4

GaInO3, (Ga, In)2O3 Sn,Ge
CdSb2O6 Y
ZnO − In2O3 − SnO2 Zn2In2O5 − In4Sn3O12
CdO − In2O3 − SnO2 CdIn2O4 − Cd2SnO4

CuXO2 X = Al,Ga, In
ZnXO4 X = Al,Ga,Co,Rh, Ir

used in most optoelectronic devices. However, since ITO is an expensive ma-
terial there is a necessity of finding economic alternatives and other systems
- particularly Al doped ZnO is being explored as viable alternative. These
basic TCOs are n-type conducting and p-type conductivity is a relatively rare
phenomenon. Only few systems are known to be p-type conducting, these
include delafossite CuXO2 (X=Al, Ga and In) [3, 4, 5, 6] and the ZnX2O4

(X=Co, Rh and Ir) [7, 8, 9] spinel structures.

1.2.1 Alternative materials for TCO applications

There are also alternative non-oxide materials which are transparent and
conducting, particularly here I would like to mention graphene. Graphene,
which is a single-layer of carbon, also exhibits high electrical conductivity
and high optical transparency [10, 11]. The advantages of graphene over
TCOs are its mechanical strength and flexibility, in contrast to ITO, which
is brittle. Moreover, since it is a carbon derivative it is cheap and available
in abundance. Additionally, graphene films may be deposited from solution
over large areas. Still it is unlikely to replace the TCOs in all the devices
for practical reasons that there is an existing technology to synthesize and
fabricate TCO devices, moreover the graphene films are sensitive to surface
roughness [12] while TCOs can be easily fabricated on rough surfaces. Ad-
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ditionally a wide range of TCO material system also provides an access to a
wide range of physical properties such as the work function.

1.3 Basic physics of TCOs

1.3.1 Electron energy bands in TCOs

Figure 1.1: Schematic illustration of electronic states in metal oxides.

In the simple metal oxide compounds such as ZnO, CdO, and SnO2, the
metal cations have ns0 (n being the valence shell of metal atom and the
s2 electrons are transferred to the oxygen in the compound) and oxide an-
ions have 2s2,2p6 valence electron configurations. A schematic illustration
of these energy bands is shown in Fig. 1.1 and also the band structure of
ZnO calculated using the local density approximation (LDA) within density
functional theory (DFT) is shown in Fig. 1.2. The valence band maximum
(VBM) is formed with the filled O 2p6 orbitals, while the conduction band
minimum corresponds to the empty metal-centered ns0 orbital. From the
band structure and projected density of states (PDOS) of ZnO shown, it can
be seen that the narrow Zn 3d bands lie several eV below the VBM. The
conduction band shows ns-np orbital mixing at the Γ point while moving
away from this point the s-band exhibits greater mixing with the p orbitals.
The conduction band minimum (CBM) has a high dispersion and an ap-
proximately parabolic shape characteristic of the free-electron model of a
metal. The high dispersion of the band contributes to a small electron mass
(∼0.3 me in case of ZnO) and a high mobility. Thus these metal oxides are
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a suitable choice as TCO host materials. The large band gap ensures the
optical transparency. Suitable dopants then can introduce energy levels in
the proximity to the CBM. In the case of ZnO - Al, Ga or In are the suit-
able candidates. These metals contain an extra electron (np1) in the valence
compared to a Zn atom. The doping is typically substitutional and the Zn
cations are replaced by the metal ions. The extra electron then populates
the conduction band and a degenerate electron gas is produced. Since these
carrier electrons are confined to the conduction band, a wide dispersion of
the conduction band is necessary to reduce the scattering of free carriers and
assure high conductivity.

(a) (b)

Figure 1.2: (a)-electronic band structure and (b)-PDOS of ZnO calculated
using LDA within DFT (a detailed discussion follows in chapter 3).

Doping leads to perturbation of the electron energy bands in TCO materi-
als. When ZnO is doped with Al, defect levels are introduced near the bottom
of the conduction band thereby leading to an increase in the bandgap energy.
The resulting blue shift in the high-energy absorption edge is known as the
Burstein-Moss effect [13, 14, 15]. The Burstein-Moss is schematically repre-
sented in Fig. 1.3. In conclusion, the electrical conductivity is imparted in
wide band gap metal oxides by dopants. The defect energy levels introduced
can either donate electrons (free carriers) to the host metal oxide conduction
band (n-type conductor) or accept electrons from the metal oxide valence
band (p-type hole conductor) and the resulting TCO shows either n-type
or p-type conductivity. Thus the understanding of electron energy bands in
TCOs is important to enhance the performance and for the development of
new materials.
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(a) (b) (c)

Figure 1.3: (a),(b) Schematic illustration of defect (Al) electronic states in
metal oxides and (c) The schematic band structure highlighting the Fermi
level stabilization energy, EFS

g , the Moss-Burnstein shift, EMB
g , and the op-

tical band gap, Eopt
g , for defective ZnO. The green shaded areas indicate

occupation by electrons.

1.3.2 Conductivity in TCOs

The materials physics of TCOs can be reasonably well understood with the
help of simple arguments. The basic idea is to create free charge carriers
(electrons or holes) in wide band gap insulators using suitable dopants. For
example, the chemical doping of Sn4+ for In3+ in ITO leads to donor induced
states located close to the host (In2O3) conduction band. The oxygen vacan-
cies (In2O3−x) can also introduce impurity states in the band gap which may
contribute to the conductivity. Further doping of Sn4+ leads to a degenerate
gas of current-carrying electrons which gives rise to far-infrared absorption
and high electronic conductivity, but at the same time the fundamental host
band gap is left intact. Thus the electrically conductive material remains
optically transparent in the visible region. The mechanism of conductivity
in TCOs can be understood with the help of classical (Drude like) descrip-
tion of charge transport in metals. The charge carriers produced through
doping are to be treated as the free electron gas, thus the conductivity (σ)
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is determined by the density of charge carriers and their effective mass:

σ =
nee

2τ

me

= neeµe

where ne is the number of charge carriers, me is their effective mass, τ is the
relaxation time and µe = eτ/me is the mobility of the charge carriers. The
plasmon frequency associated with the degenerate free electron gas, in the
limit of high electron density [16], is given by:

ωp =

(
ne2

ε∞ε0m∗

)1/2

The ‘optical window’ for ITO is thus set by the plasmon frequency (propor-
tional to the number of charge carriers) at longer wavelengths and at short
wavelengths by its direct band gap (around 3.1 eV). The response of TCO
material to incident light is schematically illustrated in Fig. 1.4. The inci-
dent photons having lower energy than the plasmon frequency are reflected
and those with energy higher than the band gap are absorbed by the TCO.
Thus by shifting the plasmon frequency (by changing the number of charge
carriers) the infrared (IR) part of visible spectrum can be either transmit-
ted or blocked by the TCO. The key physical properties of a TCO material
are the band gap for optical transparency, the effective mass of the electron
which determines the mobility of charge carriers and the plasmon frequency.
Also a large second band gap which is the difference between the two low-
est conduction bands, is essential. The larger value of the second band gap
lowers the intraband transition of charge carriers and thereby ensures optical
transparency.

1.3.3 Role of defects

It is observed that undoped as-grown TCO thin films and bulk crystals typ-
ically exhibit n-type conductivity. The origin of this unintentional conduc-
tivity is not clear and often it is attributed to native point defects. The
unintentional conductivity is commonly attributed to the cation interstitials
or oxygen vacancies based on its observed dependence on oxygen content in
the growth environment. The defects and impurities in TCOs also play an
important role in determining their electronic structure and physical proper-
ties as it is observed for semiconductors.

First-principles total energy calculations based on DFT can be used to
calculate the formation energy of native point defects. The calculated for-
mation energies are key quantities in the characterization of defects since we
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Figure 1.4: The ‘optical window’ set by plasma frequency (ωp) and the band
gap (Eg).

can derive equilibrium concentrations of defects, stability of different charge
states and the electronic transition levels from them [17]. Thus the electronic
structure study of intrinsic defects is necessary to understand if defects are
likely to contribute to the conductivity and can provide guidelines for exper-
imental growth conditions facilitating a control over conductivity.

1.4 Applications

The unique material property of being transparent and conducting makes
TCOs technologically important materials. TCOs are widely used in a large
number of opto-electronic devices and more applications are yet to be ex-
plored. The well known applications are described briefly in the following.
Most of these devices use TCOs in the form of thin films coated over suitable
substrates.

• Solar cells - The front surfaces of solar cells are covered by transparent
electrodes. A typical architecture of (a) a thin film solar cell and (b)
an organic solar cell is shown in Fig. 1.5. A TCO layer is generally
used for the front contact of all thin-film silicon solar cells, whereas a
reflective contact material is needed at the back. In solar cell, TCOs
are needed as a contact for collection of the photo-generated carriers
while still allowing the light to reach the active solar absorber material.
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The optical qualities of these materials substantially affect the required
thickness of the silicon absorber layer, in terms of facilitating the ab-
sorption of an optimal amount of irradiation. ITO is widely used in
the organic solar cells due too its high transparency and low resistiv-
ity. However limited supply of In makes it an expensive material and
cheaper alternatives such as ZnO:Al have great demand by industries.

(a) (b)

Figure 1.5: A typical architecture of a) thin film solar cell and b) organic
solar cell [from Ref. [18]].

• Flat-panel displays - The many different styles of flat-panel displays use
a transparent conductor as a front electrode. The role of TCOs is to
pass the electrical signals to the pixels forming the display and simul-
taneously allow the light generated to pass on to viewer. Etchability
is a very important consideration in forming patterns in the transpar-
ent conducting electrode. The easier etchability of ITO has favored
its use over tin oxide, which is more difficult to etch. The low depo-
sition temperature of ITO is also a factor for color displays in which
the transparent conductor is deposited over thermally sensitive organic
dyes. Low resistance is another factor favoring ITO in very finely pat-
terned displays, since the ITO layer can be made very thin, thus the
etched topography remains fairly smooth. ZnO is lower in cost and
easier to etch than ITO, so ZnO may replace ITO in future displays.

• Smart windows - Smart windows use TCO coatings on glass. Typically,
the function of a smart window is to electronically block some or all of
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the light incident onto a window. Since the plasma frequency can be
tuned, the TCO coating can either block or allow the IR part of light
thereby allowing control over room temperature. Thus in cold climates,
TCO coated glass can be used to reflect heat back into the residential
space, while in hot climates the reverse approach is taken. Also the
smart window eliminates the need for blinds or drapes, and, if UV is
blocked, helps to protect carpeting and furniture from fading.

• Touch screens - Touch screens, commonly used in devices such as mobile
phones or ATM machines, are formed from etched TCOs on glass. They
sense the presence of a finger by direct contact or capacitively through
the glass. The resistive system consists of a normal glass panel that
is covered with a conductive and a resistive metallic layer. These two
layers are held apart by spacers, and a scratch-resistant layer is placed
on top of the whole setup. An electrical current runs through the two
layers while the device is operational. When a user touches the screen,
the two layers make contact in that exact spot. The change in the
electrical field is noted and the coordinates of the point of contact are
further acted upon by the device. In the capacitive system, a layer
that stores electrical charge is placed on the glass panel of the monitor.
When a user touches the monitor with his or her finger, some of the
charge is transferred to the user, so the charge on the capacitive layer
decreases. This decrease is measured in circuits located at each corner
of the device and further this signal is processed.

• Automotive applications - An automobile affords numerous applica-
tion venues for transparent electronics. Obvious candidate platforms
include window glass, dashboards, and navigation systems.

• Transparent electronics - Most of TCOs show n-type conductivity, how-
ever, if p-type conducting TCO a is synthesized a transparent p-n junc-
tion can be formed. This may lead to an era of transparent electronics
where the electronic circuits are transparent. Moreover, futuristic ap-
plications such as flexible electronic newspapers and wearable clothing
displays may also be realized.

1.5 First-principles study of TCOs

The number of TCO related research articles published over a period of
last 12 years is shown in 1.6. This citation report is obtained from the
Web of Science with the search keyword “TCO” that appears in the topic
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from the year 2000 to 2012. The trend shows a steep rise in the number
of publications each year, which clearly indicates that TCOs offer an active
field of research for both theory and experiments. There is an ever increasing
demand of TCO materials by the industries. Also the emerging technological
applications demand higher performance from TCOs. Therefore a deeper
understanding of the materials physics of the microscopic electronic structure
and mechanisms driving the unique combination of electrical and optical
properties in TCOs is essential. Specifically, the elucidation of electronic
structure of the host material, the effect of dopants on the electronic structure
and further the electron scattering mechanisms of the degenerate electron gas
produced is necessary to improve the performance of the TCOs. Ab initio

Figure 1.6: Number of TCO related publications over last decade (source:
Web of Science).

electronic structure calculations are necessary to understand the basic physics
that governs the behavior of the electronic states. It also offers a vital tool for
efficient materials design. The key physical properties of TCO host materials
are the band gap for optical transparency and the effective masses which
determines the mobility of the charge carriers. The application of electronic
structure methods, capable of calculating these quantities accurately, is thus
helpful in order to find better performing or new TCO materials. Thus the
electronic structure of these metal-oxide semiconductors has been a subject
of enduring interest.
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The majority of the available theoretical studies on TCOs report band
structures calculated using DFT formalism. The key quantity in DFT is the
electron density from which all ground-state properties can be determined.
It serves as the workhorse technique in first principles materials simulation.
Approaches based on DFT are widely available in a number of academic and
commercial packages, e.g. the codes ABINIT, WIEN2K etc. However the
widely used exchange-correlation functionals such as the LDA or generalized
gradient approximation (GGA) within DFT, fail to give a proper description
of electronic states due to a discontinuity in the exchange-correlation poten-
tial [19, 20, 21, 22]. As a result, the calculated electronic band gaps within
DFT are severely underestimated (a detailed discussion follows in the next
chapter).

Thus, for quantitative band gap predictions, one should make use of
many-body approaches such as the GW theory. Such a method can obvi-
ate the limitations of standard DFT for the calculation of electronic and
optical properties of complex materials [23]. The GW method where the
electron self-energy is obtained as the product of the one-particle Greens
function and of the screened Coulomb interaction, enables the accurate de-
termination of quasiparticle excitation energies and lifetimes. These physical
quantities are key to interpreting a number of experiments, ranging from
angle-resolved photoemission spectroscopy to charge transport in molecular
electronics. However, the use of the GW method has been limited, with
respect to that of standard DFT, by the much higher computational cost.
Only the past few years have witnessed a more widespread use of the GW
method, following the introduction of more efficient algorithms, the increased
performance and availability of supercomputing clusters, and the availability
of reliable and efficient software for GW calculations [24, 25, 26].

1.6 Goal of this thesis

This thesis is confined to computational research on TCO host materials and
following two topics are addressed in this thesis: (1) Before real materials
design is possible using ab initio techniques, reliable and well understood
methods must be available. Therefore, an accurate description of the elec-
tronic band structure using state of the art DFT and the GW approximation
for TCO materials is prepared in this thesis. (2) The formation energy of
native defects in TCO host materials: The presence of naturally occurring
defects, during the growth of TCO films, introduces the impurity states in
the band gap. Their classification as shallow donor or impurity states is nec-
essary to explain the origin of unintentional conductivity in these materials.
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The thesis is organized as follows. Chapter 2 contains a brief discussion of
DFT and ways to solve the Kohn-Sham equations. In the third chapter the
structural parameters and electronic band structure, calculated using DFT,
is presented for prototype n-type conducting TCOs. It is observed that the
calculated band gaps of TCOs are severely underestimated. Thus to access
the excited state we use the GW approximation to many body perturbation
theory and the theoretical background is presented in chapter 4. We have
studied in detail three binary oxides namely - ZnO, CdO, SnO2 and the cal-
culated quasiparticle band structure is presented in the successive chapters.
Chapter 5 contains a systematic study of the self-energy dependence on the
pseudopotentials used and results are obtained for ZnO in different phases.
Chapter 6 shows the quasiparticle band structure calculated for SnO2 and
CdO. Further, in chapter 7, we study TCOs based on the spinel structure
and calculate the quasiparticle corrections to the band gap for the ZnX2O4

(X=Al, Ga and In) spinels. Chapter 8 deals with the recently proposed Tran-
Blaha modified Becke-Johnson potential scheme. This scheme has emerged
as a computationally inexpensive technique to calculate band gaps which
shows good agreement with the experiment for a wide class of semiconduc-
tors and insulators. We present the electronic band structure of prototype
p and n-type conducting TCOs using this scheme. Finally in the last chap-
ter, the formation energies of native defects in ZnAl2O4 spinel are presented.
These calculations are performed using hybrid functionals.
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Chapter 2

Electronic structure with
Density Functional Theory

2.1 Introduction

All materials are composed of atomic nuclei and electrons. The macroscopic
material properties that we observe only depend on the position of these
electrons and ions. Thus knowing only the type of atoms the material is
made of is in principle enough to calculate the wave function and energy of
the system using the (time independent) Schrödinger equation

HΨ(r1, r2, ...,R1,R2, ...) = EΨ(r1, r2, ...,R1,R2, ...) (2.1)

where Ψ is the wave function of the system, ri and Ri are the positions of
the electrons and ions respectively, and H is the Hamiltonian for the system:

H = −
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−
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(2.2)

MI and ZI are the nucleus mass and charge respectively andme is the electron
mass. This Hamiltonian can be decomposed in five terms

H = Te + Vext + Vint + TN + VN (2.3)

where Te and TN are the kinetic energy operator of electrons and nuclei
respectively, Vext is the potential energy of the electrons in field of nuclei,
Vint represents the Coulomb interaction between the electrons and similarly
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EN is the Coulomb interaction between nuclei. These calculations are known
as first-principles or ab initio calculations since they are based only on the
laws of physics and the values of nature’s constants, such as Planck’s constant
~ and the electron charge e. Nothing else is assumed or used as empirical
input.

In practice, however, it is only possible to solve the Schrödinger equation
exactly for small simple systems such as the hydrogen atom with spherical
symmetry. For larger systems like molecules and solids, additional approx-
imations have to be made. Note that hereafter we will make use of atomic
units to simplify the formulas. In atomic units we have ~ = me = e = 4πε0
= 1.

2.1.1 Born-Oppenheimer approximation

The first step is the Born-Oppenheimer approximation which separates the
motion of the ions and the electrons. This is justified by the fact that the
mass of a nucleus is much larger than the mass of an electron so that they
move on different time scales. From the electron point of view, the ions are
stationary and the electron cloud will rearrange itself instantaneously to any
new ionic configuration. Mathematically, the wave function is rewritten as a
product of the electron wave function and the nuclear wave function

Ψ(r1, r2, ...,R1,R2, ...) = ψ(r1, r2, ...; R1,R2, ...) · χnuc(R1,R2, ...) (2.4)

The semicolon in the electron wave function indicates that it is dependent
upon the ionic positions as parameters but not as variables. The Schrödinger
equation of the electrons for a given frozen ionic configuration is written as
follows:

H ′ψ(r1, r2, ...; R1,R2, ...) = E ′ψ(r1, r2, ...; R1,R2, ...) (2.5)

H ′ represents the electronic Hamiltonian consisting of only electronic terms:

H = Te + Vext + Vint (2.6)

and the total Hamiltonian is then reduced to:

H = Te + Vext + Vint + VN (2.7)

With the Born-Oppenheimer approximation, the original problem is now re-
formulated as a quantum many-body problem for the electrons in an Hamil-
tonian set by the nuclei positions. The last, and probably hardest, obstacle to
overcome is the reduction of the many-electron equation above to a solvable
problem.
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2.1.2 The Hartree approximation

The simplest way to solve the many-electron equation is to rewrite Eq.(2.5)
as a one-particle equation for an electron moving in an average potential from
all the electrons, as proposed by Hartree. The wave function then becomes

ψ(r1, r2, ..., rn) = φ1(r1)φ2(r2) · · ·φn(rn) (2.8)

The φi(ri) are n independent electron wave functions. A fundamental result
in quantum mechanics states that if E0 is the ground state energy solution
of the Schrödinger equation, for any wavefunction ϕ:

〈ϕ|H|ϕ〉
〈ϕ|ϕ〉

≥ E0 (2.9)

This is called the variational principle. This principle can be used with the
Hamiltonian in Eq.(2.3) and the constraint that the wave function should
have the Hartree form (presented in Eq.(2.8)) to prove that the solution to
the Schrödinger equation in the Hartree approximation is obtained by solving
the Hartree equation

[
−
∑
i

∇2
i

2
−
∑
I

ZI
|ri −RI |

+
∑
j 6=i

∫
φ∗j(rj)

1

|ri − rj|
φj(rj)

]
φi(ri) = εiφ

∗
i (ri)

(2.10)
In the Hartree approximation, each electron i is treated independently but in
an effective potential determined by an integration over the wave functions of
the other electrons. Thus, the Hartree approximation is a mean-field approxi-
mation replacing the complicated many-body problem by n simpler problems
in a mean-field potential. Hartree also proposed a self-consistent way to solve
this equation since for the ith wave function, the effective potential depends
on all the other wave functions. Self-consistency is a procedure in which the
wave function for the step k are found through solving the Eq.(2.10) with
the effective potential determined by the wave function in step k − 1. The
procedure is repeated until all the wave functions converge to a solution.

2.1.3 The Hartree-Fock approximation

Electrons being fermions, the exact many-particle wavefunction needs to be
antisymmetric by exchange of electrons:

ψ(r1, r2, ..., rj, ..., rk, ..., rn) = −ψ(r1, r2, ..., rk, ..., rj, ..., rn) (2.11)
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This constraint can be added to the independent electron Hartree approach
by using a Slater determinant as wavefunction instead of Eq.(2.8):

Ψ(r1, r2, ..., rn) =
1√
n!

∣∣∣∣∣∣∣∣∣
φ1(r1) φ2(r1) · · · φn(r1)
φ1(r2) φ2(r2) · · · φn(r2)

...
...

...
φ1(rn) φ2(rn) · · · φn(rn)

∣∣∣∣∣∣∣∣∣ (2.12)

Using the variational principle with this Slater determinant, it can be
proven that the best solution is obtained by solving the Hartree-Fock equa-
tion:
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(2.13)

The effect of the new constraint is to add a term, called the exchange poten-
tial, to the Hartree Eq.(2.10).

2.1.4 The correlation energy

The Hartree-Fock approach assuming independent electrons in an effective
potential is an approximation to the true many-body problem. The energy
missing is defined as the correlation energy (Ecorr. = Eexact − EHF ). Many
methods exist to introduce this correlation energy very accurately for instance
Møller-Plesset (MP) perturbation theory, configuration interaction (CI), or
coupled cluster (CC) methods or quantum Monte-Carlo methods. However,
these methods are computationally very expensive and only the smallest sys-
tems can be currently computed. On the other hand, Density Functional
Theory (DFT) offers a good compromise between the qualitative description
of electronic structure and the computational effort required to produce the
result. Thus DFT is one of the most popular and successful quantum me-
chanical approaches to describe matter. It is nowadays routinely applied for
calculating, e.g., the binding energy of molecules in chemistry and the elec-
tronic band structure of solids in physics. In this thesis we apply DFT to
solve the electronic Hamiltonian for periodic crystals. There are many ex-
cellent reviews and books available [27, 28, 29, 30] to which the reader may
refer for details. In the following sections we will discuss the basic theorems
of DFT and the approximations that are used in practical calculations.
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2.2 The fundamentals of density functional

theory

2.2.1 The Hohenberg-Kohn theorems

Modern theory of DFT is based on the two Hohenberg-Kohn (HK) theo-
rems [31, 32]: the first theorem states that the many-body wave function,
which has a central position in standard quantum theory, can be replaced
by the electron ground state density without any loss of information and the
second theorem is more or less the equivalent of the variational principle in
standard quantum mechanics. In DFT the electron density is the central
quantity. In a system of n electrons the electron density is defined from the
wave functions as follows,

n(r) =
N∑
i=1

∫
· · ·
∫
dr1...drNΨ∗(r1, ..., rN)δ(ri − r)Ψ(r1, ..., rN) (2.14)

The energy is now rewritten from being the expectation value of the electronic
Hamiltonian to a functional only depending on the electron density and not
explicitly the wave function.

The first Hohenberg-Kohn theorem is:

Theorem 1. For any system of interacting particles in an external potential
Vext(r) the potential Vext(r) is determined uniquely, except for a constant, by
the ground state density n0(r).

This implies that all the properties can thus be extracted from the exact
ground state electron density. The problem is now only how to find this
density. The second theorem based on the variational principle is helpful in
this matter.

Theorem 2. A universal functional for the energy E[n] in terms of the
density n(r) can be defined, valid for any external potential Vext(r). The exact
ground state energy of the system is the global minimum of this functional
and the density that minimizes the functional is the exact ground state density
n0(r).

This reduces the very complex problem of finding all ground state physical
properties of a system to finding the minimum of the energy with respect to
the electron density. The energy functional is as follows:

EHK [n] = T [n] + Eint[n] +

∫
Vext(r)n(r)dr (2.15)
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where EHK [n] is the total energy functional, T [n] its kinetic energy part
and Eint[n] the part coming from the electronic interactions. EN does not
depend on the density and is due to the nuclei-nuclei interaction. It should
be noted that although the first Hohenberg-Kohn theorem requires a non-
degenerate ground state, degenerate ground states are also allowed by the
Levy formulation [28]. It should also be noted that using the Hohenberg-
Kohn formulation of DFT implies that we are working at T = 0 K.

2.2.2 The Kohn-Sham equations

The Hohenberg-Kohn theorems show that the electron density can rigorously
be made the fundamental quantity of the many-body problem, but they are
pure theorems of existence and say nothing on how this exact charge density
can be found.

Kohn and Sham have shown that there is a way to map the problem of
solving Eq.(2.15) to the one of solving a system of noninteracting electrons
moving in an effective potential from all the (other) electrons. According
to Theorem 2, the true electron density will minimize the total energy, but
all means of finding it are valid. It could be guessed or, as suggested by
Kohn and Sham [32], calculated from a reference system of non-interacting
electrons moving in an effective potential. Thus, developing this variation
with the full energy functional added (Eq.(2.15)), under the condition that
the sum of the density throughout the molecule or solid should be constant
and equal to the number of electrons,∫

V

n(r)dr = ne (2.16)

finally gives the Schrödinger-like equations called the Kohn-Sham equations:

Hφi = [−1

2
∇2 + Veff (r)]φi = εiφi (2.17)

H is the one electron Hamiltonian and Veff (r) the effective potential in which
the electron moves. The effective potential is given by

Veff (r) = Vext + VH + VXC = Vext(r) +

∫
n(r′)

|r− r′|
dr′ +

δEXC [n(r)]

δ[n(r)]
(2.18)

Since the electron density,

n(r) =
occ.∑
i=1

|φi(r)|2, (2.19)
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is needed to calculate the last two terms, which are the Coulomb potential
from all electrons and the exchange-correlation potential, the Kohn-Sham
equations need to be solved self-consistently. The new term, the exchange-
correlation potential, appearing here contains all the many-body effects that
are not present in the classical Hartree interaction term. The initial electron
density can be chosen, for example, as a superposition of atomic densities.
The Kohn-Sham equations can now be solved instead of finding the minimum
of Eq.(2.15), and the orbitals φi(r) then give the electron density according
to Eq.(2.19) above. These orbitals are often called Kohn-Sham orbitals and
in the case of a non spin-polarized system, each of these orbitals contain
two electrons. (To deal with the spin-related effects, the total density is
instead expressed as the sum of the spin-up and spin-down densities n(r) =
n↑(r) + n↓(r)).

2.2.3 The exchange-correlation approximations

The local density approximation:

The simplest physical way to approximate the exchange-correlation energy
is the Local Density Approximation (LDA). In this approximation two as-
sumptions are made: i) the local exchange-correlation energy per particle
only depends on the local density (hence the name of the approximation)
and ii) is equal to the exchange-correlation energy per particle of a homoge-
neous electron gas, that has the same density, in a neutralizing positive back-
ground (jellium background). The total exchange-correlation energy EXC is
then given by the sum of the contributions of each point in space, where it
is assumed that the contribution of one point only depends on the density of
that particular point, independent of the other points. So

EXC [n] =

∫
n(r)εXC(n(r))dr (2.20)

where εXC(n(r)) is the exchange-correlation energy per particle of a uniform
electron gas of density n(r). The quantity εXC(n(r)) can be further split into
exchange and correlation contributions,

εXC(n(r)) = εX(n(r)) + εC(n(r)) (2.21)

The exchange part, εX , represents the exchange energy of an electron in a
uniform electron gas and is given by

εX = −3

4

3

√
3n(r)

π
(2.22)
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The correlation part, εC , is determined using quantum Monte-Carlo simula-
tions of the homogeneous electron gas as proposed by Ceperly and Alder [33].

This approximation is more accurate for systems with slowly varying
densities, as it is assumed that the density is locally a constant. While being
a simple approximation, the results of this approximation are surprisingly
good. In general, LDA almost always leads to a correct picture of binding
trends across the periodic table. Also structures, bond lengths, vibrational
energies, phonon spectra and other properties are predicted correctly, or with
a systematic deviation. Binding energies of solids and molecules are usually
overestimated, which leads to an underestimation of the bond lengths. Band
gaps are also underestimated (a notorious example of this is the bandgap of
bulk Ge, which is predicted to be metallic).

The generalized gradient approximation:

In LDA one uses the knowledge of the density in a point r. In real systems
the density varies in space. A logical improvement of the LDA approximation
would be to include also information of this rate of change in the functional.
This can be done by adding gradient terms. This approach is called the
gradient-expansion approximation. In this class of approximation one tries
to systematically calculate gradient-corrections of the form |∇n(r)|, |∇n(r)|2,
|∇2n(r)|, etc., to the LDA. In practice, the inclusion of low-order gradient
corrections almost never improves on the LDA, and often even worsens it.
Moreover higher-order corrections are exceedingly difficult to calculate and
little is known about them. It was realized that instead of power-series-
like systematic gradient expansions one could experiment with more general
functions of n(r) and |∇n(r)|, which need not proceed order by order. Such
functionals, of the general form

EGGA
XC =

∫
εXC(n, |∇n|,∇2n)dr (2.23)

are known as generalized-gradient approximations (GGAs). The current
GGAs seem to give reliable results for all main types of chemical bonds and
are popular in computational chemistry. We have used the Perdew-Burke-
Ernzerhof (PBE) version of GGA [34] in this work.

The hybrid functional:

The LDA or GGA approximation predict the structural properties such as
lattice constants and bulk moduli with good accuracy. However, the LDA or
GGA results for electronic properties such as band gaps are of much lower
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quality. The band gaps are typically underestimated by 50-100 %. Further
improvements in the description of band gaps is achieved by the introduc-
tion of so-called hybrid functionals which are obtained by admixing a fixed
amount of the Hartree-Fock (HF) exchange to the GGA functional. The hy-
brid functional proposed by Heyd, Scuseria and Ernzerhof termed as HSE06
functional [35, 36] fulfills the need for a universally applicable method that
is computationally feasible for a wide range of systems and nowadays be-
comes a popular choice for calculating the structural properties and the band
gaps. The exchange potential employed in HSE06 is divided into short- and
long-range parts, and HF exchange is mixed with Perdew-Burke-Ernzerhof
(PBE) exchange in the short-range part. To avoid the expensive calculation
of long-range HF exchange as well as enabling hybrid DFT calculations on
metal elements for which conventional HF or global hybrid calculations are
intractable, this term is replaced by long-range PBE exchange, as shown in
the following equation

EHSE
XC =

1

4
EHF,sr
X (µ) +

3

4
EPBE,sr
X (µ) + EPBE,lr

X (µ) + EPBE
C (2.24)

where (sr) and (lr) refer to the short- and long-range parts of the respective
exchange interactions, and µ is the parameter that defines the range separa-
tion of the Coulomb kernel which varies between 0.2 and 0.3 Å−1. The HSE06
functional yields excellent results, in molecules and solids, for many different
properties. The lattice parameters, bulk moduli, heats of formation, binding
energies and the band gaps for semiconductors and insulators are accurately
described. Thus in contrast to LDA or GGA which typically underestimate
the band gap, HSE06 can be employed for both the structural and electronic
properties. The improvements in the band gap with HSE06 can be attributed
to the admixing of HF exchange [36] and the HSE06 functional just gives the
right balance of exchange contribution. However, it should be noted that
HSE06 results are not entirely satisfactory. The proposed 25% admixing of
HF exchange is not a generic feature for all systems. For example, in the
case of ZnO, 37.5% admixing of HF exchange is required to obtain the exper-
imental band gap using the HSE06 functional [37]. Thus the HF exchange is
used as a parameter in HSE06 functional and needs to be adjusted to obtain
the correct band gap. Thus, in principle, HSE06 can not be treated as an ab
initio method which accurately describes the electronic properties. We have
used HSE06 to calculate the formation energy of point defects in TCOs.
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2.3 Computation on solids: electronic band

structure

Real crystalline solids contain roughly 1024 electrons and ions per cm3 and
in principle all of these should be considered to construct the Kohn-Sham
Hamiltonian. This is computationally an impossible task. Thus to solve the
problem at hand, the periodicity of the solids crystal structure must be used.
The periodic symmetry of the crystal lattice allows to reduce the problem to
only those electrons and ionic cores that are contained in the unit cell, which
forms the smallest repeat unit. Thus by solving the Kohn-Sham Hamiltonian
for the atoms in the unit cell, one can calculate the electron eigenstates for
solid. The effective potential, Veff , in the Kohn-Sham equation will now be
periodic i.e. Veff (r) = Veff (r + R) for all lattice vectors R of the crystal.

Bloch’s theorem says that the eigenstates φ of a one-particle Hamiltonian
can be written as the product of a plane wave and a lattice-periodic function,
i.e.

φnk(r) = eik·runk(r) (2.25)

where k is the wavevector labeling the wavefunction and can be chosen in
the first Brillouin zone due to the translational symmetry, and n is the band
index which labels the different solutions for a given k. Here unk is a function
with the periodicity of the lattice i.e.

unk(r) = unk(r + R) (2.26)

If Enk is an energy eigenvalue, then Enk+G is also an eigenvalue for all vectors
G of the reciprocal lattice, i.e.

En(k) = En(k + G) (2.27)

Thus the energy values are periodic in reciprocal space.

Using Bloch’s theorem the problem of infinitely many-electrons has been
turned into a problem of infinitely many k-points inside the first Brillouin
zone. Since the wavefunctions of closely located k-points are almost identical,
a small region can be sampled by one single k-point and the electronic part of
the total energy can thus be calculated, to a good approximation, using only a
discrete number of k-points. Different schemes exist to sample appropriately
the Brillouin zone with a set of k-points that will give the best estimate of the
full integral. In this thesis, we use the k-point sampling scheme as proposed
by Monkhorst-Pack [38].



2.4 Methods for electronic structure calculations 27

2.4 Methods for electronic structure calcula-

tions

In this section we will briefly discuss the three most popular methods that
are used to calculate the electronic band structure of TCOs. These are
(i) pseudopotentials in combination with the plane wave basis set (ii) the
linearized augmented plane wave (LAPW) method and (iii) the projector
augmented wave (PAW) method.

2.4.1 Plane wave pseudopotential method

Plane waves offer a natural choice as a basis set to expand the periodic
functions unk(r) as

unk(r) =
∑
G

cnk,Ge
iG·r (2.28)

where the summation is over all the reciprocal lattice vectors G of the system
under study. Thus the electronic wave functions can be written as

φnk(r) =
∑
G

cnk,Ge
i(k+G)·r. (2.29)

The electronic wavefunctions at each k-point are now expressed in terms of
a discrete plane wave basis set. In principle this Fourier series is infinite.
However, in practice we cannot work with an infinite basis set, it has to be
truncated. The number of plane waves can be restricted by placing an upper
boundary to the kinetic energy of the plane waves. This boundary is called
energy cut-off Ecut and only plane-waves satisfying the condition

|k + G|2

2
< Ecut (2.30)

are considered in the computation.
With DFT the complexity of the problem has reduced appreciably. How-

ever, for systems with a large number of electrons, it still remains computa-
tionally very expensive. Pseudopotentials helped in a crucial way to make the
calculations tractable. Using the fact that the physical properties of solids
depend mainly on valence electrons, the computational effort can be mini-
mized considerably. In the pseudopotential approximation, the core electrons
are removed and the strong ionic potential is replaced by the weaker pseudo
potential (Vpseudo) that acts on a set of pseudo wave functions (Ψpseudo) rather
than the true valence wave functions (Ψ). The pseudopotential and pseudo
wave functions are generated in such a way that they are identical to the
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Figure 2.1: Schematic representation of pseudopotential and the pseudo wave
function.

true potential and wave function beyond a certain radius known as cut-off
radius (rc). In the core region the pseudo wave function is constructed such
that all the nodes are removed but the norm is conserved. Also since the
nodes of the core states are removed, the number of plane-wave basis func-
tions required to describe this wave function in the core region is much less
resulting in reduced computational effort. This leads to a popular plane wave
pseudopotential method for electronic structure calculations. For better un-
derstanding of this subject the reader may refer to following articles and
books [27, 29, 30, 39]. There are several ways to construct a pseudopoten-
tial. In this work we have used the OPIUM [40] pseudopotential generator
and the details of the pseudopotentials used are described in the successive
chapters.

In this thesis we use this method to calculate the DFT band structure
and quasiparticle correction to the band gap within the GW approximation
for TCO materials. These calculations are performed using the ABINIT
code.

2.4.2 All-electron methods

It is possible to solve the Kohn-Sham equations by avoiding an artificial
core-valence separation of electrons, as described by the pseudopotential.
Such methods are called all-electron methods in which all the electrons are
explicitly used in the computation.
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Figure 2.2: Schematic division of unit cell containing two types of atoms A
and B, in Muffin-Tin spheres (I) and an interstitial region (II).

Augmented plane wave method (APW)

The APW method uses a plane wave basis set which is especially modified
to solve the problem. This adaptation is achieved by dividing the unit cell
into (I) non-overlapping atomic spheres (centered at the atomic sites), also
known as the Muffin-Tin spheres, and (II) an interstitial region. This is
schematically illustrated in Fig. 2.2 with a unit cell containing two types of
atoms: A and B. For the two regions, the electron potential V (r) is expanded
as

V (r) =

{∑
lm Vlm(r)Ylm(r̂) (r ∈MT )∑
G VGe

iG·r (r ∈ I)
(2.31)

In the two types of regions different basis sets are used:

φAPWkn (r, εl) =

{∑
lmAlm,knul(r, εl)Ylm(r̂) (r ∈MT )

1√
V
eikn·r (r ∈ I)

(2.32)

where kn = k+Gn; Gn are the reciprocal lattice vectors, k is the wave vector
inside the first Brillouin zone and V is the volume of unit cell.

In the atomic spheres (MT), the wave functions are expanded by radial
functions times spherical harmonics. ul(r, εl) is the (at the origin) regular
solution of the radial Schrödinger equation for a spherical potential V (r) for
energy εl,

− 1

r2
d

dr
(r2

dul
dr

) + [
l(l + 1)

r2
+ V (r)− εl]rul = 0 (2.33)
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In the interstitial region (I) plane waves are instead used to build the wave
function. The coefficients Alm in the atomic sphere expansion are determined
by requiring that the wave functions in the MT and the interstitial regions
match each other at the MT boundary.

Thus, each plane wave is augmented by an atomic-like function in every
atomic sphere and constitutes thus the basis set used to expand the Kohn-
Sham wave function (ψ),

ψk(r) =
∑
n

cnφkn(r) (2.34)

The disadvantage in the APW method is that it can not get the eigenvalues
from a single diagonalization due to the unknown parameter εl in Eq.(2.32).
The exact εl value is needed to describe the eigenstate ψk(r) accurately.
Since this energy depends on the function ul(r, εl), the resulting eigenvalue
problem is non-linear in energy. Thus it needs to be solved self-consistently
which makes the APW method computationally inefficient.

Linearized Augmented Plane Wave (LAPW) method

In order to overcome the non-linearity problem in the APW method, the
LAPW method was developed. The radial wavefunction can be expanded in
a Taylor series expansion around εl as

ul(r, εl) = ul(r, ε
1
l ) + (εl − ε1l )u̇l(r, ε1l ) +O((εl − ε1l )2) (2.35)

where u̇l = ∂ul/exp∂εl. In this case the radial function error is second order
and the energy error is of fourth order. When ε1l is set near εl the radial
function and energy errors are negligible. Thus the LAPW basis set can be
defined as

φLAPWkn (r) =

{∑
lm[Alm,knul(r, εl) +Blm,knu̇l(r, εl)]Ylm(r̂) (r ∈MT )

1√
V
eikn·r (r ∈ I)

(2.36)
In the interstitial region, the basis set is the same as in the APW method,
but in the Muffin-Tin spheres, the basis functions not only depend on ul, but
also on its energy derivative, u̇l. Thus LAPW method offers more flexibility
than the APW method in the Muffin-Tin spheres. Now, it is not important
to know the exact value of εl. For a fixed value of ε1l , the modified basis
functions provide the extra flexibility to cover a large energy region around
this linearization energy. The coefficients Alm and Blm are determined by
requiring that this basis function matches (in value and slope) each plane
wave (PW) which is the corresponding basis function of the interstitial region.
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The APW+lo method

Another efficient way to linearize the APW method is achieved by the in-
troduction of local orbitals (lo). The basis set of the introduced APW+lo
method is also energy independent and still has the same basis size as the
original APW method. To allow enough variational flexibility local orbitals
are added, which are defined as

φlolm(r) =

{
[Almul(r, εl) +Blmu̇l(r, εl)]Ylm(r̂) (r ∈MT )

0 (r ∈ I)
(2.37)

The two coefficients Alm and Blm are determined by normalization and by
the condition that the local orbital is zero at the Muffin-Tin boundary. The
advantage of the APW+lo method is that it has a small basis set like the
APW method but with the same accuracy compared to the LAPW method.

The APW+lo method is used to calculate the band structure of proto-
type TCOs using the recently proposed Tran-Blaha modified Becke-Johnson
potential scheme as implemented in the wien2k code.

2.4.3 Projector augmented wave method

An approach that lies half-way between the LAPW and the pseudopotential
methods has been introduced by Blöchl [41] known as the projector aug-
mented waves (PAW) method. This approach retains the all-electron char-
acter, but it uses a decomposition of the all-electron wave function in terms
of a smooth pseudo-wave function, and a rapidly varying contribution local-
ized within the core region. The true and pseudo-wave functions are related
by a linear transformation:

|ΨAE
n 〉 = |ΨPS

n 〉+
∑
i

(|φAEi 〉 − |φPSi 〉)〈pPSi |ΨPS
n 〉 (2.38)

The pseudo-wave functions ΨPS
n , where n is the band index, are the varia-

tional quantities and are expanded in plane waves. In the regions between
the PAW spheres surrounding the atoms, the ΨPS

n are identical to the AE
wave functions ΨAE

n , but inside the spheres ΨPS
n are only a bad approxima-

tion to the exact wave functions, they are used only as a computational tool.
The AE partial waves φAEi are solutions of the spherical scalar-relativistic
Schrödinger equation for a non spin-polarized atom at a reference energy εi
in the valence regime and for an angular momentum li,(

− 1

2
∇2 + νAEeff

)
|φAEi 〉 = εi|φAEi 〉 (2.39)
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where νAEeff is the spherical component of the AE potential. The index i
contains the reference energy εi, the angular momentum quantum numbers
(li,mi), and the atomic coordinates Ri. The PS partial waves φPSi are node-
less and identical to the AE partial wave outside a core radius rc (approxi-
mately equal to half the nearest-neighbor distance) and match continuously
to φPSi inside these spheres.

The projector functions pPSi are constrained to be dual to the partial
waves, they are constructed by a two-step procedure: First, intermediate
functions χi are computed via

|χi〉 =
(
εi +

1

2
∇2 − νPSeff

)
|φPSi 〉 (2.40)

where νPSeff is the spherical component of the effective pseudopotential, which
can be chosen arbitrarily inside the radius rc but must match νAEeff for r ≥ rc.
The projector functions are linear combinations of the χi with

|φPSi 〉 =
∑
j

(B−1)ji|χj〉, Bij = 〈φPSi |χj〉 (2.41)

such that the φPSi and pPSi are dual, 〈pPSi |φPSj 〉 = δij and 〈r|pPSi 〉 = 0 for
r > rc.

The PAW method, as implemented in the vasp code, is used to calculate
the formation energies of native point defects in ZnAl2O4 spinel which are
discussed in the last chapter in this thesis.

2.5 The band gap problem in DFT

DFT is an ab initio method which is routinely used to calculate the elec-
tronic structure of atoms, molecules and solid. It serves as the workhorse
technique in quantum mechanical description of materials. The key quan-
tity in DFT is the electron density from which all ground-state properties
can be determined. It gives direct access to forces and stresses allowing a
structural relaxation of the system. The lattice parameters and atomic posi-
tions are accurately predicted with a systematic error of < 1-5%, depending
on the type of exchange-correlation functional used. However the efficiency
of DFT in describing and predicting the excitation energies and the band
gaps is not that good. The band gaps calculated within DFT show a severe
underestimation compared to experiment as evident from Fig. 2.3.

The underestimation of the band gap is, however, not surprising. The
Kohn-Sham eigenvalues εi from DFT are completely artificial objects. These
are the eigenvalues of a non-interacting system chosen to yield the same
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Figure 2.3: Comparison between the experimental gap and the gap calculated
using DFT-LDA for semiconductors and insulators [from Ref. [23]].

Figure 2.4: Schematic illustration of the experimental band gap and Kohn-
Sham gap.
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density as the many-body interacting system. There is no physical basis to
interpret the Kohn-Sham gaps as the real experimental gaps. However, in
practice, such a comparison is motivated by the close resemblance observed
between the Kohn-Sham band structure and the real band structure for many
systems. The band dispersion shows a good agreement with the experiments.

The band gaps, Eg, of semiconductors are differences of ground-state
energies (E) of N and N ± 1 particle systems:

Eg = E(N + 1) + E(N − 1)− 2E(N) = I − A (2.42)

where I represents the ionization potential and A represents the electron
affinity of the system. In particular, the lowest conduction band energy is
given by εc = EN+1 − EN and highest valence band energy corresponds to
εv = EN − EN−1. Similar to metals, the highest “occupied ”eigenenergy for
the N -electron system εN(N) is the Fermi energy and thus εc = εN+1(N+1),
εv = εN(N). Hence, the energy gap is related to the eigenenergies as -

Eg = εN+1(N + 1)− εN(N) (2.43)

It is different from the naive definition of the band gap in terms of only
N -particle eigenenergies given by

εg = εN+1(N)− εN(N) (2.44)

This deviation is given by

∆XC = εN+1(N + 1)− εN+1(N) (2.45)

and corresponds to the neglected derivative discontinuity ∆XC by the stan-
dard local and semi-local exchange-correlation functionals [19, 20, 21, 22]. It
is illustrated schematically in Fig. 2.4. ∆XC is given by

∆XC = lim
η→0

(δEXC
δn(r)

∣∣∣
N+η
− δEXC
δn(r)

∣∣∣
N−η

)
(2.46)

To calculate ∆XC , DFT had to be extended to describe systems with frac-
tional number of particles N±η [19]. The evaluation of δEXC/δn(r) at N±η
ensures that the discontinuity at integer particle number N is captured. De-
pending on the approximation used for EXC the results differ strongly. For
LDA and all GGAs, ∆XC = 0. Therefore, the fundamental gap is given
solely by the Kohn-Sham gap which is always underestimated compared to
the experiment.



Chapter 3

Electronic band structure of
prototype TCOs with DFT

3.1 Introduction

In this chapter, we present the electronic band structure of prototype TCOs.
The calculations are performed using LDA within DFT. As stated earlier,
In2O3, SnO2, ZnO and CdO form a basic set of TCO host materials from
which the commonly used binary, ternary and multicomponent systems are
derived. These prototype binary oxides show n-type conductivity. The ex-
perimental band gap and electron effective mass of these binary oxides are
listed in Table 3.1. The In2O3, SnO2, and ZnO have a band gap > 3 eV,
indicating transparency for visible part of electromagnetic spectrum. CdO
has lower band gap, but it also has lower electron effective mass leading to
higher charge carrier mobility and is thus useful in certain applications.

Table 3.1: Optical band gap and electron effective mass (in units of the
electron mass, me) of basic binary TCOs.

Oxide Band gap (eV) Effective mass
In2O3 3.10 0.30 me

ZnO 3.44 0.32 me

SnO2 3.60 0.29 me

CdO 1.2 - 2 (indirect) 0.21 me

2.32 (indirect)

The bulk crystal structures of these binary oxides are shown in Fig. 3.1.
Each of these systems possesses a distinct crystal structure. In2O3 has body
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centered cubic (bcc) bixbyite structure, ZnO has a hexagonal close packed
(hcp) wurtzite structure, CdO crystallizes in the face centered cubic (fcc)
rocksalt structure and SnO2 adopts the rutile crystal structure.

In2O3 - bixbyite ZnO - wurtzite
(Ia3̄, # 206 ) (P63mc, # 186 )

CdO - rocksalt SnO2 - rutile
(Fm3̄m, # 225 ) (P42/mnm, # 136 )

Figure 3.1: Crystal structure of basic binary oxides, green color is for the
cation while red shows the oxygen atoms.

3.1.1 Computational details

The electronic structure has been calculated using the plane wave pseudopo-
tential code ABINIT [24, 25, 26]. For the electronic structure the plane wave
cutoff is chosen using the total energy convergence criterion of 1×10−3 mHa.
The atomic positions and structural parameters have been optimized by cal-
culating the Hellmann-Feynman forces. The stresses are optimized with the
criterion of 1 × 10−5 eV/Å3. A regular 4 × 4 × 4 Monkhorst-Pack [38] k-
point mesh is used for cubic structures such as In2O3 and CdO, while for the
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hexagonal and rutile structure we choose 3× 3× 2 Monkhorst-Pack k-point
mesh. The unit cell contains 4, 2, 6 and 40 atoms for hexagonal, rocksalt,
rutile and bixbyite structures respectively.

The valence configuration of a Zn atom is 4s2, while that of an O atom
is 2s2, 2p4. However it is essential to include the semi-core Zn 3-d orbitals
in the valence because the localized ‘d’ orbitals play an important role in
bonding. Therefore their inclusion as the valence orbital is essential for a
correct description of structural properties [42]. This leads to a 12-electron
pseudopotential for Zn [Ar] 3d10 4s2. Similarly, the semi-core d orbital is
also included in the valence for Cd and In atoms. All the pseudopotentials
used in this chapter are obtained from the ABINIT pseudopotential reposi-
tory and they are LDA pseudopotentials using the Trouiller-Martins scheme,
generated with the help of the FHI code [43].

3.2 Zinc oxide

Figure 3.2: Electronic band structure of ZnO calculated using LDA within
DFT.

ZnO is a material that has been widely studied. Many first principles calcula-
tions of ZnO have been published, focusing in particular on the electronic and
structural properties. ZnO has a wide range of applications that exploit its
electronic, optical and piezoelectric properties [44]. The ground-state, ZnO
adopts the hexagonal wurtzite (wz) crystal structure (space group P63mc)
with lattice constants of a = 3.25 Å and c = 5.207 Å. The Zn and O atoms
are tetrahedrally coordinated. It also has other stable polymorphs including
the zincblende and rocksalt (under high pressure) structure. The experimen-
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tal electronic band gap of wz-ZnO is 3.44 eV [45], which is direct in nature.

Figure 3.3: Schematic plot of p-d hybridization.

The calculated DFT band structure and projected density of states (PDOS)
for the wurtzite ZnO are shown in Fig 3.2. The valence band maximum
(VBM) is aligned at 0 eV in both plots. The projected density of states
clearly shows significant p-d (O-2p and Zn-3d) hybridization in the range of
0 to -6 eV. The Zn-3d derived bands are split into two groups which are
triply and doubly degenerate at Γ. The upper doubly degenerate (eg) band
around -4.9 eV shows strong ‘d’ character while the lower triply degenerate
(t2g) band around -6.2 eV. The semicore ‘d’ states of Zn have a relatively
high energy in the band structure compared to the experimental value of
-8.81 eV[46]. As illustrated schematically in Fig. 3.3, the Zn-d (Γ15(d)) or-
bitals can couple with the O-p (Γ15(p)) orbitals. This p-d repulsion results
in upward movement of the valence band. While LDA is known to underes-
timate the band gap severely, it is even worse for ZnO due to this strong p-d
hybridization [48]. The calculated Kohn-Sham gap of ZnO is 0.79 eV and is
direct in nature.

3.3 Cadmium oxide

CdO is unusual among the IIB-VI binary compound semiconductors as it
exists solely in a face-centered-cubic rocksalt structure which is more typical
of the ionic insulators. All other Cd and Zn oxides and chalcogenides crys-
tallize in either the cubic zinc-blende or the hexagonal wurtzite structure in
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which the metal is tetrahedally coordinated. In CdO the metal cation is oc-
tahedrally coordinated [47]. The octahedral point group (Oh) of the rocksalt
structure contains an inversion center at the Γ point[48]. As a consequence
CdO has an indirect band gap which is explained in the following. The ‘p’
and ‘d’ states belong to a different representation at the Γ point in the rock-
salt structure and do not mix. However at other points with lower symmetry,
the ‘p’ and ‘d’ states can mix in the Brillouin zone. Thus in the case of CdO,
the hybridization of O-2p derived orbitals with the Cd-4d states combined
with the octahedral point symmetry leads to an indirect band gap.

The calculated band structure of CdO is shown in Fig 3.4. The LDA band
structure shows CdO to be semi-metallic since the conduction band minimum
(CBM) crosses the Fermi energy level (Ef ). The VBM occurs along Γ-L and
midway along Γ-K direction. The PDOS plot of CdO also show a strong
p-d hybridization, similar to ZnO. The Cd-d energy levels around ∼-6.5 eV
are at higher binding energy compared to the experimental result of -8.8 eV
below VBM.

Figure 3.4: Electronic band structure of CdO calculated using LDA within
DFT.

3.4 Tin dioxide

SnO2 exists in the rutile crystal structure. The lattice constants are a =
b = 4.7374 Å and c = 3.1864 Å [49]. In the bulk all Sn atoms are sixfold
coordinated to threefold coordinated oxygen atoms.

The band structure shown in Fig. 3.5 yields a direct band gap of 1.18
eV for LDA. The valence bands in the range of 0 to -7 eV are composed of
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mainly O-2p and admixture of Sn-4p,d orbitals, as evident from the PDOS
presented. The CBM has Sn-4s character at the high symmetry Γ point.
There is also hybridization between Sn-4d and O-2s orbitals for the lowest
valence bands between -16 to -19 eV. These Sn-4d states are at lower binding
energy in comparison with reported experimental values of 21.1 - 21.4 eV
[50].

Figure 3.5: Electronic band structure of SnO2 calculated using LDA within
DFT.

3.5 Indium oxide

In2O3 is widely used TCO and it adopts the body-centered cubic (bcc)
bixbyite lattice (space group Ia3̄) with 8 formula units per primitive cell.
Each In atom is coordinated by six oxygen atoms in a distorted octahedron.
The unit cell contains 40 atoms and has lattice constant a = 10.117 Å [51].

The band structure along high symmetry lines in the Brillouin zone calcu-
lated with LDA is presented in Fig. 3.6. It shows that In2O3 is a direct band
gap semiconductor. Although the widely quoted direct band gap of In2O3

is 3.75 eV and indirect gap is 2.62 eV, recent experimental reinvestigation
along with theoretical studies have concluded In2O3 to be a direct band gap
semiconductor with a band gap ∼ 3.1 eV [52]. The LDA band gap of 1.18
eV is consistent with earlier reported results [53]. The band structure de-
tails for In2O3 are more complex due to the hybridization between different
atomic orbitals as is evident from the PDOS plot. For instance, the CBM at
Γ starts with pure In-4s character but later mixes with the In-5p character
with increasing ‘k’ vector away from the Γ point. The upper part of the



3.6 Summary 41

valence band shows mostly O-2p character and has a bandwidth of about 6
eV. The In-4d related bands lie in the energy range of -11 to -13 eV and the
lowest valence band are O-2s derived. The VBM is also influenced by the
hybridization between the O-2p and In-4d orbitals.

Figure 3.6: Electronic band structure of In2O3 calculated using LDA within
DFT.

3.6 Summary

3.6.1 Structural properties

Table 3.2: Structural properties : experimental and optimized lattice param-
eters.

Oxide Experiment (in Å) Optimized (in Å) Percentage error
In2O3 a=b=c=10.118 a=b=c=10.351 ∼ 1 %
ZnO a=b=3.258 a=b=3.283 ∼ 1 %

c=5.220; u=0.382 c=5.309; u=0.3759
SnO2 a=b=4.789 a=b=4.789 ∼ 1 %

c=3.188; u=0.3059 c=3.220; u=0.3065
CdO a=b=c=4.779 a=b=c=4.825 ∼ 1 %

The experimental and theoretically optimized lattice constants along with
the internal parameter (‘u’) of binary oxides are listed in the Table 3.2. The
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optimized lattice constants are in agreement with the experimental counter-
parts. The percentage error involved in the estimation of the lattice constant
is less than 1%.

3.6.2 Electronic properties

Table 3.3: The experimental and calculated band gap using DFT (in eV).

Oxide Experiment DFT Percentage error
In2O3 3.10 1.10 ∼ 65 %
ZnO 3.44 0.78 ∼ 77 %
SnO2 3.60 1.13 ∼ 68 %
CdO 1.2-2 (indirect) -0.28

2.32 (direct) 0.80 ∼ 55 %

Table 3.4: The electron effective mass (in units of the electron mass, me) for
prototype binary oxides.

Oxide mLDA
e mExpt.

e

In2O3 0.22 0.30
ZnO m‖ = 0.23 0.32

m⊥ = 0.14
CdO 0.16 0.21
SnO2 m‖ = 0.17 0.29

m⊥ = 0.29

A common feature observed in the electronic band structure of these binary
oxides is the highly dispersed conduction band. This high dispersion implies
the free electron character of the conduction band and thus these systems
are ideal host materials for TCO applications. The calculated band gaps
and band mass are listed in the Table 3.3 and 3.4. In2O3, ZnO SnO2 have a
direct band gap while CdO has an indirect gap. The band gaps are strongly
underestimated with the LDA and this underestimation can be as large as
∼77% in case of ZnO. The electron effective mass obtain for each of the binary
oxide studied is listed in Table 3.4. Here m‖ indicates the electron effective
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mass calculated parallel to the c-axis while m⊥ refers to its value calculated
perpendicular to the c-axis. The experimental measurements indicate that
the band mass is ∼ 0.3 me for these oxides except CdO which has even lower
band mass (∼ 0.2 me). The electron effective mass calculated within LDA is
also systematically underestimated compared to the experiment.

However, this underestimation of the band gap is not surprising. It is
well known ‘band gap problem’ in DFT and is discussed earlier in section 2.5.
Therefore to calculate the band gap we use the GW approximation to the
many body perturbation theory which is introduced in the next chapter.
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Chapter 4

GW approximation: an
introduction

4.1 Photoelectron spectroscopy

In experiments, the band gap can be measured with photoelectron spec-
troscopy. Direct photoelectron spectroscopy is a technique in which a photon
impinges on the sample and knocks out an electron. The difference between
the energy of an incident photon (~ω) and the kinetic energy of an ejected
electron (Ekin) gives the binding energy of the electron (εi =Ekin − ~ω, in a
state i). In general εi equals the difference εi = EN

0 −EN−1
i between the total

energy EN
0 of the N -particle ground state ΨN

0 and the energy EN−1
i of the

(N−1)-particle state ΨN−1
i that remains after the emission. The complemen-

tary process of inverse photoemission, on the other hand, involves injection
of electrons into the sample. Again the energy difference εi =Ekin − ~ω can
be identified as the binding energy of the electron. The number of electrons
in the system thus increases from N to N + 1. This is illustrated in Fig. 4.1

Thus a theoretical framework that deals with the change in the parti-
cle density from N particles to N ± 1 particles is essential to describe the
photoemission process. For this purpose we will make use of many-body
perturbation theory. The central variable is the time ordered Green’s func-
tion G(rt, r′t′) and in the following sections we will see that it contains the
excitation energies εi and even the excitation lifetimes. Thus the GW approx-
imation (introduced in this chapter) to the many-body perturbation theory
offers a strong physical basis to correlate the calculated excitation energies
with the band gaps measured with the help of photoelectron spectroscopy.
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a) b)

Figure 4.1: Schematic illustration of (a) direct and (b) inverse photoelectron
spectroscopy.

4.2 Green’s Function

The electron Green’s function G describes the evolution of an excitation
and is also called the single-particle propagator. The one-electron Green’s
function is defined as an expectation value with respect to the many-electron
ground state |Ψ0〉

G(r1, t1; r2, t2) = −i〈Ψ0|T [ψ(r1, t1)ψ
†(r2, t2)]|Ψ0〉 (4.1)

where ψ(r, t) is the field operator in the Heisenberg picture, that is,

ψ(r, t) = eiĤt/~ψ(r)e−iĤt/~ (4.2)

T is the time-ordering operator defined by

T [ψ(r1, t1)ψ
†(r2, t2)] =

{
ψ(r1, t1)ψ

†(r2, t2) t1 > t2

−ψ†(r2, t2)ψ(r1, t1) t1 < t2
(4.3)

In this equation, ψ†(r2, t2)|Ψ0〉 represents an (N + 1)-electron state in which
an electron has been added to the system at point r2 and time t2. When
t2 < t1, the many-body Green’s function gives the probability amplitude to
detect an electron at point r1 and time t1 when an electron has been added
to the system at point r2 and time t2. When t2 > t1, the Green’s function
describes the propagation of a many-body state in which one electron has
been removed at point r1 and time t1, that is, the propagation of a hole.
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4.2.1 The Lehmann representation

The Lehmann representation of G gives useful physical information about the
charged excitation energies of the many-body system. Moreover, it also helps
in finding the connection between many-body theory and DFT. First, recall
that if a state |Ψ〉 is such that N̂ |Ψ〉 = N |Ψ〉 (N̂ is the number operator,
N̂ ≡ ψ†ψ), then

N̂ψ̂(r)|Ψ〉 = (N − 1)ψ̂(r)|Ψ〉 (4.4)

Similarly, ψ̂†(r)|Ψ〉 is a state with N+1 particles. According to its definition,
the Green’s function can be written as

G(r1, t1; r2, t2) = − i
~

(
θ(t1 − t2)〈Ψ0|ψ(r1, t1)ψ

†(r2, t2)|Ψ0〉

−θ(t2 − t1)〈Ψ0|ψ(r2, t2)ψ
†(r1, t1)|Ψ0〉

) (4.5)

Let us consider the first term. If |Ψi〉 is a complete set of Heisenberg states,
i.e., a set of solutions to the full Hamiltonian, inserting the closure relation∑

i |Ψi〉〈Ψi| = 1 between field operators leads to

〈Ψ0|ψ(r1, t1)ψ
†(r2, t2)|Ψ0〉 =

∑
i

e−i(Ei−E0)(t1−t2)/~×〈Ψ0|ψ̂(r)|Ψi〉〈Ψi|ψ̂†(r′)|Ψ0〉

(4.6)
Here E0 is the energy of the (N -particle system) ground state and Ei is the
energy of state |Ψi〉. Only states with N + 1 particles contribute, thus the
summation is restricted to these states and we make this explicit by rewriting
|Ψi〉 → |ΨN+1

i 〉, and Ei − E0 → E
(N+1)
i − E(N)

0 ≡ ε
(N+1)
i .

We now introduce the frequency-dependent Green’s function. First, if the
Hamiltonian is time independent, as is the case for the systems we are inter-
ested in, one can show G(r1, t1; r2, t2) = G(r1, t1−t2; r2, 0) ≡ G(r1, r2; t1−t2)
[54]. Then, we define G(r1, r2;ω) =

∫∞
−∞ dτe

iωτG(r1, r2; τ). Also, given that

the Heaviside function has the representation θ(τ) = (i/2π)
∫
dωe−iωτ/(ω +

iη), it can be shown that the frequency dependence of the Green’s function
term above is given by∫ ∞

−∞
dτeiωtθ(τ)e−iε

(N+1)
i τ/~ = i

1

ω − ε(N+1)
i /~ + iη

. (4.7)

A similar treatment of the second term in Eq.(4.5) finally leads to

G(r1, r2;ω) =
1

~
∑
i

〈Ψ(N)
0 |ψ̂(r)|Ψ(N+1)

i 〉〈Ψ(N+1)
i |ψ̂†(r′)|Ψ(N)

0 〉
~ω − ε(N+1)

i + iη

+
1

~
∑
i

〈Ψ(N)
0 |ψ̂†(r)|Ψ(N−1)

i 〉〈Ψ(N−1)
i |ψ̂(r′)|Ψ(N)

0 〉
~ω − ε(N−1)i − iη

(4.8)
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Thus, the poles of the Green’s function are the exact excitation energies
that correspond to excitations of an (N − 1)-particle and an (N + 1)-particle
system. These are measured in experiment, such as in photoemission or
inverse photoemission which are mentioned earlier. Hence the Green’s func-
tion offers a strong physical basis to correlate these excitation energies to
those processes measured in direct and inverse photoelectron spectroscopy.
In the case of semiconductors and insulators, these measurements can yield
the VBM and CBM, and thus the band gap value.

4.3 Feynman diagrams

Feynman diagrams offer a convenient way to represent Green functions dia-
grammatically. At this stage, I will introduce the basic Feynman diagrams
that will help to visualize the series of the exchange-correlation interactions in
the later sections1. Each space time argument (r, t) corresponds to a node and
is represented by a dot (·). A zeroth-order Green’s function, G0(r1, t1; r2, t2),
is represented diagrammatically as a ‘thin’ line going from (r2, t2) to (r1, t1)
:

Similarly the fully interacting Green’s function (G) are represented by a
‘thick’ line:

The Coulomb interaction is represented by a dotted line ( a wavy line is
reserved for the screened interaction):

1 The notation and diagrams are adopted from the lecture notes on the GW approx-
imation, by Dr. Martin Stankovski (UCL, Belgium) at the University of Antwerp in the
framework of the European Theoretical Spectroscopy Facility (ETSF).
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Here the arrows are absent because the Coulomb interaction is symmetric.
A vertex is the point where an interaction line and two Green’s functions
meet. Using these two graphical components, we can draw all the lines and
vertices corresponding to the expansion of the Green’s function. The most
simple diagrams for the Green’s function are the terms to first order in the
interaction. It contains all self-energy diagrams with exactly one interaction
line, which can be identified by the Hartree term and the exchange term as
shown below:

Hartree + Exchange

4.4 The Dyson equation and concept of self-

energy

After introducing the Green’s function - the question is how to calculate G?
There are several ways to tackle the problem, one of which is the equation of
motion technique. In this approach, a series of coupled differential equations
are generated by differentiating the Green’s function a number of times. The
many-particle Hamiltonian in the second-quantization formalism is

Ĥ =
N∑
i=1

(−1

2
∇2
i+νext(ri))+

1

2

∑
i 6=j

ν(ri, rj) =
N∑
i=1

ĥ0(ri)+
1

2

∑
i 6=j

ν(ri, rj) (4.9)

and can be rewritten in terms of a field operator involving the annihilation
and creation operators:

Ĥ =

∫
ψ̂†(r)ĥ0(r)ψ̂(r)dr+

1

2

∫ ∫
ψ̂†(r1, t)ψ̂

†(r2, t)ν(r1, r2)ψ̂(r2)ψ̂(r1)dr1dr2

(4.10)
where we have explicitly separated the one-electron part of the Hamiltonian

ĥ0(r) = −1

2
∇2 + νext(r), (4.11)

from the Coulomb interaction. The expression given by Eq.(4.10) is just a
mathematical formulation of the initial Hamiltonian, introduced in order to
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automatically satisfy the requirement of antisymmetry of the total fermionic
wave function. At this stage we introduce following notation. The num-
bers (e.g. 1) are short hand notation for the position and time variables
(r1,t1). From the equation of motion for the field operator in the Heisenberg
representation:

i
∂ψ̂

∂t
= [ψ̂, Ĥ] (4.12)

it is possible to derive the following equation, defining the time-evolution of
the Green’s function:

i
∂G(1, 2)

∂t1
= δ(1, 2) + ĥ0(r)G(1, 2)− i

∫
ν(1+, 3)G(1, 3; 2, 3+)d3, (4.13)

(here, for example, 1+ denotes r1, t
+
1 ; where t+1 = t1 + δ and δ is a positive

infinitesimal real number) which involves the two-particle Green’s function:

G(1234) = −〈ΨN
0 |T̂ ψ̂(1)ψ̂(2)ψ̂†(4)ψ̂†(3)|ΨN

0 〉. (4.14)

The presence of the two-particle Green’s function in Eq.(4.13) complicates
the problem, since the knowledge of the time-evolution of a four-point quan-
tity is needed. One might think that it would be possible to obtain a closed
expression for the derivative of G(1, 2) by analyzing the time evolution of
G(1, 2, 3, 4). But unfortunately, the evolution of two-particle Green’s func-
tion depends on a three-particle Green’s function, the evolution of three-
particle Green’s function requires knowledge of a four-particle Green’s func-
tion and so on. In order to terminate this iteration scheme (which is as
complex as the original problem of solving the Schrödinger equation for the
many-electron system), one can use many-body perturbation theory. In or-
der to know the one-particle properties, the knowledge of one-particle Green’s
function should be sufficient. In order to do that, a suitable expression of
the two-particle Greens function in terms of the one-particle one should be
found. This is done by introducing the self-energy operator Σ as∫

Σ(1, 3)G(3, 2)d3 = −i
∫
ν(1+, 3)G2(1, 3, 2, 3

+)d3, (4.15)

so that the time-evolution of the Green’s function can be rewritten as[
i
∂

∂t1
− ĥ0(r1)

]
G(1, 2)−

∫
Σ(1, 3)G(3, 2)d3 = δ(1, 2). (4.16)

which is the so-called Dyson equation.
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This equation can be transformed to the frequency domain with the help
of a Fourier transform which yields

[ω − ĥ0(r)]G(r, r′;ω)−
∫

Σ(r, r′′;ω)G(r′′, r′;ω)dr′′ = δ(r− r′) (4.17)

Finally the insertion of the Green’s function in the Lehmann representa-
tion leads to the quasiparticle equation

ĥ0(r)ψi(r) +

∫
Σ(r, r′; εi/~)ψi(r

′)dr′ = εiψi(r) (4.18)

Thus the knowledge of the self-energy operator allows one to describe the
quantum-mechanical state of a renormalized electron (quasiparticle) in the
many-body system. The quasiparticle wavefunctions and energies can indeed
be found by solving the nonlinear system of Eq.(4.18).

These developments can also be applied to the non-interacting fermions,
the equation of motion for the non-interacting Green’s function (G0) is[

i
∂

∂t1
− ĥ0(r1)

]
G0(12) = δ(1, 2). (4.19)

This proves that the non-interacting Green’s function is formally the func-
tional inverse of the operator (ω − ĥ0) in frequency space. Such an interpre-
tation of G−10 allows one to rewrite the Dyson equation as

[G−10 (1, 3)− Σ(1.3)]G(3, 2) = δ(1, 2). (4.20)

Symbolically, the Dyson equation can be written as

G = G0 +G0ΣG (4.21)

The self-energy (Σ) thus can be seen as the connection between the non-
interacting system (with Green’s function G0) and the interacting one (G).
The self-energy accounts for all the exchange-correlation effects of the in-
teracting particles. The Feynman diagrams for the Dyson equation and the
self-energy are:
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4.5 Hedin’s equations

To be able to obtain the one-particle Green’s function, the self-energy needs
to be known. Lars Hedin first derived a set of equations that can be used
to obtain this self-energy [55] and these equations are popularly known as
Hedin’s equations. To derive this set of equations the derivative technique
of Schwinger is used. In this technique a small time dependent external
potential U(r1, r2, t) is introduced, that will be set to zero at the end of the
derivation. The one-particle Greens function in the presence of this potential
becomes

iG(1, 2) =
〈Ψ0|T [Ŝψ̂(1)ψ̂†(2)]|Ψ0〉

〈Ψ0|T [Ŝ]|Ψ0〉
(4.22)

where the creation and annihilation operator (respectively ψ̂† and ψ̂) are as
previously defined. Because of the presence of the time-dependent potential,
they are now given in the interaction picture, so they still contain the time
dependence of the equilibrium Hamiltonian, but the time dependence due to
the additional potential is contained in the time evolution operator Ŝ. The
definition of this operator is

T [Ŝ] = T

[
exp
(
− i
∫ ∞
−∞

dt

∫
ψ̂†(r1, t

+)U(r1, r2, t)ψ̂(r2, t)dr1dr2

)]
(4.23)

The complete dependence on U is in this operator only. If U = 0, this
gives again the previously used equilibrium Green’s function (Eq.(4.1)). The
first-order variation of δG(1, 2) with respect to δU(r3, r4, t3) (variation of a
product) is thus given by

iδG(1, 2) =
〈Ψ0|T [δŜψ̂(1) ˆψ†(2)]|Ψ0〉

〈Ψ0|T [Ŝ]|Ψ0〉
− iG(1, 2)

〈Ψ0|T [δŜ]|Ψ0〉
〈Ψ0|T [Ŝ]|Ψ0〉

(4.24)

and the variation δŜ can be evaluated as

T [δŜ] = −iT
[
Ŝ

∫ ∞
−∞

dt

∫
ψ̂†(r3, t

+)δU(r3, r4, t)ψ̂(r4, t)dr3dr4

]
(4.25)

Combining Eq.(4.24) and Eq.(9.2) and inserting the definition of one-particle
and two-particle Green’s functions gives

δG(1, 2) = −
∫ ∞
−∞

dt

∫
δU(r3, r4, t)[G2(1, r4t; 2, r3t

+)

−G(1, 2)G(r4t, r3t
+)]dr3dr4

(4.26)
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From this equation we can obtain the final result of the Martin-Schwinger
functional differentiation technique, which is also valid for t3 6= t+

δG(1, 2)

δU(3, 4)
= −G2(1, 4; 2, 3) +G(1, 2)G(4, 3) (4.27)

This equation gives the connection between the two-particles Green’s func-
tion and the one-particle Green’s function. For a local potential U(3)δ(3, 4)
this gives

δG(1, 2)

δU(3)
= −G2(1, 3; 2, 3+) +G(1, 2)G(3, 3+) (4.28)

which can be used to rewrite the equation of motion Eq.(4.13)[
i
∂

∂t1
− ĥ0(r1)

]
G(1, 2) + i

∫
ν(1, 3)G(3, 3+)G(1, 2)d3

−i
∫
ν(1+, 3)

δG(1, 2)

δU(3)
d3 = δ(1, 2)

(4.29)

Introducing the identity
∫
G−1(4, 5)G(5, 2)d5 = δ(4, 2) finally gives[

i
∂

∂t1
− ĥ0(r1) + i

∫
ν(1, 3)G(3, 3+)d3

]
G(1, 2)

−i
[ ∫

ν(1+, 3)
δG(1, 4)

δU(3)
G−1(4, 5)d345

]
G(5, 2) = δ(1, 2)

(4.30)

The third term in this expression is the Hartree potential, as iG(3, 3+) is
the electronic density. Comparing this expression with Eq.(4.20), gives an
equation for the self-energy

Σ(1, 2) = i

∫
ν(1+, 3)

δG(1, 4)

δU(3)
G−1(4, 5)d345 (4.31)

or by using the identity

∂

∂U
(G−1G) = G−1

∂G

∂U
+
∂G−1

∂U
G = 0 (4.32)

this is

Σ(1, 2) = i

∫
ν(1+, 3)G(1, 4)

δG−1(4, 5)

δU(3)
d345 (4.33)

To be able to evaluate this expression, a perturbative approach will be used,
based on the interacting Green’s function G and the dynamical screened
Coulomb interaction. Earlier attempts to expand it using the non-interacting
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Figure 4.2: Schematic picture that shows the difference between (a) the bare
Coulomb interaction ν and (b) the screened interaction W [adopted from
Ref. [56]].

Greens function G0 and the bare Coulomb potential ν have proved unsuc-
cessful because the Coulomb interaction is strong and long ranged, high order
terms in the expansion are expected to decay slowly.

On the other hand, each particle in a many-body system does not re-
act to the applied external potential, but to the total potential. This in-
cludes the response of the other particles, which significantly reduces the
effective potential. Thus, a more realistic answer valid even for low orders
should be obtained if we consider the change of the Green’s function with
respect to the total potential, rather than the external potential. This is the
basic idea behind the formulation of the many-body problem proposed by
Hedin [55]. Intuitively the screened Coulomb interaction W can be seen as
being smaller than the bare one, as interactions between electrons are re-
duced by the screening of the other electrons. Here we introduce the concept
of ‘quasiparticle’. The exchange and correlation effects form a Coulomb hole
around each electron. This combination of the Coulomb hole and the elec-
tron can be seen as a quasiparticle as shown in Fig. 4.2. These quasi-particles
interact via the weaker screened interaction W .

This derivation follows Hedin. First a local classical potential V , which
is the sum of the perturbation U and the Hartree potential is defined

V (1) = U(1)− i
∫
ν(1, 2)G(2, 2+)d2 (4.34)

This will be used to replace all references to U with references to V . Doing
this by applying the chain-rule of derivatives in Eq.(4.33) of the self-energy,
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gives

Σ(1, 2) = −i
∫
ν(1+, 3)

δG−1(1, 4)

δV (5)

δV (5)

δU(3)
G(4, 2)d345 (4.35)

This can be rewritten by defining the time-ordered inverse dielectric function
ε−1

ε−1(1, 2) =
δV (1)

δU(2)
(4.36)

the irreducible vertex function Γ̃

Γ̃(1, 2; 3) = −δG
−1(1, 2)

δV (3)
(4.37)

and the dynamical screened Coulomb interaction W

W (1, 2) =

∫
ν(1, 3)ε−1(3, 2)d3 (4.38)

Here ‘irreducible’ means that the differentiation is done with respect to V
and not to U . The self-energy then becomes

Σ(1, 2) = i

∫
G(1, 4)W (3, 1+)Γ̃(4, 2; 3)d34 (4.39)

and the diagram for the self-energy with the screened interaction contains a
three-point object - Γ(4, 2; 3).

Now the irreducible vertex function Γ̃ and the inverse dielectric function
ε−1 will be worked out. For this the Dyson equation G−1 = G−10 − V − Σ is
used in Eq.(4.37)

Γ̃(1, 2; 3) = δ(1, 2)δ(1, 3) +
δΣ(1, 2)

δV (3)

= δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)

δG−1(6, 7)

δV (3)
d45

= δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)

δG(4, 5)

δV (3)
d4567

= δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ̃(6, 7; 3)d4567
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In the second line the chain rule was used. The third line is obtained af-
ter using the identity in Eq.(4.32) and in the last line the definition of the
irreducible vertex function from Eq.(4.37) was used.

For ε−1, the definition of V is used

ε−1(1, 2) =
δ(U(1)− i

∫
ν(1, 3)G(3, 3+)d3)

δU(2)

= δ(1, 2) +

∫
ν(1, 3)P red.(3, 2)d3

(4.40)

where

P red.(1, 2) = −iδG(1, 1+)

δU(2)
(4.41)

is the reducible (as the bare potential U is used) polarizability of the system.
Similarly the irreducible polarizability P can be defined

P (1, 2) = −iδG(1, 1+)

δV (2)
(4.42)

The connection between these two polarizabilities can be found by applying
the chain-rule

P (1, 2) = −i
∫
δG(1, 1+)

δV (3)

δV (3)

δU(2)
d3

=

∫
P (1, 3)ε−1d3

= P (1, 2) +

∫
P (1, 3)ν(3, 4)P red.(4, 2)d34

(4.43)

Here the definitions Eq.(4.42) and Eq.(4.36) are used. The last line is ob-
tained by inserting the Eq.(4.40).

The last remaining quantity P can be obtained from Eq.(4.42), by ap-
plying the identity Eq.(4.32) and inserting the irreducible vertex function
Eq.(4.37)

P (1, 2) = i

∫
G(1, 3)

δG−1(3, 4)

δV (2)
G(4, 1)d34

= −i
∫
G(1, 3)G(4, 1)P (3, 4; 2)d34

(4.44)

The inverse dielectric function, Eq.(4.40), can now be rewritten by inserting
Eq.(4.43) repeatedly

ε−1 = δ(1, 2)+

∫
ν(1, 3)P red.(3, 4)d34×

[
δ(4, 2)+

∫
ν(4, 5)P red.(5, 6)δ(6, 2)+· · · d56

]
(4.45)
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= δ(1, 2) +

∫
ν(1, 3)P red.(3, 4)ε−1(4, 2)d34 (4.46)

which can be used to get rid of the ε−1 dependency of W

W (1, 2) =

∫
δ(1, 3)ν(3, 2)d3 +

∫
ν(1, 3)P red.(3, 4)ε−1(4, 3)ν(3, 2)d345

= ν(1, 2) +

∫
ν(1, 3)P red.(3, 4)W (4, 2)d34

(4.47)

This has the Feynman diagram:

As all quantities are now properly defined, the limit of U going to zero can
be safely taken.

In summary the five Hedin equations are given below.

• The Dyson equation:

G(1, 2) = G0(1, 2) +

∫
G0(1, 3)Σ(3, 4)G(4, 2)d34

• Self-energy:

Σ(1, 2) = i

∫
G(1, 4)W (3, 1+)Γ̃(4, 2; 3)d34

• Screened interaction:

W (1, 2) = ν(1, 2) +

∫
ν(1, 3)P (3, 4)W (4, 2)d34
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• Irreducible polarization:

P (1, 2) = −i
∫
G(2, 3)G(4, 2)Γ̃(3, 4; 1)d34

• Vertex function:

Γ̃(1, 2; 3) = δ(1, 2)δ(1, 3) +

∫
δΣ(1, 2)

δG(4, 5)
G(4, 6)G(7, 5)Γ̃(6, 7; 3)d4567

4.5.1 The GW approximation

Hedin’s set of equations can be used to, starting from a certain approximation
of the self-energy Σ, obtain higher order approximations by iterating through
the equations. This is schematically depicted in Fig. 4.3, which is also called
the Hedin’s ‘pentagon’ . Unfortunately they are not numerical equations,
as they contain a functional derivative. Therefore they can not be solved
self-consistently by a computer code, but have to be iterated analytically to
obtain an approximation. The simplest approximation is to start with

Γ̃(1, 2; 3) = δ(1, 2)δ(1, 3) (4.48)

as the vertex equation, which yields the GW approximation:

• Vertex function:
Γ̃(1, 2; 3) = δ(1, 2)δ(1, 3)

• Irreducible polarization:

P (1, 2) = −i
∫
G(1, 2)G(2, 1)
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• Screened interaction:

W (1, 2) = ν(1, 2) +

∫
ν(1, 3)P (3, 4)W (4, 2)d34

• Self-energy:

Σ(1, 2) = i

∫
G(1, 2)W (2, 1+)

The naming of this approximation refers to the self-energy, which is given by
iGW .

The G0W0 approximation

Solving the GW equations self-consistently can be very computationally de-
manding. To make things easier, we can approximate the self energy by
replacing the full Green’s functions with non-interacting thin-line Green’s
functions instead. In doing this we can construct four possible different ap-
proximations as illustrated in Fig. 4.4. The choice depends on whether we
choose G(0) or G. If only one iteration is performed, starting from Σ = 0,
so that G = GKS = G0, one obtains the G0W0 approximation or single-shot
GW , with main equations described as:

P (1, 2) = −i
∫
G(01, 2)G0(2, 1) (4.49)

W0(1, 2) = ν(1, 2) +

∫
ν(1, 3)P0(3, 4)W0(4, 2)d34 (4.50)
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a) b)

Figure 4.3: Schematic representation a) Hedin’s pentagon and b) the GW
approximation.

Σ(1, 2) = i

∫
G0(1, 2)W0(2, 1

+) (4.51)

Eq.(4.50) of the irreducible polarizability is equal to the one of independent
particles (denoted by P0). This approximation is only justified if the sum
of higher order terms of W is small compared to the first order result. This
approximation can be seen as a generalization of the Hartree-Fock approxi-
mation, where the bare Coulomb interaction is replaced by the screened one.
From the full formula for the polarization, containing the vertex function, it
follows that the GW approximation is equivalent to the situation where only
the contribution of the electron-hole pair excitations to the polarizability are
taken into account. All other interactions, such as the interaction between
electron and hole and between electron-hole pairs are neglected.

The G0W0 approximation works remarkably well for a variety of semicon-
ductors and insulators as observed in Fig. 4.5. Motivated with this fact we
start applying it to the TCO materials and the results obtained are presented
in the successive chapters.
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Figure 4.4: Level of self-consistency within the GW approximation

Figure 4.5: Comparison between the experimental gap and the G0W0 gap
calculated for semiconductors and insulators [from Ref. [57]].
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4.6 The GW approximation in practice

The GW self-energy, which is a simple product in time, becomes a convolution
in the frequency domain. The evaluation of

Σ(r, r′, ω) = lim
η→0

i

2π

∫
dω′eiω

′ηG(r, r′, ω + ω′)W (r, r′, ω′) (4.52)

is a complicated task. Here the screened interaction is given by

W (r, r′, ω) =

∫
dr′′ε−1(r, r′′;ω)ν(r′′ − r′) (4.53)

This indicates that the interaction between quasi-particles is much weaker
than the “bare” Coulomb interaction between the electrons, due to the re-
pulsion of the electrons in the neighborhood of an electron, i.e. an exchange-
correlation hole that is created which screens the interaction. The dielectric
function in the frequency domain is

ε(r, r′;ω) = δ(r− r′)−
∫
dr′′ν(r′′ − r′)P (r, r′;ω), (4.54)

where the irreducible polarizability (in the random phase approximation
(RPA)) can be shown [23] to be equal to

P0(r, r
′;ω) =

∑
nk,n′k′

φnk(r)φ∗n′k′(r)φ∗nk(r′)φn′k′(r′)

×
[ fnk(1− fn′k′)

ε0nk − ε0n′k′ + ω + iη
− (1− fnk)fn′k′

ε0
n′k′ − ε0nk + ω − iη

] (4.55)

where fnk are the Fermi factors.
We begin by solving the quasiparticle equation within a DFT approach,

using a standard local approximation to the self-energy

Σ(r, r′, ω) = δ(r− r′)Vxc(r) (4.56)

the quasiparticle equation then becomes a Kohn-Sham equation

(ĥ+ Vxc)ψ
KS
i = εKSi ψKSi (4.57)

where Vxc(r) is the local exchange-correlation potential. In many cases the
Kohn-Sham eigenvalues εKSi already provide a reasonable estimate of the
band structure and are in qualitative agreement with experiment. For sys-
tems where the quasiparticle wave functions are known, one also finds that
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the Kohn-Sham wave functions and quasiparticle wave functions are approx-
imately equal [58] (however, it should be noted that there are notable ex-
ceptions, such as Cu2O, where better calculations are necessary and a self-
consistent GW (scGW) approach is used [59]). These observations indicates
that the self-energy correction is small and justifies the use of first-order
perturbation theory to obtain approximate energies

εi ≈ εKSi + 〈ψKSi |Σ(r, r′, εi)− Vxc|ψKSi 〉 (4.58)

This equation indicates that one does not need to calculate the complete Σ
matrix, as one element is sufficient to calculate one corrected energy. This
is however a nonlinear equation, as Σ depends on the quasi-particle energy.
This can be simplified by using a linear expansion of Σ around the Kohn-
Sham eigenenergy εKSi

Σ(r, r′, εi) ≈ Σ(r, r′, εKSi ) + (εi − εKSi )
∂Σ(r, r′, εKSi )

∂εi

∣∣∣
εKSi

(4.59)

Using this in the equation above we get

εi ≈ εKSi + Zi〈ψKSi |Σ(r, r′, εi)− Vxc|ψKSi 〉 (4.60)

where the quasi-particle renormalization factor (also called the quasi-particle
weight) Zi is given by

Zi =
(

1− 〈ψKSi |
∂Σ(r, r′, εKSi )

∂εi

∣∣∣
εKSi

|ψKSi 〉
)

(4.61)

In practice all calculations are carried out in momentum space, so the
formulations need to be transformed by applying Fourier transforms. The
Fourier transform for the two variable function G0 is defined as

G0(r, r′, ω)→ G0
GG′(q,q′, ω) =

1

Ω

∫
drdr′e−i(G+q·r)G0(r, r′, ω)e−i(G

′+q′·r′)

(4.62)
where G denotes a reciprocal lattice vector and q wave vectors in the irre-
ducible Brillouin zone. Applying this to the real space expression for the
polarizability P 0 in Eq.(4.52) gives

P 0
GG′(q, ω) =

2

Ω

∑
nn′k

〈nk|e−i(G+q)·r|n′k + q〉〈n′k + q|e−i(G′+q)·r′|nk〉

×
[ fnk(1− fn′k′)

ε0nk − ε0n′k′ + ω + iη
− (1− fnk)fn′k′

ε0
n′k′ − ε0nk + ω − iη

] (4.63)
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Similarly one obtains, using Eq.(4.40) and Eq.(4.38),

εGG′(q, ω) = δGG′ − 4π

|G + q|2
P 0
GG′(q, ω) (4.64)

WGG′(q, ω) =
4π

|G + q|2
ε−1
GG′(q, ω) (4.65)

In order to obtain the self energy at a given frequency, the convolution in
Eq.(4.52) needs to be calculated. Therefore one needs to calculate ε−1 for
different q-points and for all frequencies. This is computationally very time
consuming, especially because the function P 0(ω) has many poles close to
the real axis. In order to avoid this burden, a plasmon-pole model will be
used in order to model the inverse dielectric function. The idea behind this
approach is that this function is dominated by the peaks at which ε = 0,
i.e. the plasmon peaks. An additional benefit of using such a plasmon-pole
model is that it allows to perform the convolution analytically.

The model used in this thesis is the Godby-Needs plasmon-pole model [60],
which models ε−1 as follows

ε−1
GG′(q, ω) = δGG′ +

Ω2
GG′(q)

ω2 − (ω̃GG′(q)− iη)2
(4.66)

The two parameters Ω2
GG′ and ω̃GG′ are determined in ABINIT by perform-

ing the RPA calculation at two frequencies: at ω = 0 and at ω ∼ iωp, where
ωp is the classical plasmon frequency. These frequencies are convenient as
these are far away from the poles of P 0, so that the fit is more stable. Al-
ternative choices for determining the fitting parameters exist [61] as well as
alternate plasmon-pole models (e.g. Ref. [62]).

If W is split in the bare Coulomb interaction ν and the remainder W − ν
the self-energy can be split in an exchange (Σx) and a correlation (Σc) part.
Symbolically this is

Σ = iGKS
0 W = iGKS

0 ν + iGKS
0 (W − ν) = Σx + Σc (4.67)

The exchange part of the self-energy reads

Σx(r, r′, ω) =
i

2π

∫
dω′GKS

0 (r, r′, ω + ω′)ν(r, r′)eiω
′η (4.68)

which can be evaluated analytically. This leads to the Hartree-Fock exchange
term

〈ψnk|Σx|ψnk〉 = −
occ.∑
mq

∫
drdr′

ψ∗nk(r)ψmq(r)ψ∗mq(r′)ψnk(r′)

|r− r′|
(4.69)
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Similarly the correlation part of the self-energy is given by

Σc(r, r′, ω) = lim
η→0

i

2π

∫
dω′GKS

0 (r, r′, ω+ω′)[W (r, r′, ω)−ν(r, r′)]eiω
′η (4.70)

In order to give an expression for the matrix elements of these self-energy
parts, it is convenient to define the matrix elements Mνc

G (k,q) between the
occupied valence (n = v) and the unoccupied conduction (n = c) states

Mνc
G (k,q) =

∫
d3rψ∗νk−q(r)e−i(q+G)·rψck

=
∑
G′

c∗νk−q(G′ −G)cck(G′)
(4.71)

Using this notation the matrix elements of the exchange part can be written
in momentum space as

〈ψnk|Σx|ψmk〉 = −4π

Ω

occ.∑
l

∑
q

∑
G

M ln
G (k,q)[M ln

G (k,q)]∗

|G + q|2
(4.72)

The correlation part, using the Godby-Needs approximation is given by

〈ψnk|Σc|ψmk〉 = −2π

Ω

∑
lq

∑
GG′

M ln
G (k,q)[M ln

G (k,q)]∗

|G + q||G′ + q|

×
Ω2

GG′(q)

ωGG′(q)(ω − εlk−q + sgn(µ− εlk−q)ωGG′(q))

(4.73)

The sgn function in combination with the electron chemical potential µ is
1 when considering a valence band and -1 for a conduction band. With these
self-energy matrix elements calculated, one can calculate the GW corrections
to the eigenvalues by using Eq.(4.60).
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Chapter 5

ZnO: quasiparticle corrections
to the band gap

5.1 Introduction

Having introduced the GW technique to calculate the band gap, we will
now start to apply it to the TCO materials. ZnO offers a natural choice to
start with1. It is an important material in optoelectronic device technology
and is used in a number of applications such as visual displays, solar cells
and so on. It has also been emerged as an economical alternative to In2O3

which is an expensive material due to limited availability of In. Thus ab
initio first-principles calculations are highly desired to design new devices
cost effectively. To reach this goal, it is necessary to have reliable ab initio
techniques for the prediction of the band gap. Therefore here a thorough
study of the quasiparticle energy corrections to the DFT band gap of ZnO is
presented. Although the ground state of ZnO has the wurtzite (WZ) struc-
ture, the metastable zincblende (ZB) and high pressure rocksalt (RS) phases
have growing experimental interest [64, 65]. The zincblende phase of ZnO
can be grown using molecular beam epitaxy. The zincblende phase may solve
the challenge of controlling p-type conductivity in the optoelectronic devices
[64]. Thus, in this chapter we present the quasiparticle corrections to the

1This chapter is based on the work published as - 1] H. Dixit, R. Saniz, D. Lamoen
and B. Partoens: “The quasiparticle band structure of zincblende and rocksalt ZnO”, J.
Phys.: Condens. Matter 22, 125505 (2010) 2] H. Dixit, R. Saniz, D. Lamoen and B.
Partoens: “Accurate pseudopotential description of the GW bands tructure of zincblende
and rocksalt ZnO”, Computer Physics Communications 182, 2029 (2011) 3] M. Stankovski,
G. Antonius, D. Waroquiers, A. Miglio, H. Dixit, K. Sankaran, M. Giantomassi, X. Gonze,
M. Côté, and G.-M. Rignanese: “The G0W0 band gap of ZnO: effects of plasmon-pole
models”, Phys. Rev. B 84, 241201(R) (2011).
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band gap for these three crystal structures of ZnO. We use the pseudopoten-
tial plane-wave method to calculate the GW band gap at the Γ point. The
DFT-LDA wavefunctions are used to construct the Green’s function.

In the case of IIB-V I semiconductor materials, it is important to include
the localized ‘d’ orbitals in the cation pseudopotential (PP). The localized
‘d’ orbitals play an important role in bonding, hence their inclusion as va-
lence orbital is essential for a correct structure [42]. However the DFT band
structure, calculated using the pseudopotential with semicore ‘d’ states and
the plane wave basis, shows serious underestimation of the band gap as dis-
cussed earlier in chapter 3. We further observe that the calculated quasi-
particle band gap using the GW approximation, is also underestimated for
ZnO. This observation is in agreement with the literature and is discussed
below in detail. Thus although use of the PP with semicore ‘d’ states yields
the correct structure, it results in a poor quasiparticle correction questioning
the validity of such PP. We analyze this problem with a systematic study
of the PP used and corresponding GW corrections to the band gap for the
ZnO. Further, the different phases of ZnO considered allow us to compare
between the crystal symmetry and the effect of p-d hybridization on the
quasiparticle corrections. We also consider ZnS in the zincblende structure
that provides an interesting comparison due to change of chemical species
from oxygen to sulfur. Thus this chapter is organized as follows. First, we
discuss the poor quasiparticle correction with the standard 12-electron Zn
PP followed by a systematic study of self-energy dependence on the num-
ber of valence electrons used in the PP for two polymorphs - zincblende and
rocksalt ZnO. We find that a modified 20-electron PP of Zn, which treats the
entire semi-core shell as the valence, is essential for adequate treatment of the
self-energy operator. Thereafter we discuss the accuracy of the newly gener-
ated 20-electron PP. Finally in section 5.5, we also analyze the effect of the
plasmon-pole model used within the GW approximation on the calculated
GW band gap of wz-ZnO.

5.2 Computational details

The electronic structure and the quasiparticle correction to the band gap at
the Γ point have been calculated using the plane wave pseudopotential code
ABINIT [24, 25, 26]. For the electronic structure the plane wave cutoff is
chosen using the total energy convergence criterion of 2×10−2 eV. The atomic
positions and structural parameters have been optimized by calculating the
Hellmann-Feynman forces. The stresses are optimized with the criterion of
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2×10−5 eV/Å3. We choose 4x4x4 Monkhorst-Pack [38] k−point mesh which
yields 10 k-points in the irreducible Brillouin zone.

All PP’s used are generated with the OPIUM [40] code according to the
Troullier-Martins [67] method with Perdew-Zunger LDA [68]. The electronic
configuration of the zinc atom is [Ne]3s23p63d104s2. The standard DFT
PP treats the 3d and 4s electrons as valence and results in the Zn12+ PP.
In this work we construct the Zn-PP with 2 (3s23p63d104s2), 12 (3d104s2),
18 (3p63d104s2) and 20 (3s23p63d104s2) valence electrons. To generate the
20-electron PP (Zn20+ PP), a radius cutoff of 0.42 Å for 3s, 3p and 3d
is chosen. It should be noted that we do not construct our 20 electron
pseudopotential for the neutral zinc atom, but rather for the Zn ion with the
4s state unoccupied. This radius cutoff shows the smallest transferability
error for ionic configurations of Zn (neutral, +1 and +2), at the cost of
an increased plane-wave cutoff. We have used 135 Ha as the energy cutoff
for plane waves, when Zn20+ PP is used. The radial cutoff used in the
construction of 2, 12 and 18-electron PP are 1.05 Å 0.42 Å and 0.42 Å for
4s, 3p and 3d states respectively. We use the plane wave cutoff 30, 60 and 95
Ha for 2, 12 and 18-electron PP respectively. The PP becomes harder with
the inclusion of localized core orbitals in the valence.

The parameters used within ABINIT to calculate the self-energy, are op-
timized with convergence criterion of 0.01 eV for the band gap at Γ. We
have found that, for both the screening and the self-energy calculation, 300
bands are sufficient to converge the GW band gap. A detailed convergence
study of all the GW parameters used in the calculation is presented in Ap-
pendix A. The dielectric matrix is calculated with the Godby-Needs (GN)
plasmon-pole model (PPM) [23] and is used to calculate the screening. We
also calculate the dielectric matrix explicitly with 20 points along the real
and 4 points along the imaginary part of the frequency axis, avoiding the use
of the plasmon-pole model. We observe that the difference in the GW band
gaps obtained with and without plasmon-pole model is less than 0.05 eV.
Hence we first report the GW band gaps calculated using the GN plasmon-
pole model.

5.3 Result and discussion

The optimized lattice constant, as listed in Table 8.1, shows that the 12
electron PP accurately describes the structural parameter of ZnO and ZnS.



70 ZnO: quasiparticle corrections to the band gap

Table 5.1: Optimized lattice constants with the standard Zn12+ PP of ZnO
and ZnS.

Structure Lattice constant Lattice constant
(Theoretical)Å (Experiment) Å

ZB-ZnO 4.53 4.47a

RS-ZnO 4.25 4.28
ZB-ZnS 5.33 5.42

aExperimental lattice constant is smaller than theoretical value due to the strain ki-
netics and lattice mismatch involved in growing ZB-ZnO films [64].

The calculated DFT band structure and projected density of states (PDOS)
for the zincblende and the rocksalt structure are shown in Fig. 5.1. The PP
used involves the 3d and 4s states in the valence of zinc. The DFT band
structure shows that the upper part of the valence band of ZnO consists of
extended Zn−3d and O−2p orbitals. The projected density of states clearly
shows significant p− d (O− 2p and Zn− 3d) hybridization in the range of 0
to -6 eV. To get more insight into the p− d hybridization we have listed the
projected weights of the Kohn-Sham wave functions at the Γ, K and L point
and can be found as appendix B. The Zn − 3d derived bands are split into
two groups which are triply and doubly degenerate at Γ. The upper (dou-
bly degenerate) band around -4.9 eV shows strong ‘d’ character while the
lower (triply degenerate) band around -6.2 eV is hybridized with O− p. The
semicore ‘d’ states of Zn have a relatively high energy in the band structure
compared to the experimental value of -8.81 eV, measured for WZ-ZnO [46].
Up to now there is no experimental measurement of the ‘d’ energy levels for
ZB-ZnO and RS-ZnO. However, we believe that the result for WZ-ZnO is
also relevant for ZB-ZnO, as both electronic band structures are very simi-
lar [66]. ZB-ZnO has a calculated direct bandgap of 0.79 eV while RS-ZnO
shows an indirect gap of 1.16 eV and the direct gap at Γ of 2.54 eV.

The nature of the band gap changes from direct to indirect going from
the zincblende to the rocksalt phase. This change can be understood on the
basis of the symmetry dependence of the interaction between anion ‘p’ states
and cation ‘d’ states. In the ZB structure, the point group (Td) does not
contain an inversion center, thus the anion ‘p’ states and cation ‘d’ states
can mix at any point in the Brillouin zone, because there are always ‘p’ or ‘d’
states belonging to the same representation [48]. This p-d interaction results
in a fairly uniform upward shift of the upper valence bands. On the other
hand the point group (Oh) of the RS structure contains an inversion center
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Figure 5.1: Band structure and projected density of states of the ZB and RS
ZnO (with 12-electron Zn-PP).

at the Γ point. The ‘p’ and ‘d’ states belong to a different representation
at the Γ point in the RS structure and do not mix. At other points with
lower symmetry, the ‘p’ and ‘d’ states can mix in the Brillouin zone. The
p-d interaction depends on the electron wave-vector and the resulting p − d
repulsion leads to an upward dispersion of the top valence bands in the
direction Γ−K and Γ−L of the Brillouin zone. At the Γ point, five valence
bands show a strong ‘d’ character and the top three valence bands have a
strong ‘p’ character (see appendix B). However at the K and L point they
mix with each other. The valence band maximum thus occurs away from the
Γ point and the RS-ZnO has an indirect band gap.

We calculate the quasiparticle correction at the Γ point for ZB and RS-ZnO
with Zn12+ PP for zinc. The quasiparticle band gaps and the Zn-d energies,
obtained with the Zn12+ PP, are shown in Table 5.2. Such straightforward
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Table 5.2: The DFT-LDA and GW bandgap (Eg) at Γ and Zn − d energy
(Ed) level with Zn12+ PP (all in eV) calculated at optimized lattice constant.

Structure ELDA
g ELDA+GW

g ELDA
d ELDA+GW

d EExp.
d EExp.

gap

ZB-ZnO 0.79 1.00 -5.68 -4.57 -8.81 3.27
RS-ZnO 2.54 3.72 4.5

application of the GW approximation yields poor results for ZnO. The quasi-
particle correction to the band gap for the RS-ZnO is approximately 1.2 eV
whereas it results in a 0.2 eV shift for the ZB-ZnO. We also observe that the
Zn − 3d energy level in the quasiparticle band structure is shifted upwards
compared to the DFT result and is away from the experimental value. This
problem has been identified in the case of CdS by Rohlfing et al.[69]. The
unreasonable shift of the d-energy levels is due to an inadequate treatment of
the nonlinear exchange-correlation interaction in the self-energy. They have
shown that when cation core states are successively included in the valence
electron shell, the GW correction improves. The GW band gap is in excellent
agreement with experiments for CdS, when Cd 4s, 4p, 4d and 5s states are
used as valence in the PP. In case of ZnS a similar analysis holds and the GW
band gap obtained is 3.5 eV in close agreement to the experimental value of
3.8 eV [70]. We apply a similar study to ZB and RS-ZnO along with ZnS
which has a ZB structure. The change in the chemical environment, achieved
by replacing oxygen with sulfur, leads to a weaker p−d hybridization between
anion and cation, which is discussed later.
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Figure 5.2: All electron wavefunction plot for the Zn atom.
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The all-electron wavefunction plot for atomic Zn shows (Fig. 5.2) large
spatial overlap of the 3s, 3p and 3d wave functions. Thus separating 3d
orbitals from the core and therefore making an artificial division of 3d, 4s
as valence is considered to be the cause of the poor quasiparticle correction
[69, 71]. The nonlinear exchange-correlation interaction, which depends on
the spatial overlap of atomic orbitals, is not properly described in the self-
energy when the Zn12+ PP is used. To analyze this fact we consider three
different ionic Zn pseudopotentials with the 2, 18 and 20 valence electrons
respectively. The quasiparticle correction for the band gap and the Zn − d
energy are listed in Table 8.5. The inclusion of 3p and 3s states in the valence
description of the Zn atom results in the lowering of the Zn− d energy and
an improved quasiparticle correction for the band gap. The GW band gaps
presented in this table are calculated at the experimental lattice constant
of the ZB-ZnO to focus on the effect of the PP’s change, but the DFT
lattice constants are listed in the last column. It should be noted that the
experimental lattice constant used is less than the optimized lattice constant
(due to film growth conditions), thus the corresponding DFT and GW band
gaps are higher. The 2-electron PP of Zn (4s2), shows that the GW bandgap
overestimates the experimental value. Also the optimized lattice constant
3.27 Å, with this PP, is too small compared to the experimental value of
4.47 Å. Since the Zn-d atomic energy lies in between the O-s and O-p atomic
energy levels, the Zn-d electrons play an important role in the bonding. Thus
treating the ‘d’-electrons as core, thereby removing the p− d hybridization,
leads to a GW gap too wide compared to experiment. The system is not
screened enough in absence of the ‘d’-electrons. For the 12 electron PP of Zn
(3d10, 4s2), the GW correction yields practically no shift. This is due to the
fact that with the Zn12+ PP, the exchange energy contribution due to spatial
overlap of ‘3d’ with the ‘3p’ and ‘3s’ orbitals is neglected in the self-energy.
This is supported by Zn18+ PP, where the GW gap is opened further and
the Zn− 3d energy level is now realigned with DFT-LDA energy. It should
be noted that the DFT lattice constant obtained with the Zn18+ PP is larger
than the experimental value. There is no physical reason to separate the ‘3p’
orbital from ‘3s’ and in the construction of PP and we have added Zn18+

PP result for completeness. Finally we construct 20-electron PP to describe
the exchange interaction properly in the self-energy calculation. With the
20-electron PP, the Zn−3d energy level is positioned around -6.53 eV, about
1 eV lower than the DFT-LDA result and is now closer to the experimental
value. The calculated GW band gap is 2.53 eV, which is still lower by∼0.8 eV
than the experimental value (3.27 eV). However, this compares well with the
all-electron result, 2.44 eV, for the WZ-ZnO [72]. Also the DFT optimized
lattice constant with the 20-electron PP is in agreement with the experiment.
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Table 5.3: The DFT-LDA and GW bandgap and Zn−d energy (all in eV) at
Γ, with four different pseudopotentials for ZB-ZnO (at experimental lattice
constant(4.47 Å)).

Zn PP ELDA
g ELDA+GW

g ELDA
d ELDA+GW

d Optimized lattice con.

Zn2+ 3.10 5.26 – – 3.27 Å
Zn12+ 0.83 1.09 -5.96 -4.90 4.53 Å
Zn18+ 0.66 1.57 -6.36 -6.83 4.71 Å
Zn20+ 0.88 2.53 -5.67 -6.53 4.50 Å
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Figure 5.3: Band structure and projected density of states of ZnS (with
12-electron Zn-PP).

Table 5.4: Atomic orbital eigenvalues (in eV) for zinc, oxygen, and sulfur
along with the energy difference between the anion-p (εap) and cation-d (εcd)
levels.

Zn 4s -6.06 O 2s -23.69 S 3s -15.26
Zn 3d -10.84 O 2p -9.20 S 3p -7.12
εap - εcd 1.64 3.72

The underestimation of the GW bandgap in ZB-ZnO, when the Zn20+ PP
is used, can be attributed to the strong p−d hybridization between the anion
and cation. To show this, we make a similar study for the RS-ZnO and ZnS.
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These two prototype systems are of interest because for RS-ZnO, the O − p
and the Zn−d states do not mix at the Γ point. The five valence bands have
strong Zn−d character and the top three conduction bands have strong O−p
character and illustrate the absence of p− d mixing at the Γ. The change of
chemical species from oxygen to sulfur shows a weaker p− d hybridization in
the electronic structure of ZnS as can be seen from the band structure and
PDOS in Fig. 5.3. The PDOS shows that the strongly dispersed valence
bands in the energy range of 0 to -5 eV have a dominant S−p character and
the Zn− d energy is located around -6.5 eV. The atomic orbital energies for
zinc, oxygen and sulfur, calculated within LDA using the OPIUM code, are
listed in Table-5.4. The p− d energy difference for ZnO is 1.64 eV compared
to 3.72 eV for ZnS. Hence the electronic structure of ZnS shows a weaker
hybridization compared to that of ZB-ZnO.

Table 5.5: The DFT-LDA and GW bandgap and Zn−d energy (all in eV) at
Γ, for RS-ZnO and ZnS with four pseudopotentials (at experimental lattice
constant).

Zn PP ELDA
g ELDA+GW

g ELDA
d ELDA+GW

d Optimized lattice con.

RS-ZnO Experiment = 4.28 Å

Zn2+ 2.66 4.26 – – 2.85 Å
Zn12+ 2.38 3.52 -4.07 -1.74 4.25 Å
Zn18+ 2.05 2.94 -4.71 -5.40 4.39 Å
Zn20+ 2.39 3.77 -3.78 -5.21 4.21 Å

ZnS Experiment = 5.42 Å

Zn2+ 2.60 4.01 – – 4.68 Å
Zn12+ 1.87 2.64 -6.63 -4.30 5.33 Å
Zn18+ 1.70 2.71 -7.27 -7.47 5.60 Å
Zn20+ 1.77 3.38 -6.56 -7.16 5.32 Å

We now calculate the quasiparticle correction with the same set of PP for
RS-ZnO and ZnS. Table 5.5 lists the quasiparticle corrections and position of
Zn− 3d states. All the calculations are again done at the fixed value of the
experimental lattice constant for a meaningful comparison of the bandgap
and Zn − 3d level. We observe a similar trend for RS-ZnO and ZnS. The
Zn2+ PP overestimates the GW band gap. The Zn12+ PP gives an insuffi-
cient quasiparticle correction due to inadequate treatment of the exchange
interaction in the self-energy. With the inclusion of 3p and 3s orbitals, the
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Figure 5.4: Schematic band structure showing the DFT-LDA and GW band
gap along with position of Zn-d energies at the Γ point, calculated at opti-
mized lattice constant using 20-electron Zn-PP.

exchange interaction is now properly treated which leads to lowering of the
‘d’-energy level compared to DFT-LDA result and opening of the GW band
gap. This confirms the dependence of the self-energy on the spatial overlap of
the atomic orbitals. Thus Zn20+ pseudopotential yields the best GW result.

Finally we calculate the GW band gap at the optimized lattice constant
with the Zn20+ PP. The optimized lattice constants are 4.50, 4.21 and 5.32
Å for ZB-ZnO, RS-ZnO and ZnS respectively. These lattice constants are
within an error of ∼1.5% compared to the experimental value. Schematic
overview of the quasiparticle band structure is shown in Fig. 5.4. The Zn−d
energy level in the GW band structure is lower than DFT-LDA counterpart
for all the systems. The GW band gap, at the Γ point, for ZB-ZnO is 2.47
eV compared to 3.27 eV from experiment. This bandgap can be compared
and is in agreement with the non-self-consistent GW bandgap of 2.46 eV [73]
and the all-electron result of 2.44 eV [72] for WZ-ZnO, as both structures
are similar. For completeness, we have also obtained the GW gap of 2.49
eV for WZ-ZnO with this Zn20+ PP. The optimized lattice parameters for
WZ-ZnO are a=b=3.192 Å , c=5.162 Å and u=0.380, which compares well
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(a) (b)

Figure 5.5: (a) All electron wavefunction and (b) logarithmic derivative plot.

with the experimental values a=b=3.258 Å , c=5.220 Å and u=0.382 [74].
For RS-ZnO we obtain a GW band gap of 4.27 eV, at the Γ point, compared
to the experimental value of 4.5 eV. The GW band gap, at Γ, of ZnS is 3.57
eV which is in agreement with 3.54 eV published in the literature [75], and
also compares with the experimental value of 3.8 eV. These results clearly
show that the non-self-consistent GW correction depends on the extent of
hybridization.

5.4 Details of 20-electron PP

The norm-conserving 20-electron PP is highly accurate as is evident from its
ability to provide an accurate description of the structural properties and the
quasiparticle correction mentioned above. Here we present further details of
this PP. As stated earlier, it is generated with the OPIUM code according
to the Troullier-Martins method with Perdew-Zunger LDA. A radius cutoff
of 0.42 Å for 3s, 3p, 3d and 1.08 Å for 4s orbital is chosen.

An efficient PP should be transferable among a variety of chemical en-
vironments. A way to qualitative check the transferability of the PP is to
plot the logarithmic derivatives of the all-electron and pseudo wave-function.
The condition for good transferability is to have the all-electron and pseudo
logarithmic derivatives agree closely for a region of about 1-2 Ry around the
eigenvalues. We can see that this is true for Zn20+ PP (see Fig. 5.5(b)). The
cutoff radius (rc) plays an important role in the computation. We have chosen
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Figure 5.6: Total energy versus plane-wave cutoff.

the rc value to achieve a convergence error of between 10-100 meV/electron
between the pseudo and all-electron eigenvalues and tested it w.r.to accurate
description of the structural parameters. This strict convergence criterion,
however, results in a hard PP and the plane-wave cutoff increases corre-
spondingly. The total energy for this PP converges rather slowly and we
have used the plane-wave cutoff of 135 Ha (∼4 times larger compared to the
standard Zn12+ PP). The convergence of the total energy as a function of
the plane-wave cutoff is shown in Fig. 5.6

5.5 Effect of plasmon-pole model

Shortly after we published our results, Shih et al. [76] claimed that a rea-
sonable theoretical gap (∼ 3.6 eV) for WZ-ZnO could be obtained by using
conventional perturbative G0W0 approach and including a Hubbard U pa-
rameter to account for the strongly correlated Coulomb repulsion between the
Zn semicore d states and the valence shell p states. This result seems promis-
ing and the authors have suggested a reexamination of previously reported
LDA+G0W0 results where the band gap of WZ-ZnO is underestimated. We
have obtained LDA+G0W0 band gap of 2.49 eV which is underestimated
compared to the experimental band gap of 3.44 eV. Thus the implication of
Ref. [76] is that our calculations might have been under-converged. In their
work, Shih et al. used Hybertsen-Louie (HL) plasmon-pole model (PPM),
whereas we use the GN PPM to account for the frequency dependence of
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Figure 5.7: (a) Convergence of the LDA + G0W0 band gap vs the number
of bands included in the sum over unoccupied bands in the self-energy, and
(b) convergence of the band gap vs the energy cutoff of the dielectric matrix
(parameter ecutwfn, see appendix A). Contour deformation (CD) is the actual
result, i.e., using a full-frequency treatment without a plasmon-pole model
(PPM). The Hybertsen-Louie (HL), Godby-Needs (GN), von der Linden-
Horsch (vdLH), and Engel-Farid (EF) PPMs seek to emulate the CD result.
The CD curve in (a) is taken at 40 Ry, whereas the result at 80 Ry is expected
to be where the extrapolated CD curve (squares) in (b) levels out [Taken from
Ref. [79] ].
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the inverse dielectric function of the material. However, results can vary
greatly depending on the exact PPM used [77, 78]. Thus to confirm that our
results calculated using GN PPM are not under-converged and analyze the
effect of different PPM used, here I will describe a detailed study of PPM
and G0W0 band gap. These results are obtained by M. Stankovski et al. [79]
and co-workers at Université Catholique de Louvain. I collaborated in this
work and provided the same 20 electron PP as described above. We study in
great detail, and to a high numerical accuracy, exactly what effect different
plasmon-pole models have on the value of the band gap. In order to compare
our results closely with those of Ref. [76], we use the same numerical pa-
rameters, and we also perform full-frequency calculations (i.e. without any
PPM).

The quasiparticle corrections to the band gap are calculated using the
DFT-LDA band structure as the starting point. For an easy comparison we
first reproduce the convergence behavior of the G0W0 band gap reported by
Shih et al. [see Fig. 5.7 ] using HL PPM. Next, we recalculate the G0W0

band gap using GN PPM and also other two PPM available namely the von
der Linden-Horsch (vdLH) PPM and the Engel-Farid (EF) PPM. With these
two PPMs used, the G0W0 band gap obtained (2.71 and 2.73 eV respectively)
is significantly lower compared to the result with HL PPM (3.3 eV). From
Fig. 5.7, we observe that the convergence behavior of the vdLH and EF
PPM are similar to that of the HL PPM, i.e., the G0W0 band gap converges
very slowly with respect to the number of bands and the plane-wave cutoff
used in the computation. For the GN PPM this behavior is milder, and
only ∼800 unoccupied bands is sufficient to converge the value of the gap
to within 0.02 eV. The converged value for the GN PPM is 2.35 eV. This
study confirms the fact that the G0W0 band gap of WZ-ZnO depends on the
PPM used in the computation. At last, I will mention an interesting result
obtained using the model-free contour deformation (CD) technique, which
is computationally expensive. The G0W0 band gap using the CD technique
is 2.4 eV with a slightly slower convergence rate than the GN PPM (∼1700
unoccupied bands are sufficient to converge). Clearly, the PPM which best
reproduces the CD result is the GN PPM and moreover it requires smaller
number of unoccupied bands to achieve the converged result.
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5.6 Summary

The systematic study of the PP and corresponding GW correction show that
Zn20+ PP is essential to describe the localized d-levels correctly in ZnO. The
GW band gap obtained with Zn20+ PP is in agreement with the all electron
single-shot GW result [72, 73]. The ZB and RS phase of ZnO provide an
interesting comparison between crystal symmetry and hybridization. The
underestimation of the GW band gap in ZB-ZnO is correlated with the p−d
over-hybridization within the LDA. The RS phase includes the inversion
symmetry at the Γ point in the Brillouin zone. The ‘p’ and ‘d’ states do not
mix at the Γ point and therefore the GW correction at the Γ point is better
for the RS-ZnO compared to the ZB counterpart. Also the weakly hybridized
system ZnS is well described with the Zn20+ PP and the GW approximation.
The detailed study of the dependence of the GW band gap on the plasmon-
pole model used, performed by our collaborators at the Université Catholique
de Louvain, further validates the underestimation of the band gap within
the G0W0 approach. In conclusion, ZnO is still an example of a system
where one has to be careful about the choice of PPM, and where the LDA +
G0W0 approach fails in contrast to other semiconductors which show a good
agreement between the G0W0 and the experimental gap (refer Fig. 4.5).
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Chapter 6

Quasiparticle band structure of
SnO2 and CdO

6.1 Introduction

Next, we have studied two other systems namely SnO2 and CdO using the
GW approximation1. As stated earlier in Chapter 3, CdO has rocksalt struc-
ture and the nature of the band gap is indirect while SnO2 crystallizes in
the rutile structure with reported optical band gap of 3.6 eV. Here I will
present the quasiparticle band structure calculated for these two materials.
We have learned in the previous chapter that for adequate treatment of the
self-energy operator a special care is essential with the plane-wave pseudopo-
tential approach. A large spatial overlap of the semi-core atomic orbitals is
also observed in the case of both the Cd and Sn atom. Thus we construct
Sn22+ and Cd20+ PP in a similar way we constructed the Zn20+ PP for ade-
quate treatment of the self-energy in the GW approximation. These PP are
tested for their accuracy and they correctly describe the structural properties.
For SnO2, an early calculation using the GW approximation found a band
gap of ∼ 3.4 eV [80]. However, this calculation did not take into account
the effect of Sn core electron levels now known to be relevant. This results
in uncertainty regarding the values in Ref. [80]. In SnO2, furthermore, the
c/a ratio is very important [82, 83], and it is of interest to study the effects
of uniaxial pressure on its electronic structure. Note that such a pressure
indirectly causes biaxial strain perpendicular to its axis of application. This
is of further interest because in optoelectronic applications with TCO thin

1Part of this chapter is based on the work published as - R. Saniz, H. Dixit, D. Lamoen
and B. Partoens: “Quasiparticle energies and uniaxial pressure effects on the properties
of SnO2 ”, Applied Physics Letters 97, 261901 (2010).
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films, the substrate often subjects the film to biaxial strain with great effect
on the electronic properties of the film. Therefore, we use a state-of-the-art
implementation of the GW approximation to determine the quasiparticle en-
ergy spectrum of SnO2 in its ground state and study the effects of applied
uniaxial pressure along the c-axis. The calculations for SnO2 are performed
by Dr. Rolando Saniz and I collaborated in this work during the generation
and testing of Sn22+ PP and partly in the band structure calculations.

For CdO, it is important to calculate the full quasiparticle band structure
since it has an indirect band gap. However, a complete band structure calcu-
lation for large number of k-points is computationally demanding and time
consuming due to use of the modified PP that requires a high plane-wave
cutoff (Ecut). Thus we have made use of the Wannier functions (the detailed
description follows in a later section) to interpolate the quasiparticle band
structure from the initial calculation performed over a coarse k-point mesh.

6.2 Computational details

Our study starts with a DFT calculation within the LDA to the exchange-
correlation potential using the ABINIT code. For this, we first generate
a 22 electron (4s2 4p6 4d10 5s2 5p2 valence states) norm-conserving PP for
Sn and 20 electron (4s2 4p6 4d10 5s2 valence states) norm-conserving PP
for Cd. We use the OPIUM code for construction of the PPs choosing the
TroullierMartins procedure and the Perdew-Zunger LDA. We use core radii of
1 bohr for the n=4 shell and 2.28 bohr for the n=5 shell. The pseudopotential
thus produced is hard, requiring a cutoff energy of 125 Ha for eigenvalues to
be converged within a meV. To assess the reliability of our pseudopotential,
we study the structural properties and the structural parameters are listed
in Table 6.1. SnO2 has a rutile structure in its ground state (space group
P42/mnm, No. 136) with two formula units per unit cell and an internal
parameter, u, fixing the positions of the O ions. CdO has rocksalt structure
(space group P63mc, No. 186) with experimental lattice constant of 4.69 Å.
As seen from this table, the calculated structural parameters are in excellent
agreement with experiment.

6.3 Results and discussion

First, we will discuss the quasiparticle band structure together with the ef-
fects of applied uniaxial pressure along the c-axis on the GW band gap for
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Table 6.1: Optimized and experimental values of structural parameters.

Theory Expt.

SnO2 a = 4.73 Å 4.71 Å
c = 3.18 Å 3.18 Å
u = 0.305 0.306

CdO a=b=c= 4.65 Å 4.69 Å

SnO2. Thereafter, in the later section, we will discuss the Wannier interpo-
lated quasiparticle band structure of CdO.

6.3.1 SnO2

The DFT electronic structure we obtain (referred to below as LDA) is used
to calculate the quasiparticle energies within the (single-shot) GW approxi-
mation. In Fig. 6.1 (a), we compare the LDA band structure and the GW
quasiparticle energies along high symmetry lines in the first Brillouin zone.

Figure 6.1: (a) Electronic structure of SnO2. The red lines indicate the LDA
band structure. The blue dots are the GW quasiparticle energies. The green
lines represent the upward shifted LDA conduction bands so as to match
the lowest conduction band level with the GW result. (b) Effect of uniaxial
pressure along the c-axis on the LDA electronic structure of SnO2.
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Table 6.2: Quasiparticle energy corrections (∆E = EGW
g − ELDA

g ) at high
symmetry points (values are in eV).

k point Γ X M Z
LDA 1.80 5.42 6.17 7.99
GW 3.85 7.69 8.72 10.81
∆E 2.05 2.27 2.55 2.82

GW (P=3.1 GPa) 3.94 7.78 8.87 10.89
∆E (P=3.1 GPa) 2.08 2.30 2.57 2.84

The dark red line gives our LDA values. The band gap is direct and at the Γ
point, with a value of 1.80 eV. This is close to results in previous work, such
as Ref. [80] (1.71 eV) and [81] (1.70 eV). In the former, a pseudopotential
including nonlinear core corrections is used to describe the Sn 4d electrons,
while the latter uses an all-electron method. Note that these values are sig-
nificantly different from the result obtained with DFT-projector augmented-
wave (PAW) approaches, where values of 0.69 and 0.65 eV are reported (see
Refs. [84] and [85]). The origin of the discrepancy is not understood, particu-
larly because PAW results should in principle be close to all-electron results.
The blue dots in Fig. 6.1(a) give the GW values calculated using the GN
PPM. For a quantitative comparison, in Table 6.2 we give the LDA and
GW direct gaps at high symmetry points in the first Brillouin zone. Note
that our gaps at Γ and Z are higher than the GW results in Ref. [80] (3.38
and 10.32 eV, respectively) by almost 0.5 eV. The difference is considerable.
This arises because although the 4d electrons are included in the pseudopo-
tential in Ref. [80], the 4s and 4p are not. The contribution of the latter,
mainly to the exchange interaction, is thus absent and leads to the expected
underestimation of the gap values [69, 86] Our result suggests, most interest-
ingly, that the optical gap of 3.6 eV of Ref. [87] results from excitonic effects,
which cause a redshift of the optical absorption energies compared to what
would be observed if electron-hole interactions were negligible. Note that a
very recent work, proposing a novel approximation scheme to excited levels
within single-shot GW, uses the more expensive self-consistent Coulomb hole
plus screened exchange (COHSEX) band structure as a starting point to find
Eg=3.8 eV [88]. This is very close to our result and further supports the idea
of an optical gap smaller than Eg. Table 6.2 further shows that the GW gap
corrections at the X, M, and Z points are increasingly larger away from Γ.
For a broader comparison, the green curves in Fig. 6.1 (a) show that the LDA
conduction bands rigidly shift upward, aligning the LDA and GW conduc-
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tion band minima. This shows that a scissors operator approach is not ideal
with discrepancies increasing as one moves away from Γ and as one moves up
from the lowest conduction band. The above notwithstanding, Fig. 6.1 (a)
also shows that very close to Γ, the energy dispersion of the highest valence
band and the lowest conduction band deviates little from the GW results.
This suggests that the electron and hole effective masses (m∗e and m∗h, respec-
tively) may be well approximated by the LDA values. We calculate m∗e (m∗h)
by fitting the lowest conduction (highest valence) band dispersion around Γ
with an even polynomial of order 6. As seen in Table 6.3, the theoretical
results are close to experiment, but somewhat lower. The difference can be

Table 6.3: Quasiparticle effective masses at Γ (in units of the electron mass,
me). Experimental data from Ref. [89].

m∗e⊥ m∗e‖ m∗h⊥ m∗h‖ mp

Expt. 0.299 0.234 0.275
Theory 0.253 0.223 1.228 1.655 0.271

Theory ( P=3.1 GPa) 0.260 0.227 1.215 1.701

understood as follows. Button and co-workers [89] pointed out that SnO2 is
a polar material and that, therefore, the effective masses they reported are,
in fact, polaron effective masses (m∗p). In intermediate coupling theory, m∗p
and m∗e obey to m∗p = m∗e(1 + α/6), where α is the electron-phonon coupling

parameter [90]. Taking m∗e = (m∗2e⊥m
∗
e‖)

(1/3) (the density of states m∗e) and α

=0.7, as estimated in Ref. [90] for SnO2, we find that m∗e=0.271me in very
good agreement with Ref. [89].

We turn now to the effects of uniaxial pressure along the c-axis. We sim-
ulate this by decreasing the value of c and relaxing the values of a and u
until the forces over the atoms are below 1 meV/Å. The corresponding pres-
sure is calculated using the compliance tensor. In Fig. 6.2 (a) we plot the
(normalized) structural parameters versus pressure. The changes in the lat-
tice parameters are of the same order of magnitude of those found in, e.g.,
TiO2 [91]. We note that the expansion of the a parameter agrees remarkably
well with the values predicted by the compliance tensor. The change in the u,
which determines the Sn-O distance in the ab-plane, is weaker in magnitude
than the change in a. This just indicates that it is more difficult to stretch
the Sn-O bonds than to reduce the rectangular distortion of the base of the
SnO6 octahedra [82]. Figure 6.1 (b) compares the LDA band structures at
P=0 and P=3.1 GPa, the latter corresponding to a 1% decrease of the c
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Figure 6.2: Effect of applied uniaxial pressure along the c-axis on (a) the
structural parameters and (b) the band gap value.

value. For comparison, the valence band maxima at Γ are aligned. The band
gap increases to 1.86 eV. As discussed in previous work [83, 85], the valence
and conduction bands are mainly of bonding and antibonding characters, re-
spectively. Hence, pressure tends to increase the bonding-antibonding split.
Besides increasing the band gap, pressure affects more noticeably the states
around -4 and 6 eV, which arise from the O(2p) states determining the struc-
ture of the SnO6 octahedra. To take measure of the ability of the LDA to
describe the change in energies due to pressure, we have also calculated the
GW corrections at P=3.1 GPa. The values found at high symmetry points
are indicated in Table 6.2. The change in quasiparticle energies is generally
>1%. The change is, thus, important, given that the change in structural
parameters is ≤1%. As can be seen, the GW corrections tend to increase
overall. Regarding Eg, it raises to 3.94 eV. This corresponds to a rate of
increase with a pressure of 27 meV/GPa, while it is of 21 meV/GPa in the
LDA case, i.e., ∼29% lower. These rates are comparable to those of other
semiconductors, such as TiO2 and CdSe [91, 92]. We caution, however, that
more accurate estimations may be needed. Indeed, in Fig. 6.2 (b) we show
the change of the LDA band gap with pressure, ∆Eg, for several pressure
values. It appears that it is slightly nonlinear in the pressure range shown
(the rate of change at low pressure would be 22 meV/GPa). We have also cal-
culated m∗e and m∗p for P=3.1 GPa. The values found are given in Table 6.3.
The increase of the m∗e with pressure obeys to band repulsion. The change
in the m∗h , on the other hand, is more intriguing. The upper valence bands
arise essentially from the O(2p) lone-pair states [83], which extend in the
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ab-plane and do not participate in bonding. The increase of a with pressure
allows these states to delocalize more, thus reducing m∗h⊥. Concomitantly,
the reduction of c tends to increase the repulsion between these states in the
direction parallel to c, thereby enhancing m∗h‖. In conclusion, the GW ap-
proximation predicts an Eg that is larger than the optical gap by at least 0.25
eV. Also, the GW approximation indicates that the effects of pressure on the
quasiparticle energies are larger than predicted by the LDA. The quasipar-
ticle effective masses, on the other hand, appear to be well estimated by the
LDA. These findings are important for the understanding of greatly relevant
properties of doped SnO2 films in many optoelectronic applications.

6.3.2 CdO

To determine the quasiparticle band gap in CdO one should calculate the
complete band structure since the VBM occurs along the Γ-L direction with
the CBM located at Γ. However, in practice, the exact evaluation of the
GW band structure for large number of k-points which constitutes different
symmetry lines in the Brillouin zone can be an extremely demanding task
compared to LDA calculation. Moreover the situation is further demanding
due to the high value of plane-wave cut-off required by the modified Cd PP
(Cd20+ PP) that is essential for a correct treatment of the self-energy opera-
tor. Thus in order to reduce the computational effort and time one can make
use of Maximally-Localized Wannier Functions (MLWFs). The MLWFs offer
a highly accurate method to interpolation of the LDA or GW band structure
from a coarse k-point mesh in the irreducible Brillouin zone resulting in a
much reduced computational effort. Here follows a brief introduction to the
MLWFs, and to the procedure of interpolating GW band structure using
MLWFs.

Wannier functions

The electronic ground state of a periodic solid is represented with Bloch
functions ψnk at each band n and k-point with norm-conserving PPs. An
alternative representation of Bloch functions can be given in terms of spatially
localized functions known as Wannier functions (WF) [93]. The WF centered
on a lattice site R, WnR(r), is written in terms of the set of Bloch states as

WnR(r) =
V

(2π)3

∫
BZ

[∑
m

U (k)
mnψmk(r)

]
e−ik·Rdk (6.1)

where V is the unit cell volume, the integral is over the Brillouin zone, and
U (k) is a unitary matrix that mixes the Bloch states at each k. U (k) is not
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uniquely defined and different choices will lead to WF with varying spatial
localizations. WFs are the solid-state equivalent of localized molecular or-
bitals [94, 95], and thus provide a chemical picture of the system. Following
the method of Marzari and Vanderbilt [96], the MLWFs can be constructed
by minimizing the spread, Ω, of the N generalized WFs defined as

Ω =
N∑
n=1

[
〈Wn0(r)|r2|Wn0(r)〉 − |〈Wn0(r)|r|Wn0(r)〉|2

]
(6.2)

where we refer to the unit cell at the origin, since all sets of Wannier functions
are equivalent within a lattice-vector translation, WnR(r) =Wn0(r−R).

As it is shown in Ref. [96] the spread functional Ω can be expressed in

terms of U
(k)
mn and the overlap matrix:

M (k,b)
mn = 〈ψmk|eib·r|ψk+nb〉 (6.3)

where b are vectors connecting each k-point to its near neighbors. Having
Ω in terms of U

(k)
mn and M

(k,b)
mn , the gradient of the spread functional can also

be obtained from these quantities. Therefore, M
(k,b)
mn becomes the principal

ingredient used in the algorithm to minimize the spread.
The minimization algorithm is started from an initial approximation to

U
(k)
mn. A set of N localized trial orbitals gn(r) is chosen corresponding to

some rough initial guess for the MLWFs. This initial guess is given to the
algorithm in the form of a Nk ×N matrix:

A(k)
mn = 〈ψmk|gn〉 (6.4)

ABINIT builds the M
(k,b)
mn matrix after a ground state calculation. It is

then transformed to the Wannier90 [97] code, which minimizes the spread Ω

with respect to the set of U
(k)
mn to obtain MLWFs.

Given a set of LDA or GW eigenvalues, εnk, calculated on a homogeneous
grid of k-points, we express the Hamiltonian H

(k)
mn = εnk in the Wannier gauge

representation,

HWmnk =
N∑
i=1

(U
(k)
im )†U

(k)
in εnk, (6.5)

where U
(k)
mn are the matrices that minimize the spread of the Wannier Func-

tions. We then obtain the Hamiltonian in real space using a discrete Fourier
transform,

HWmnR =
1

Nk

∑
k

e−ik·RHWmnk, (6.6)
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where Nk is the number of k-points in the mesh.
Assuming |HWmnk| to decay fast with |R|, we apply an inverse Fourier

transform to calculate the Hamiltonian at any arbitrary k′ point,

HWmnk′ =
∑
R

eik
′·RHWmnk′ (6.7)

The final step is to diagonalize HWmnk′ to find the interpolated energies εnk′ .

Interpolation procedure

GW or LDA band structure interpolation based on MLWFs is a highly accu-
rate method because it preserves valuable information about band connec-
tivity. Hence, band crossings, avoided crossings and degeneracies are treated
correctly at a low computational cost [98, 99]. In the LDA case, MLWFs are
constructed by passing the LDA wavefunctions ψLDAnk and the LDA eigen-
values εLDAnk in the full irreducible Brillouin zone to the Wannier90 code.
Then, one uses the post-processing tools of Wannier90 to interpolate the
band structure. In the GW case, the procedure is equivalent; one has to pass
to Wannier90 the GW quantities instead of the LDA ones. It should be noted
that since we perform the G0W0 calculations, only the LDA eigenvalues are
replaced by the GW eigenvalues. Thus to construct the quasiparticle band
structure we just calculate the GW corrections at a reduced set of k-points
of the irreducible Brillouin zone, ABINIT further uses symmetry operations
to obtain the corrections corresponding to the full irreducible Brillouin zone.
Finally the post-processing tools of the Wannier90 code lead to the interpo-
lated quasiparticle band structure.

Results

Let us first consider the LDA band structure, as shown in Fig. 6.3(a), calcu-
lated with the modified Cd20+ PP at the optimized lattice constant of 4.65
Å. The Cd20+ PP leads to a marginal opening of the band gap in contrast
to the Cd12+ PP where the CBM crosses the Fermi energy indicating semi-
metallic nature (refer to Section 3.3 in chapter 3). The LDA band gap at the
Γ point is 1.47 eV larger than 0.80 eV obtained with the Cd12+ PP. Thus we
obtain an indirect band gap of 0.13 eV with the Cd20+ PP. The Cd-d energy
levels lie around ∼-7 eV and are at higher binding energy compared to the
experimental result of -9.1 eV below the VBM.

Now we move on to the Wannier interpolation scheme. In order to de-
termine the number of k-points to realize a converged band structure using
MLWFs, we first apply the technique to LDA results. We have used a regular
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Figure 6.3: (a) LDA and (b) Wannier interpolated LDA band structure
(using 4x4x4 Monkhorst-Pack k-point mesh) of CdO. The valence bands are
virtually indistinguishable and the CBM dispersion is also well reproduced.
However the higher conduction bands in the interpolated band structure are
different from their LDA counterpart since they lie outside the energy window
considered for interpolation.

4x4x4 Monkhorst-Pack k-point mesh which yield 8 k-points in the irreducible
Brillouin zone and 64 k-points in the complete Brillouin zone. The MLWFs
are constructed from Cd centered s, p, d and O centered s, p guiding func-
tions and further, using the post-processing tools of the Wannier90 code,
the Wannier-interpolated band structure is calculated. We exclude the deep
lying semi-core bands corresponding to Cd 4s and 4p orbitals in the com-
putation of band structure. The Wannier interpolated LDA band structure
is presented in Fig. 6.3(b). The interpolated band structure is virtually in-
distinguishable compared to the LDA counterpart for all the valence bands
and CBM. Thus the 4x4x4 Monkhorst-Pack k-point mesh, i.e. computation
at 8 k-points in the irreducible Brillouin zone, is sufficient to reconstruct the
band structure using the Wannier interpolation scheme.

Next, we calculate the quasiparticle corrections in the full irreducible
Brillouin zone selected using the same 4x4x4 Monkhorst-Pack k-point mesh.
For a quantitative comparison, in Table 6.5 we give the LDA and GW direct
gaps at high symmetry points in the first Brillouin zone. With the Cd20+

PP we obtain significant quasiparticle corrections to the LDA eigenvalues.
The GW band gap at the Γ point is 2.88 eV. It should be noted that the
quasiparticle corrections depend on the k-point.



6.3 Results and discussion 93

Table 6.4: Quasiparticle energy corrections to the energy gap at high sym-
metry points (values are in eV).

k point Γ X
LDA 1.47 7.12
GW 2.88 9.21
∆E 1.41 2.09

Figure 6.4: Wannier interpolated LDA and GW band structure of CdO.

Again, the MLWFs are constructed from Cd centered s,p,d and O centered
s,p guiding functions and the Wannier-interpolated GW band structure is
calculated further, using the post-processing tools of the Wannier90 code.
We only supply the GW eigenvalues at 8 k-points in the irreducible Brillouin
zone for this computation.

The full Wannier-interpolated LDA and GW band structures are compared
in Fig. 6.4. The LDA valence band is shown with green lines while the GW
valence bands are shown by black lines. The conduction bands are depicted
using blue curves for the LDA part while brown curves show the GW coun-
terpart. Also the striped orange part represents the band gap for LDA part
and solid orange area represents the quasiparticle correction to the CBM.
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Table 6.5: Wannier-interpolated band gap, position of Cd-d states (in eV)
and the band mass (in units of the electron mass, me).

LDA GW Expt.
Eg (indirect) 0.13 1.68 1.2 -2
Eg (direct) 1.2 2.88 2.32

Ed ∼ -7 ∼ -9 -9.1
m∗e (along Γ-X) 0.22 0.22 0.21

The band dispersion with LDA and GW are similar for the upper part of the
valence band. The Cd-d energy levels, however, are shifted downwards and
positioned at ∼-9 eV in the GW band structure. These levels show a good
agreement with the reported experimental value of -9.1 eV. The conduction
band dispersion in the LDA and GW band structure are quantitatively differ-
ent at high symmetry points, such as X, L, reflecting the k-point dependence
of the quasiparticle energy corrections. The indirect band gap obtained using
the Wannier-interpolated GW band structure is ∼ 1.68 eV and is in agree-
ment with the reported range of 1.2-2 eV in the experiments [47]. We have
also calculated the electron effective mass along the Γ-X direction for the
Wannier interpolated CBM. The calculated band mass (along Γ-X), for both
the LDA and GW band structure is 0.22 me and is also in good agreement
with the experimental value of 0.21 me [100].



Chapter 7

TCOs based on ZnX2O4
(X=Al,Ga and In) spinel
structure

7.1 Introduction

Zinc aluminate (ZnAl2O4) and Zinc gallate (ZnGa2O4) are wide band gap
semiconductors with reported band gaps of 3.8-3.9 eV and 4.4-5.0 eV, respec-
tively [101]. These wide band gap structures are useful in photoelectronic
and optical applications and are being studied as candidate materials for re-
flective optical coatings in aerospace applications [102, 103]. Because of their
wide band gap, they have attracted particular interest as possible TCO ma-
terials1[104, 105]. For an effective materials design for this purpose, a sound
knowledge of the electronic properties of these materials is essential. The
structural properties and electronic structure of these materials have been
studied previously [105, 106, 107] within the framework of standard density
functional theory (DFT) [31, 32]. But these studies have been hampered by
the well known problem that within that framework the band gap of semi-
conductors and insulators is severely underestimated [23]. Indeed, although
structural parameters obtained within DFT are in quite good agreement with
experiment, the band gaps are not. For instance, the calculated DFT band
gap for ZnGa2O4 is 2.79 eV [106], an underestimation of 42% with respect to
the experimental value. Interestingly, in the case of ZnAl2O4, the DFT band

1This chapter is based on the work published as - H. Dixit, Nandan Tandon, R. Saniz,
S. Cottenier, D. Lamoen, B. Partoens, V. Van Speybroeck and M. Waroquier: “Elec-
tronic structure and band gap of zinc spinel oxides beyond LDA: ZnAl2O4, ZnGa2O4, and
ZnIn2O4 ”, New Journal of Physics, 13, 063002 (2011).
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gap is found to be 4.11 eV [106], which is roughly 5% higher than the exper-
imental value. This is in stark contrast with the common trend and has lead
Sampath et al. [106] to indicate that since the band gaps in Ref. [101] were
derived from reflectance measurements of powder samples, a correction due
to the particle-size dependence of light scattering may be necessary. Thus,
the exact band gap value in ZnAl2O4 is presently an open question.

Fortunately, there are currently first-principles techniques that have been
demonstrated to describe accurately the electronic structure of semiconduc-
tors and insulators. First we mention the G0W0 results and thereafter the
results obtained using the recently proposed Tran-Blaha Modified Becke-
Johnson (TB-mBJ) potential [108, 109]. This TB-mBJ potential will be
discussed in detail in the following chapter. At present we may consider
it as a scheme which reliably estimates the band gaps in solids at much re-
duced computational effort. Thus, here we apply these two methods to study
systematically the series ZnX2O4, where X=Al, Ga and In are successively
heavier elements from group III of the periodic table. We focus not only
on obtaining accurate values of the fundamental band gap in these materi-
als, but also on other key properties in TCOs, such as the second band gap
(between the two lowest conduction bands) and the electron effective mass.

Transition metal oxides can be particularly challenging for first-principles
calculations and this remains true for the GW method as well. Indeed, while
there is ample evidence that the non-self-consistent GW approximation works
well in combination with pseudopotentials (PPs) and a plane wave basis set
within DFT-LDA [71], it has been observed that it can underestimate band
gaps in transition metal oxides if no particular care is taken. The exchange
part of the self-energy operator within the GW approximation is inadequately
treated if only cation d-states are included as valence states [69]. Therefore,
a ‘standard’ PP with only semi-core d-states is not suitable to calculate a
GW band gap in transition metal oxides. For ZnO, we have found before
that the 20-electron cation PP is essential for an adequate treatment of the
exchange part of the self-energy within the GW approximation [86]. In this
chapter we also address the question whether the complete n = 3(4) shell
must be included in the Ga(In) PP to obtain accurate GW results. Thus,
in this chapter we present the non-self-consistent GW band gap calculated
with two sets of PP’s. First, with the ‘standard’ PP containing the semi-
core states (3d10, 4s2 for Zn, 3d10, 4s2, 4p1 for Ga and 4d10, 5s2, 5p1 for In)
and then with the entire n = 3(4) shell treated as valence (3s2, 3p6, 3d10, 4s2

for Zn, 3s2, 3p6, 3d10, 4s2, 4p1 for Ga and 4s2, 4p6, 4d10, 5s2, 5p1 for In). We
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discuss how these different PP’s affect structural properties as well as the
GW band gap. The accuracy of these PP’s is examined by comparison with
all-electron calculations with LDA and TB-mBJ potential.

7.2 Computational details

7.2.1 Pseudopotentials

We use two sets of ab initio norm-conserving PP’s for Zn, Ga, and In as
defined below:

(a) the ‘standard’ Zn12+, Ga13+ and In13+ PP’s in which the semi-core
3d(4d) state is treated as valence. The inclusion of the wide d−orbital is
necessary for a correct description of the structural properties by DFT for
group-IIB and IIIA elements. Hereafter this set of PP will be referred as
PP1.

(b) the Zn20+, Ga21+ and In21+ PP generated with the entire n = 3(4)
shell as valence. Since the exchange energy contribution to the self-energy
operator depends on the spatial overlap of atomic orbitals, the ‘s’ and ‘p’
states are also included in the valence for the adequate treatment of the
self-energy. It should be noted that we do not construct our Zn20+, Ga21+

and In21+ PP for the neutral Zinc and Gallium(Indium) atom, but rather for
the ion with the 4s(5s) and 4p(5p) state unoccupied. The cut-off radius for
the Zn and Ga atom is chosen to be 0.43 Å for 3s, 3p and 3d orbitals and
1.38 Å for 4s and 4p orbitals. For the In atom we choose a cut-off radius
of 0.52 Å for 4s, 4p and 4d orbitals and 1.2 Å for 5s and 5p orbitals. These
values for the cut-off radius show the smallest transferability error for ionic
configurations of Zn/Ga/In (neutral, +1 and +2), at the cost of an increased
plane wave cut-off. We have used 90 Ha as the cut-off energy for plane
waves, when Zn20+/Ga21+/In21+ PP is used. The PP becomes harder with
the inclusion of localized core orbitals in the valence. These pseudopotentials
are generated with the OPIUM [40] code according to the Troullier-Martins
[67] method with Perdew-Zunger LDA [68]. Hereafter this set of PP will be
referred as PP2.

7.2.2 DFT, GW and TB-mBJ

The electronic structure and the quasiparticle(GW) correction to the band
gap at the Γ point have been calculated using the plane wave pseudopoten-
tial code ABINIT [24, 25, 26]. For the electronic structure the plane wave
cutoff is chosen by using the total energy convergence criterion of 2 × 10−2
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eV. The atomic positions and structural parameters have been optimized by
calculating the Hellmann-Feynman forces. The stresses are minimized with
the criterion of 2 × 10−5 eV/Å3. We choose a 4x4x4 Monkhorst-Pack [38]
k-point mesh, which yields 10 k-points in the irreducible Brillouin zone.

The parameters used within ABINIT to calculate the self-energy, are op-
timized with a convergence criterion of 0.01 eV for the band gap at Γ. We
have found that, for both the screening and the self-energy calculation 600
bands are sufficient to converge the GW band gap. The dielectric matrix
is calculated with the plasmon-pole model [23] and is used to calculate the
screening.

All-electron calculations with the APW+lo method were performed us-
ing the WIEN2k code [110, 111]. In this method, the wavefunctions are
expanded in spherical harmonics inside non overlapping atomic spheres of
radius RMT and in plane waves in the remaining space of the unit cell (the
interstitial region). The radii for the muffin tin spheres were taken as large as
possible without overlap between the spheres: RZn

MT = 2.0, RAl
MT = 1.9, RGa

MT

= 2.0, RIn
MT = 2.3 and RO

MT = 1.6 bohr. The maximum ` for the expansion
of the wave function in spherical harmonics inside the spheres was taken to
be `max =10. The charge density was Fourier expanded up to Gmax =16 Ry.
Atomic positions were relaxed until the forces were below 0.5 mRy/bohr.
The plane wave expansion of the wave function in the interstitial region was
truncated at Kmax= 4.7 bohr−1. A converged k-mesh of 16 k points in the
irreducible part of Brillouin zone was used.

7.3 Result and discussion

7.3.1 Structural properties and electronic band struc-
ture using DFT

The ZnX2O4 (X=Al, Ga, and In) adopt the normal spinel structure (space
group Fd3̄m). They are characterized by the lattice parameter a and an
internal parameter u. The Zn atoms are located at Wyckoff positions 8a
(1/8, 1/8, 1/8) tetrahedral sites, whereas Al, Ga or In atoms are located at
the 16d (1/2, 1/2, 1/2) octahedral sites and the O atoms at 32e (u, u, u) of
the face-centered cubic structure as shown in Fig. 7.1. It has been shown by
experiment [113] as well as theory [114] that for these compounds (ZnAl2O4

and ZnGa2O4) the normal spinel structure is more favorable than the inverse
spinel structure, where the tetrahedral sites are occupied by the X atoms
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Figure 7.1: ZnX2O4 spinel structure: the Zn atoms in blue color are tetra-
hedrally coordinated with the oxygen atoms shown in green and the X atom
(in red) are octahedrally coordinated with the oxygen atoms. The image is
generated using VESTA [112].

Table 7.1: Optimized lattice constant (in Å) and internal coordinate (u) of
the three spinel compounds calculated using either pseudopotentials (PP1
and PP2, see text) or an all-electron method (AE).

Compound PP1 PP2 AE Experiment[113]
ZnAl2O4 7.9893 7.9849 8.0464 8.086

u 0.2642 0.2647 0.2638 0.2636
ZnGa2O4 8.2644 8.3284 8.2693 8.33

u 0.2611 0.2611 0.2612 0.2617
ZnIn2O4 8.8420 8.8790 8.9297 –

u 0.2553 0.2556 0.2558 –
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and the octahedral sites are occupied by equal numbers of Zn and O atoms.
We therefore consider only the normal spinel structure in this work. The
structural properties are summarized in Table 8.1, which shows the optimized
lattice constant and ‘u’ parameter for both sets of PP’s and for an all-electron
calculation, in all cases with plain LDA. For comparison the experimental
values are also listed. Experimental data are not available for ZnIn2O4.
Lattice constants and internal parameters for both pseudopotentials are in
good agreement with the corresponding all-electron data and all calculated
values are in good agreement with experiment, apart from the usual over
binding behavior of LDA. The small differences between the results obtained
by the two pseudopotentials and by the all-electron calculations, suggest
that our newly generated Zn20+/Ga21+/In21+ PP (PP2) is of an acceptable
accuracy.

The electronic structure and projected density of states (PDOS) for ZnX2O4

(X=Al, Ga, and In) oxides, calculated using DFT/LDA, are shown in Fig. 7.2.
ZnAl2O4 is direct band gap material with both the valence band maximum
and the conduction band minimum at Γ, while ZnGa2O4 and ZnIn2O4 have
an indirect band gap as the valence band maximum is along Γ-K direction
(see inset). The PDOS shows a significant p-d hybridization between the Zn-
d and O-p orbitals. This is one of the reasons why the DFT-LDA band gap
of ZnGa2O4 is strongly underestimated compared to the experimental value
as shown in Table 7.3. The calculated band gap at the Γ point is 2.82 eV
compared to the experimental values of 4.4-5.0 eV. The PDOS for ZnAl2O4

also shows the p-d hybridization, however the calculated band gap of 4.25 eV
overshoots the experimental value of 3.8-3.9 eV. It is well known that DFT
typically underestimates the band gap, as mentioned above, but it does even
more so in the case of p-d hybridized systems.

Thus the apparent band gap overestimation by the DFT-LDA in the case
of ZnAl2O4 is anomalous. Previous theoretical calculations on LDA level
[106, 107, 105] found results similar to ours and have suggested that the
experimental results require revision. In the case of ZnIn2O4, the DFT-LDA
band gap is found to be 1.71 eV. No experimental information is available to
compare with, as this material has not been synthesized experimentally.

The electron effective mass is listed in Table 7.2 for ZnX2O4. The effective
mass is calculated along [111] direction and it compares well with the known
TCO materials such as ZnO (0.23me) and In2O3:Sn (0.30me). The effective
mass with TB-mBJ is larger than LDA; as also observed by Kim et al.[115].
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Figure 7.2: LDA (PP2) - electronic band structure and projected density of
states (PDOS) for a) ZnAl2O4 b) ZnGa2O4 and c) ZnIn2O4 spinel. The in-
set figure in the band structure plot shows direct/indirect nature of the band
gap, while the inset figure in the PDOS plot shows the detailed composition
for upper part of the valence band.

Another key property of a good TCO is a large second band gap between
the two lowest conduction bands. The larger value of the second band gap
lowers the plasma frequency and results in reduced optical absorption [53].

We find the second band gap (E
(2)
g ) is 3.08 eV for ZnAl2O4, 3.10 eV for

ZnGa2O4 and 3.13 eV for ZnIn2O4 with LDA. This shows that the ZnX2O4
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Table 7.2: Effective mass of electron (in units of free electron mass me)
calculated along [111] direction.

Compound m∗e (PP1) m∗e (APW+lo) m∗e (TB-mBJ)
ZnAl2O4 0.37 0.35 0.44
ZnGa2O4 0.23 0.25 0.35
ZnIn2O4 0.17 0.22 0.34

spinels can be n-type conducting and remain transparent over the visible
spectrum, making them attractive host materials for TCO.

To predict the band gap values accurately, and to describe the conduction
bands, we performed a calculation of the excited states using the GW ap-
proximation as well as the TB-mBJ potential. Our findings are reported in
the following sections.

7.3.2 GW and TB-mBJ band gaps

In the following we present the quasiparticle band gaps obtained with the
two set of PP’s (PP1 and PP2) for Zn, Ga and In (Table 7.3). We discuss
ZnGa2O4 first. The band gap with plain LDA is about 2.6 eV, with minor
influences due to the type of PP or the use of an all-electron method. This
gap is 2 eV below the experimental value. When the GW method is used
for the standard PP (PP1), the resulting band gap is 1.2 eV larger. This
is considerably closer to experiment, but still almost 1 eV too small. If
however, we use the Zn20+ and Ga21+ PP (PP2), we obtain a band gap of
4.57 eV, which agrees nicely with the experimental value. Hence, we confirm
that similar to ZnO [86], the Zn20+ and Ga21+ PP (PP2) are essential for
an adequate treatment of the self energy. The TB-mBJ band gap is similar
to the GW (PP2) band gap. To elucidate the contribution of the Ga21+ PP
to the self-energy, we now provide an interesting comparison. We have also
calculated the GW band gap of ZnGa2O4 using a combination of Zn20+ and
Ga13+ PP. The calculated GW band gap is 4.39 eV and the quasiparticle
correction to the band gap is 1.54 eV which is lower than 1.74 eV when the
Zn20+ and Ga21+ PP is used. This confirms that PP2 should be used for
both the cations: Zn and Ga.

For ZnAl2O4, the situation is somewhat different. As mentioned in Sec-
tion 7.3.1, the LDA band gap is larger than the experimental value, which
is an anomalous situation. LDA is known to provide band gaps that are
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considerably too small. Indeed, applying GW with the standard PP (PP1)
gives a 1.6 eV increase of the band gap. Using the Zn20+ and Al3+ PP
(PP2) increases the band gap further by yet another 0.7 eV. The final value
of 6.55 eV is somewhat larger than the TB-mBJ value of 6.18 eV, and ei-
ther of both is more than 2 eV larger than the reported experimental value.
This strongly suggests that the experimental value is indeed incorrect, and
a re-measurement is suggested.

ZnIn2O4 shows qualitatively similar behavior: using GW with the stan-
dard PP increases the band gap, while using PP2 rather than PP1 gives an
additional increase. In contrast to the previous two compounds, the second
step introduces the larger change. This is consistent with the observation
that even at the LDA level the introduction of PP2 increased the band gap
by 0.5 eV. The TB-mBJ band gap is again similar to the GW+PP2 value.

Table 7.3: The DFT-LDA, all-electron, GW and TB-mBJ band gap (Eg) at
Γ, calculated with the optimized lattice constant (in eV).

DFT
Compound EPP1

g EPP2
g EAPW+lo

g EExpt.
g

ZnAl2O4 4.26 4.25 4.11 3.80-3.90
ZnGa2O4 2.63 2.82 2.53 4.40-5.00
ZnIn2O4 1.22 1.71 1.12 –

GW and TB-mBJ
Compound EPP1+GW

g EPP2+GW
g ETB−mBJ

g EExpt.
g

ZnAl2O4 5.88 6.55 6.18 3.80-3.90
ZnGa2O4 3.88 4.57 4.71 4.40-5.00
ZnIn2O4 1.77 3.27 3.51 –

As Table 7.3 shows, the TB-mBJ band gaps fall within a range of at
most 7% from the GW band gaps (PP2). This is a fair agreement when
considering the large difference with the plain LDA band gaps. Possible
reasons for the GW and TB-mBJ differences are (a) the fact that both band
gaps are determined at the equilibrium lattice parameter as predicted by
the corresponding code (ABINIT/WIEN2k) at LDA-level (Table 8.1), (b)
the direct influence of the PP on the band gap, and (c) the fact that the
GW band gaps are non-self-consistent values. The band gap evolution in
ZnX2O4 when X moves down the group (X=Al,Ga,In) is shown in Fig. 7.3.
The DFT, GW and TB-mBJ results show a similar trend. The band gap
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Figure 7.3: DFT-LDA, all-electron, GW and TB-mBJ band gap of ZnX2O4

(X=Al,Ga and In) in spinel oxides.

decreases with heavier cation substitution in the ZnX2O4 spinel oxide. Al
has no d-states, while both Ga and In possess filled semi-core d-states which
lie mainly around -12 eV in the valence band. However, note from the PDOS
shown in the insets in Fig. 7.2 that these d-states are also present in the
region -5 to 0 eV in the valence band. This indicates that these d-states
increase the coupling with the O-2p levels. Therefore we suggest that the
fundamental electronic band gap decreases through enhanced p-d coupling
below the valence band while moving from Al to Ga. Since the In-d orbitals
have larger spatial extension compared to the Ga-d orbital, the band gap is
decreased further when Ga is replaced by In.
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7.3.3 Formation enthalpy

Table 7.4: Calculated reaction energies of ZnX2O4 (X= Al, Ga and In) spinel
oxide.

Reaction Reaction energy (eV)
ZnO + Al2O3 → ZnAl2O4 -0.83
ZnO +Ga2O3 → ZnGa2O4 -0.90
ZnO + In2O3 → ZnIn2O4 +0.53

Experimentally the ZnIn2O4 spinel structure has not been observed and thus
there are no experimental reports on the band gap of ZnIn2O4. To exam-
ine the stability of ZnX2O4 spinel oxides we calculate the enthalpy of the
following reaction with standard PP (PP1) at the LDA-level:

ZnO + X2O3 → ZnX2O4

The enthalpy of the reaction is obtained by taking the difference between
the total energy of the systems constituting the reaction. ZnO (wurtzite),
α-Al2O3(corundum), β-Ga2O3 and In2O3(bixbyite) are all well-known com-
pounds. The total energy of these compounds is calculated at optimized lat-
tice parameters. The calculated enthalpy of this reaction is listed in Table 7.4.
The calculated enthalpies are -0.83 and -0.90 eV for ZnAl2O4 and ZnGa2O4

respectively, indicating that these spinel structures are stable. However for
the ZnIn2O4 the reaction enthalpy is +0.53 eV indicating that the forma-
tion of the ZnIn2O4 spinel structure is thermodynamically unfavorable. This
appears to be correlated with the crystal geometry as explained below. A
building block of the spinel structure is a distorted oxygen octahedron that
contains one atom of element X. Tab.7.5 lists how the average O-O distance
and O-X distance for this octahedron depend on X: the bond lengths are
almost identical for X=Al and X=Ga, and increase by more than 10% for
X=In. A similar octahedron appears in the corundum structure. The corre-
sponding average bond lengths are given as well: there is 5% increase when
Al is replaced by Ga, and more than 10% increase when Al is replaced by
In. The latter agrees with the spinel case. The difference between corundum
and spinel are the small bond lengths for the ZnGa2O4 spinel. Apparently
such small bond lengths cannot be maintained for ZnIn2O4, which renders
this crystal unstable.
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Table 7.5: Average bond lengths (Å) for the X-containing distorted oxygen
octahedron in the spinel-type ZnX2O4 and the corundum-type X2O3. The
data for the spinel stem from calculations in this work. The corundum data
are experimental values from Refs.[116, 117, 118].

Bond ZnX2O4 X2O3

Al Ga In Al Ga In
X −O 1.88 1.89 2.17 1.92 2.00 2.16
O −O 2.66 2.68 3.07 2.68 2.80 3.03

7.4 Conclusions

We calculate the quasiparticle band gap with two sets of PP’s for Zn, Ga
and In. The quasiparticle corrections for ZnX2O4 (X=Al, Ga and In) are
presented. Our results show that the Zn20+, Ga21+ and Ga21+ PP’s are
essential to calculate the GW band gap. The calculated GW and TB-mBJ
band gaps for ZnGa2O4 are 4.57 and 4.71 eV, respectively. These band gap
values agree well with the experimental report of 4.40 - 5.00 eV. The predicted
GW and TB-mBJ band gap for ZnAl2O4 are 6.55 and 6.18 eV respectively.
It will be of great interest to see if future experimental work confirms these
values. The DFT (PP and all-electron), GW and TB-mBJ band gaps for
ZnX2O4 all show a similar trend: a band gap decrease upon substitution
by a heavier cation. The TB-mBJ band gaps are in agreement with the
GW counterparts for these compounds, which corroborates the claim that
TB-mBJ provides accurate band gaps for only a small computational effort.
The calculated formation enthalpy for the ZnX2O4 spinel oxide structure
indicates that ZnAl2O4 and ZnGa2O4 are stable. However the formation of
the ZnIn2O4 spinel structure is unlikely which is consistent with the fact that
experimentally the ZnIn2O4 spinel structure has not been observed.



Chapter 8

Electronic structure with
TB-mBJ scheme

8.1 Introduction

The electronic structure of TCOs has been a subject of enduring interest1.
One important feature is the hybridization between metal d orbitals and oxy-
gen p orbitals. DFT calculations can assess the strength of this hybridization
and we have seen that the calculated Kohn-Sham [31, 32] band gaps obtained
using popular approximations such as the LDA or the GGA are strongly un-
derestimated. To correct this ‘band gap problem’ in DFT, two approaches
may be adopted. First one is to follow the proper procedure and obtain the
one-particle excitation from the self-energy operator using the G0W0 method.
With the case studies of ZnO, CdO, SnO2 and ZnX2O4 (X=Al,Ga and In)
spinel we have seen that application of the G0W0 method is computationally
very demanding. Moreover, a special care needs to be taken in the pesu-
dopotentials used for adequate treatment of the self-energy. This makes the
G0W0 method computationally inefficient when a large class of material sys-
tems needs to be studied. Thus use of G0W0 method is a challenging task for
high throughput materials design [119] in which one creates a large database
to establish the correlations between the structural and electronic properties
of materials. Second approach is to improve the Kohn-Sham band gap it-
self. There are different schemes available, such as the optimized effective
potential (OEP) [120, 121] method, hybrid functionals as proposed by Heyd,

1This chapter is based on the work published as - H. Dixit, R. Saniz, S. Cottenier,
D. Lamoen and B. Partoens: “Electronic structure of transparent oxides with the Tran-
Blaha modified Becke-Johnson density functional”, J. Phys.: Condens. Matter 24, 205503
(2012).



108 Electronic structure with TB-mBJ scheme

Scuseria, and Ernzerhof (HSE) [35, 36], etc. to do that. Unfortunately,
these schemes are computationally expensive compared to LDA or GGA.
However, the recently proposed Tran-Blaha modified version of the Becke-
Johnson potential (TB-mBJ) [109] has proved to be a successful method for
accurate band gaps of semiconductors and insulators, and computationally
it is as economical as LDA or GGA although its self-consistency cycle con-
verges slower and therefore requires more iterations (a factor of 2-3). The
TB-mBJ scheme is rapidly gaining popularity and a significant number of
studies reporting the improvements in the band gaps have been published
[122]-[131] since the original publication in 2009. An overview of all results
available in the literature at present, is given in Fig.9.1. It is obvious from
this data set that TB-mBJ predicts reasonable band gaps up to about 6 eV.
In a few cases there are minor overestimations. Most of the deviations are
small underestimations. For band gaps larger than 6 eV, the available data
set suggests a tendency towards a small yet significant systematic underes-
timation. Occasionally there are cases where the deviation is rather large
(Cu2O, NaCl). Overall, TB-mBJ is a decent alternative for GW or hybrid
functionals, achieving a comparable accuracy at a far lower cost.

Figure 8.1: LDA/GGA and TB-mBJ versus experimental band gaps obtained
from Ref. [122] to [131].
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In the present chapter, we apply TB-mBJ to a group of oxides that are
either used for their optical properties, or that have the potential to be
so. These include n-type binary oxides namely - In2O3, ZnO, CdO and
SnO2 along with the p-type ternary oxides - the delafossite family CuXO2

(X=Al,Ga,In) [3, 4, 5, 6, 7] and ZnX2O4 (X=Co,Rh,Ir) in the spinel structure
[7, 8, 9]. Band gaps, band structures and effective electron masses obtained in
this way are compared with what is predicted by the common PBE functional,
and – where available – by G0W0. Trends in differences will be discussed.

8.2 Theory

The electronic structure of a periodic solid can be calculated using the well
known Kohn-Sham equations given by(

−1

2
∇2 + νKohn−Shameff,σ (r)

)
ψi,σ(r) = εi,σψi,σ(r) (8.1)

where ψi,σ are the one-electron wave functions. The Kohn-Sham effective
potential, V KS

eff,σ = Vext + VH + Vxc,σ, is the sum of external, Hartree and
exchange-correlation (xc) terms. In this, the last term needs to be approx-
imated while the other two terms are calculated accurately. The popular
approximation for the exchange-correlation energy are LDA and GGA. Al-
though the Kohn-Sham DFT is a fast and reliable method to calculate the
electronic structure, the excited state properties like the band gap are severely
underestimated for many semiconductors and insulators. Recently, Tran and
Blaha have proposed an alternative scheme to improve the band gap calcu-
lation within DFT by modifying the Becke-Johnson potential which reads as
follows:

νBJx,σ (r) = νBRx,σ (r) +
1

π

√
5

6

√
tσ(r)

ρσ(r)
(8.2)

Here, ρσ =
∑Nσ

i=1 |ψi,σ|2 is the electron density, tσ = (1/2)
∑Nσ

i=1∇∗ψi,σ ·∇∗ψi,σ
is the kinetic-energy density and

νBRx,σ (r) = − 1

bσ(r)

(
1− e−xσ(r) − 1

2
xσ(r)e−xσ(r)

)
(8.3)

is the Becke-Roussel (BR) exchange potential, which was proposed to model
the Coulomb potential created by the exchange hole. In Eq.(8.3), xσ is
determined from a nonlinear equation involving ρσ,∇ρσ,∇2ρσ and tσ. The
bσ is calculated with bσ = [x3σe

−xσ/(8πρσ)]1/3.
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Tran and Blaha have introduced a parameter ’c’ to change the relative
weights of the two terms in the BJ potential and the modified potential
(TB-mBJ) reads

νTB−mBJx,σ (r) = cνBRx,σ (r) + (3c− 2)
1

π

√
5

6

√
tσ(r)

ρσ(r)
(8.4)

The actual value of c in the TB-mBJ is calculated by

c = α + β

(
1

Vcell

∫
cell

|∇ρ(r′)|
ρ(r′)

d3r′
)

(8.5)

where Vcell is the unit cell volume and α and β are two free parameters whose
values are α= -0.012 and β=1.023 bohr1/2 according to a fit to experimental
results.

8.3 Computational details

All-electron calculations with the APW+lo method were performed using the
wien2k code [110, 111]. In this method, the wave functions are expanded
in spherical harmonics inside non overlapping atomic spheres of radius RMT

and in plane waves in the remaining space of the unit cell (the interstitial
region). The radii for the muffin tin spheres were taken as large as possible
without overlap between the spheres: RIn

MT = RSn
MT = RGa

MT = RCu
MT = RRh

MT

= RIr
MT = 2.1, RZn

MT = RCd
MT = RCo

MT = 1.9, RAl
MT = 1.6, and RO

MT = 1.5
bohr. The charge density was Fourier expanded up to Gmax =12 bohr−1.
The plane wave expansion of the wave function in the interstitial region was
truncated at RMTKmax= 9. A regular 4×4×4 Monkhorst-Pack [38] k-point
mesh is used for cubic structures such as In2O3, CdO, ZnX2O4 and also for
the rhombohedral unit cell (CuXO2). For the hexagonal unit cell a 3× 3× 2
Monkhorst-Pack k-point mesh is used. All calculations are performed at the
experimental lattice parameters, for a meaningful comparison.

8.4 Results

8.4.1 n-type binary oxides

Indium oxide:

In2O3 has a body centered cubic bixbyite structure, with 8 formula units per
primitive cell. Each In atom is coordinated by six oxygen atoms in a distorted
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octahedron. The unit cell contains 40 atoms and the lattice constant is 10.12
Å.

Figure 8.2: a) PBE and b) TB-mBJ band structure along with the c) total
DOS with PBE and TB-mBJ and d) PDOS with TB-mBJ for In2O3.

The band structures along high symmetry lines in the Brillouin zone cal-
culated with PBE and TB-mBJ are presented in Fig.8.2. It shows that In2O3

is a direct band gap semiconductor. Although the widely quoted direct band
gap of In2O3 is 3.75 eV and indirect gap is 2.62 eV, recent experimental rein-
vestigation along with theoretical studies have concluded In2O3 to be a direct



112 Electronic structure with TB-mBJ scheme

band gap semiconductor with a band gap ∼ 3.1 eV [52]. The PBE band gap
of 1.18 eV and is consistent with earlier reported results [53]. The TB-mBJ
band structure shows a significant opening of the band gap and the calcu-
lated TB-mBJ gap is 2.90 eV, which compares well with both experimental
and G0W0 result of 3.1eV [138].

We further analyze the band structure with the help of the density of
states (DOS) and projected density of states (PDOS) plot as shown in the
same figure. The PDOS shows that the valence band maximum (VBM)
shows strong O-2p character and also an In-4d contribution indicative of p-d
hybridization in In2O3. The low lying energy bands - around -12 eV have
a strong In-4d character while the lowest energy band around -18 eV has
O-2s character. A comparison with the DOS obtained by PBE shows that
the valence band dispersion in TB-mBJ band structure has been narrowed
by about 1eV in the region 0 to -6 eV. The In-4d levels have similar position
while O-2s band has moved to higher binding energy of -19 eV with TB-mBJ.

Zinc oxide:

The lattice parameters used to calculate the band structure of wz-ZnO are:
a=3.2489 Å, c=5.2049 Å, with the internal parameter u=0.381. From the
band structure plot presented in Fig. 8.3, we observe that the band dispersion
for the entire valence bands are similar in the PBE and TB-mBJ plot. The
CBM at the high symmetry Γ point, however appears flattened in the TB-
mBJ plot indicating havier band mass compared to PBE counterpart. The
PBE band gap is 0.80 eV which opens up to 2.68 eV in the TB-mBJ band
structure. The TB-mBJ gap is underestimated by 22% in comparison with
experiment; however, it matches with the G0W0 results 2.49-2.51 eV [86, 73].

The PDOS calculated with TB-mBJ (see Fig. 8.3(d)) shows a strong p-
d hybridization between Zn-3d and O-2p states in the region 0 to -6 eV.
The Zn-3d states are placed around -5 eV and are shallow compared to
the experimental estimate of ∼7-8 eV below the VBM. The O-2s states are
positioned around ∼ -19 eV. The lowest valence band plotted in the TB-mBJ
band structure is around -5.4 eV which is ∼ 0.8 eV higher than corresponding
band in the PBE band structure. It is also clear from the comparison between
total DOS plot as presented in Fig. 8.3(c), that the valence band dispersion in
TB-mBJ is narrowed compared to PBE. This narrowing is suggested to be the
origin of the remaining discrepancy between the TB-mBJ and experimental
band gap by David J. Singh[126]. The O-2s state which form the lowest
valence band is, however, at a higher binding energy in the TB-mBJ band
structure compared to its PBE counterpart.
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Figure 8.3: a) PBE and b) TB-mBJ band structure along with the c) total
DOS with PBE and TB-mBJ and d) PDOS with TB-mBJ for ZnO.

Cadmium oxide:

CdO has the rocksalt structure and the experimental value of the lattice
constant used is 4.64Å. The PBE band structure (see Fig.8.4(a)) shows CdO
to be semi-metallic since the conduction band minimum (CBM) crosses the
Fermi energy level (Ef ). We obtain an indirect band gap of 1.82 eV with
TB-mBJ. Although the band gap is widely quoted to be 0.55 eV at room tem-
perature and 0.84 eV at 100 K, McGuinness et al. [47] have suggested a value
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of ∼1.2 eV, while their own x-ray emission and absorption measurements on
high purity samples yield a value of almost 2 eV. Also, recent G0W0 calcula-
tion results in a much larger value of 1.07 eV for the indirect gap [132]. Thus
the calculated TB-mBJ gap is in agreement with the reported experimental
range of 1.2-2 eV.

Figure 8.4: a) PBE and b) TB-mBJ band structure along with the c) total
DOS with PBE and TB-mBJ and d) PDOS with TB-mBJ for CdO.

The PDOS of CdO (see Fig.8.4(d)) calculated with the TB-mBJ scheme
also show p-d hybridization. The VBM is mainly derived from the O-2p states
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which are hybridized with the Cd-4d states. The Cd-4d energy levels around
∼-6.5 eV are at higher binding energy compared to the experimental result
of -8.8 eV below VBM. The lowest valence band at ∼ -18 eV shows O-2s
character. The comparison between the total DOS plots of CdO (Fig.8.4(c))
show a similar trend as observed in the case of ZnO. The dispersion of the
upper valence bands is narrowed and the lowest valence band, on the other
hand, is lowered.

Tin dioxide:

Figure 8.5: a) PBE and b) TB-mBJ band structure along with the c) total
DOS with PBE and TB-mBJ and d) PDOS with TB-mBJ for SnO2.
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SnO2 exists in rutile structure. The lattice parameters are a=4.7374 Å,
c=3.1864 Å, and internal parameter u=0.305. The band structure shown in
Fig. 8.5 yields a direct band gap of 1.25 eV for PBE and 3.20 eV for TB-mBJ.
The valence bands in the range of 0 to -7 eV are composed of O-2p, Sn-4s,4p
orbitals as evident from the PDOS presented in the same figure. There is
also hybridization between Sn− d and O − s orbitals for the lowest valence
bands between -16 to -19 eV. These Sn-4d are at lower binding energy in
comparison with reported experimental value of 21.1 - 21.4 eV [50]. Unlike
the other oxides, a distinct p-d hybridization is not observed in the PDOS.

In summary, the comparison between the total DOS shows that the valence
band dispersion is reduced in the TB-mBJ scheme compared to the PBE
band structure. It suggests that the TB-mBJ scheme tends to localize the
valence bands compared to their PBE counterparts. This feature is found
to be common for all the oxides studied and is more pronounced for widely
dispersed bands than localized states such as O-2s.

8.4.2 p-type ternary oxides

We now present the TB-mBJ electronic structure of p-type ternary oxides:
the delafossite CuXO2 (X=Al,Ga,In) family and ZnX2O4 (X=Co,Rh,Ir) in
the spinel structure. The delafossite crystal structure (space group R3̄m,
#166) is composed of O-Cu-O dumbbell layers in a hexagonal plane separated
by a XO6 edge-sharing octahedral layer (see Fig. 8.6). The spinel (space
group Fd3̄m, #227) lattice is based on face centered cubic packing of oxygen
atoms (32 e sites) which are tetrahedrally coordinated with Zn ions (8 a sites)
and octahedrally coordinated with the X cations (16 d sites) as shown earlier
in Fig. 7.1. The experimental lattice constants are listed in Table-8.1.

Table 8.1: The experimental lattice constants and the internal parameter ‘u’,
for delafossite (Ref. [133]) and spinel (Ref. [9]) structure.

Delafossite CuAlO2 CuGaO2 CuInO2

a (Å) 2.858 2.963 3.292
c (Å) 16.958 17.100 17.388

u 0.1099 0.1073 0.1056

Spinel ZnCo2O4 ZnRh2O4 ZnIr2O4

a (Å) 8.104 8.489 8.507
u 0.263 0.263 0.263
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Figure 8.6: CuAlO2 delafossite structure: O-Cu-O dumbbell layers in a
hexagonal plane separated by a XO6 edge-sharing octahedral layer. The
image is generated using XCrySDen [141].
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Table 8.2: The indirect (Eind) and direct (Edir) band gap at L of the de-
lafossite structure calculated with PBE, TB-mBJ along with reported G0W0

(Ref. [134]) and experimental band gap (all in eV).
Oxide PBE TB-mBJ G0W0 Expt.

Eind Edir Eind Edir Eind Edir Eind Edir
CuAlO2 1.92 2.57 2.21 3.28 4.96 5.05 3.00 3.4a

CuGaO2 0.92 2.40 1.35 3.14 4.03 4.83 – 3.6b

CuInO2 0.42 2.96 0.82 3.42 3.53 5.55 1.44 3.9c

a Ref. [3] b Ref. [4] c Ref. [5]

Delafossite CuXO2 (X=Al,Ga,In) family

Figure 8.7: a), b), c)- TB-mBJ band structure and d), e), f) - the DOS plot
for delafossite CuXO2 (X=Al,Ga,In).
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The TB-mBJ calculated band structures and PDOS of the delafossite family
are shown in Fig. 8.7. All three compounds have an indirect fundamental
band gap with the CBM is at Γ and the VBM is near F along the Γ-F direc-
tion. As seen in the PDOS, the well-isolated peak in the region 2 to 4 eV is
the CBM which is composed of Cu-3d and O-2p orbitals. In the valence band
the Cu-3d states are placed close to the Fermi level with a pronounced peak
around -1.8 eV. These states are shallow compared to the XPS measurements
of about -2.8 eV by Aston et al. [142]. The calculated indirect band gaps are
2.21, 1.35 and 0.82 eV for CuAlO2, CuGaO2 and CuInO2 respectively. We
also list in Table-8.2, the direct gap at the L point since the optically allowed
transition is at L while the transition at the Γ point is optically forbidden
for symmetry reasons [133, 134]. The calculated direct band gaps are 3.28,
3.14 and 3.42 eV, which are underestimated compared to the experimental
values of 3.4, 3.6 and 3.9 eV by ∼ 3-12 % for CuAlO2, CuGaO2 and CuInO2

respectively. The trend in the direct band gap, which slightly decreases from
CuAlO2 to CuGaO2 and increases afterward for CuInO2, is in qualitative
agreement with previous PBE and G0W0 @ COHSEX results. It should be
noted that the surprising overestimation of the G0W0 gap is attributed to
polaronic effects and it has been shown that the direct gap is well reproduced
by many-body approaches only if the polaronic effects are taken into account
[135]. Also, CuAlO2 features strong excitonic effects, with the exciton bind-
ing energy of 0.47 eV [136]. The TB-mBJ scheme can not account for either
polaronic or excitonic effects observed in these systems.

ZnX2O4 (X=Co,Rh,Ir) spinels

Other interesting systems are ZnX2O4 (X=Co,Rh,Ir) spinels which are re-
ported to be p-type TCOs. The origin of the band gap in these spinels is
attributed to the ligand field splitting of X-d orbitals into fully occupied t62g
and empty e0g levels due to the octahedral surrounding of six oxygen anions
forming a low spin state configuration. A recent theoretical study by Scanlon
et. al. [137] has shown the underestimation of the band gap by PBE and a
severe overestimation of the t62g − e0g splitting with the HSE calculation com-
pared to reported experimental values. Moreover, the observed decreasing
trend in the band gap while moving from Co to Rh to Ir is in contrast with
the only experimental study of Dekkers et al. [9] which reports the oppo-
site. The TB-mBJ calculated band structures and PDOS for these spinels
are shown in Fig. 8.8. All three spinels have an indirect band gap with the
VBM occurring at the X point and the CBM located near the X point along
the X-Γ direction. The well-isolated peaks of occupied t62g and empty e0g lev-
els forms the VBM and CBM respectively as is evident from the PDOS. The
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Figure 8.8: a), b), c)- TB-mBJ band structure and d), e), f) - the DOS plot
for ZnX2O4 (X=Co,Rh,Ir) spinel.

Zn-3d states are spread in the lower part of the valence band with lowest
peak around -4.8, -6.6 and -7.2 eV which are shallow compared to the ex-
perimental report of ∼-8.8, ∼-9.2 and ∼-9.5 eV for ZnCo2O4, ZnRh2O4 and
ZnIr2O4 respectively. We also observe a decreasing trend in the indirect gap
while moving from Co to Rh to Ir with both PBE and TB-mBJ in accordance
with the HSE result. The calculated indirect band gaps are 3.36, 2.53 and
2.30 eV for ZnCo2O4, ZnRh2O4 and ZnIr2O4 respectively (See Table-8.3).
Other experimental studies which report the band gap of 2.63 eV and 2.1 eV
for ZnCo2O4 [8] and ZnRh2O4 [7] are at variance with Dekkers et al. and
also show a decrease in the band gap when Co is replaced by the heavier Rh
cation. We find TB-mBJ yields a better estimate of the band gap than HSE
for ZnCo2O4 and ZnRh2O4 in comparison with these experiments, although
the t62g − e0g splitting is overestimated. Thus the TB-mBJ calculations sup-
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port the claim made by Scanlon et. al. for reinvestigation of the band gaps
for these spinels.

Table 8.3: The indirect band gap calculated with PBE, TB-mBJ along with
reported HSE (Ref. [137]) and experimental band gap for the spinel structure
(all in eV).

Oxide PBE TB-mBJ HSE Expt.
ZnCo2O4 0.71 3.36 3.86 2.26a, 2.63b

ZnRh2O4 0.89 2.53 2.87 2.74a, 2.1c

ZnIr2O4 0.28 2.30 2.45 2.97a

a Ref. [9] b Ref. [8] c Ref. [7]

8.5 Discussion and Conclusions

Table 8.4: The PBE, TB-mBJ, G0W0 and experimental band gap for four
different oxides (all in eV).

Oxide EPBE
g ETB−mBJ

g EExpt.
g EG0W0

g

In2O3 1.18 2.90 3.10a 3.10c

ZnO 0.78 2.68 3.44 2.49d

CdO -0.28 1.82 1.2 - 2b 1.07e

SnO2 1.25 3.20 3.60 3.85f, 3.65g

a Ref. [52] b Ref. [47] c Ref. [138] d Ref.
[86] e Ref. [132] f Ref. [139] f Ref. [140]

We first discuss the results obtained for the binary oxides, namely In2O3,
ZnO, CdO and SnO2. The calculated band gaps along with the experimen-
tal and GW results are tabulated in Table-8.4. The strong underestimation
of the Kohn-Sham gaps with PBE can be attributed to the strong p-d hy-
bridization between the anion and cation. The TB-mBJ band gaps, as listed
in the second column, show a good improvement in the gaps compared to
PBE. These gaps also are in agreement with the experimental values with
small underestimation except ZnO. For ZnO the band gap is underestimated
as large as 22%. It should be noted that the G0W0 result for ZnO is also
underestimated. Since LDA or GGA is typically used as a starting point
to calculate the G0W0 gap, the p-d hybridization in the LDA/GGA band
structure influences the result and correspondingly the G0W0 gap of ZnO is
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underestimated. For other systems which show a weaker hybridization in
the LDA/GGA band structure, the agreement between the G0W0 and the
experimental gap is remarkably good.

Table 8.5: The electron effective mass (in units of the electron mass, me) for
n-type binary oxides.

Oxide mPBE
e mTB−mBJ

e mExpt.
e

In2O3 0.22 0.54 0.30
ZnO m‖ = 0.23 m‖ = 0.51 0.32

m⊥ = 0.14 m⊥ = 0.33
CdO 0.16 0.35 0.21
SnO2 m‖ = 0.29 m‖ = 0.42 0.29

m⊥ = 0.17 m⊥ = 0.23

The TB-mBJ DOS shows that the dispersion of the upper valence band is
narrowed and the lower valence bands are moved to higher binding energies
by ∼ 0.8-1.0 eV compared to PBE counterparts in the case of ZnO and SnO2.
For In2O3 and CdO, such a change is less significant. This might explain a
better agreement between the TB-mBJ and experimental band gap observed
in the case of In2O3 and CdO. Another important physical property of n-
type TCO is the electron effective mass. The TB-mBJ effective masses are
listed in Table-8.5. The observed trend shows that the effective masses are
systematically overestimated (almost by a factor of 2) compared to PBE
values and also experiment. This agrees with similar observations recently
made for III-V semiconductors by Kim et. al. [124]. This overestimation
can be attributed to the general tendency of the TB-mBJ scheme to reduce
the dispersion of the bands as discussed earlier.

For the p-type conducting TCOs studied namely delafossite CuXO2

(X=Al,Ga,In) and spinel ZnX2O4 (X=Co,Rh,Ir), we find qualitative agree-
ment between TB-mBJ and G0W0 or HSE results with respect to the trends
in the band gap. Quantitatively the TB-mBJ gaps are different from those
reported with G0W0 or HSE. Moreover, we observe that the Cu-3d and Zn-3d
states in these systems are also shallow compared to their experimental coun-
terparts as was also the case for ZnO and CdO. In spite of the complicated
electronic structure of these systems the TB-mBJ scheme gives a better esti-
mation of the band gap over PBE and the trends observed within G0W0/HSE
are also reproduced. Thus we find that the TB-mBJ offers a reliable, simple
way and viable alternative to the computationally expensive techniques for
the calculation of the band gaps of TCOs with desired accuracy.



Chapter 9

Formation energy of native
defects in ZnAl2O4 spinel

9.1 Introduction

Al-doped ZnO thin films are highly attractive TCOs due to their stability
and low cost compared to ITO films. In a mixture of ZnO and Al2O3, the
ZnAl2O4 spinel structure can appear if the Al concentration becomes too
large [101, 102]. This spinel structure is in itself of technological interest due
to its wide band gap. We have shown in chapter 7 that using the quasiparticle
calculations the expected band gap of ZnAl2O4 spinel is about 6.55 eV almost
twice of the band gap of ZnO. As it is observed for semiconductors that
defects and impurities play an important role in determining their electronic
structure and physical properties, we have undertaken a study of all possible
point defects in ZnAl2O4

1. To the best of our knowledge such a study is
not available. Pandey et al. have done a study using two body inter-atomic
potentials on a limited set of defects [143]. With the recent advances in
first principles calculations based on DFT, we are able to do more accurate
defect physics. Here we present results with the GGA, GGA+U and hybrid
functionals (HSE06 as proposed by Heyd, Scuseria and Ernzerhof [35, 36]).
The formation energy calculations based on DFT using the LDA or GGA
suffer from the well known band gap error which is explained in the following.
The reported experimental band gap of ZnAl2O4 spinel is 3.8-3.9 eV [101].
Interestingly the tight-binding calculations gives a gap of 4.11 eV [106] and
the LDA yields 4.24 eV [144] - almost 8% overestimated compared to the

1The work presented in this chapter will be communicated as - H. Dixit, Nandan
Tandon, S. Cottenier, R. Saniz, D. Lamoen and B. Partoens: “Formation energy of point
defects in ZnAl2O4: first-principles study with hybrid functional”, in preparation.
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experimental value. The band gap, however, should be underestimated due to
the strong p-d hybridization observed in the electronic structure of ZnAl2O4

spinel with LDA/GGA. Considering this band gap anomaly and the fact
that the band gaps in [101] were derived from reflectance measurements of
powder samples, the authors Sampath et al. [106] have suggested that the
measured experimental value is probably incorrect and a correction due to
the particle-size dependence of light scattering may be necessary. Recently,
using the state of the art GW approximation to calculate the quasiparticle
band gap in solids, we have shown that the expected value of the band gap
is about 6.55 eV [130]. A reinvestigation of the experimental band gap of
ZnAl2O4 spinel is thus warranted. The calculated DFT-GGA band gap of
3.83 eV is underestimated by ∼2.7 eV compared to the calculated value
of the GW band gap. This underestimation may lead to uncertainties in
the calculated position of the defect induced states with DFT-GGA in the
band gap. As a consequence the defect formation energies will be affected.
Thus we have also used HSE functionals which correct the band gap error
which is demonstrated to be reliable method to calculate transition levels
and formation energies of defects [37].

Thus the purpose of this study is twofold: firstly, we want to understand
the shallow or deep character of native defects in ZnAl2O4, and secondly, we
want to compare different methodologies for defect calculations. We present
our results in the following way in this chapter. First a discussion of the
electronic structure of defect free ZnAl2O4 is presented. This is followed by
our results on formation energies of various defects in a ZnAl2O4 supercell
using GGA, GGA+U and HSE. To reflect different experimental growth
conditions theoretically, such as Zn-rich, O-rich etc., the chemical potential
of the constituents is allowed to vary. This allows a comparison of formation
energies of various defects under different growth conditions. Since charged
defects are also possible, transition levels for different charged defects are
also reported. Systematically formation energies under two types of growth
conditions are discussed. These can be experimentally observed and hence
are very important.

9.2 Method and Computational Details

Theoretical investigations reported here are based on DFT within the GGA
and GGA+U approach as implemented in the Vienna ab initio simulation
package (VASP) [145]. The Hubbard U parameter which adds an on-site
Coulomb potential is used only for the Zn d orbital, to overcome practically
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the known limitation of LDA to underestimate the band gap due to the er-
roneous prediction of p − d hybridization in such semiconductors [48]. The
choice of UZn = 4.7 eV follows from earlier work on ZnO [146]. Electron-
ion interactions are treated using the projector augmented wave (PAW) po-
tentials [147, 41]. For the description of the spinel structure Zn (4s23d10),
Al (3s23p1) and O (2s22p4) are considered as valence electrons. A regular
ZnAl2O4 unit cell consists of 14 atoms viz. 2 Zn, 4 Al and 8 O atoms. For
total energy calculations of defects in the spinel structure, a 2×2×2 supercell
consisting of 112 atoms is considered as the starting point. Atoms are re-
moved (added) to mimic vacancy (substitution) sites. The whole supercell is
then allowed to relax to its ground state. We consider the system to be in its
ground state when the forces acting on the atoms are below 0.01 eV/Å and
simultaneously achieving total energy convergence up to 10−4 eV. This con-
vergence is obtained with a Monkhorst-Pack special k-point grid of 2×2×2.
We have used 37.5% mixing of Hartree-Fock exchange in the HSE func-
tional. This mixing parameter correctly reproduces the experimental value
of the band gap in ZnO [37] and also the calculated band gap of 6.63 eV for
ZnAl2O4 is in close agreement with the GW result of 6.55 eV.

The defect formation energy (Ef [D
q]) for a defect (D) in a charge state

q is defined as:

Ef [D
q] = Etot[D

q]− Etot[bulk] +
∑
i

niµi + q[EF + Ev + ∆V ] (9.1)

where Etot[D
q] is the total energy of the supercell containing the defect,

Etot[bulk] is the total energy of the supercell without defect, ni is the number
of atoms of the type i (ni < 0 if atom is added and ni > 0 if atom is removed)
and µi is the corresponding chemical potential. EF is the Fermi energy with
respect to the Ev which is chosen to be the top of the valence band of the
primitive unit cell. ∆V is the difference in the reference potential of the
supercell without defect and the supercell with defect.

Eq. 9.1 indicates that the defect formation energy depends sensitively on
the chemical potential of both atomic species and electrons (often referred
to as the Fermi energy - Ef ). This is because in forming the defect, particles
are exchanged between the host material and the chemical reservoirs. For
example, to form the antisite defect AlZn in ZnAl2O4 one has to take an Al
atom from the Al chemical reservoir, put it into the host, and remove a Zn
atom from the host and put it into the Zn chemical reservoir. Therefore, the
formation energy of AlZn decreases if the chemical potential of Al increases.
Furthermore, to form a positively charged defect (q > 0), one has to put
the electrons removed from the defect into an electron reservoir with its
characteristic energy EF . Thus, the positively charged defect will have a
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Figure 9.1: Schematic illustration for accessible chemical potential range.

higher formation energy in an n-type sample in which the Fermi energy is
close to the CBM. Similarly, negatively charged defects (q < 0) will have a
higher energy in p-type material in which the Fermi energy is close to the
VBM. Therefore, by adjusting the chemical potential of the dopant or the
Fermi energy, one can control the dopant solubility.

The chemical potential depends on the experimental growth conditions
which can vary from X-poor to X-rich, where X could be either of Zn, Al
or O. We first illustrate the possible variation of the chemical potential for a
simple binary system and then will extend it to the ternary system ZnAl2O4.
This method follows the formalism proposed by Wei [148, 149]. Consider
ZnO, the formation energy is given by

∆HZnO
f = E[ZnO]− E[Znbulk]/atom−

1

2
E[O2(molecule)]

= E[ZnO]− µZnbulkZn − µO2molecule
O

= ∆µZn + ∆µO

= −3.36 eV

where ∆µZn = µZnOZn − µZnbulkZn and ∆µO = µZnOO − µO2molecule
O (here µZnOZn/O
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corresponds to the energy of a Zn/O atom in ZnO, µZnbulkZn corresponds to
the energy of a Zn atom in bulk Zn and µO2molecule

O corresponds to the energy
of a O atom in oxygen molecule) indicating the possible variation of Zn and
O chemical potential when ZnO is formed. In order to avoid the elemental
precipitation into the bulk Zn and oxygen gas respectively, ∆µZn & ∆µO ≤ 0.
The upper limit on the Zn chemical potential is set by the Zn - rich conditions:
µZnOZn = µZnbulkZn and ∆µZn = 0. The oxygen chemical potential corresponding
to the Zn - rich conditions is then determined as ∆µO = ∆HZnO

f = −3.36 eV.

Similarly the O - rich conditions imply µZnOO = µO2molecule
O and ∆µO = 0.

The zinc chemical potential corresponding to the O - rich conditions is then
∆µZn = ∆HZnO

f = −3.36 eV.
For ternary systems, the chemical potentials of each constituent species

can be varied to reflect specific equilibrium growth conditions, but are always
globally constrained by the calculated formation enthalpy of the host in order
to maintain its stability. Thus in the case of ZnAl2O4 spinel:

∆HZnAl2O4
f = ∆µZn + 2×∆µAl + 4×∆µO = −20.58 eV (9.2)

It should be noted that ∆µZn = µZnAl2O4
Zn −µZnbulkZn and ∆µZn, ∆µZn are also

defined in a similar way. In addition to the host condition (Eq. 9.2), to avoid
the elemental precipitation (Zn/Al solid or oxygen gas) the upper limits are
set as:

∆µZn ≤ 0,∆µAl ≤ 0,∆µO ≤ 0 (9.3)

The resulting accessible range of the chemical potentials, is illustrated in
Fig. 9.1 in a two-dimensional (µZn, µAl) plane. The vertices of the stability
triangle are formed from the host condition (Eq. 9.2) giving the limits of
Zn/Al rich, Zn poor and Al poor environments, respectively. The Zn rich
condition (∆µZn = 0 & ∆µO = 0) leads to the maximum possible vari-
ation in Al chemical potential: ∆µAl = ∆HZnAl2O4

f /2 = −10.29 eV. On
the other hand, the Al rich condition (∆µAl = 0 & ∆µO = 0) leads to
∆µZn = ∆HZnAl2O4

f = −20.58 eV. The line joining the Zn poor (-20.58,
0.00) and Al poor (0.00, -10.29) vertex refers to ∆µO = 0 and mimics the
oxygen rich condition. Thus within this triangle the ZnAl2O4 structure can
exist, but the binary structures might have a lower formation energy.

Therefore, the constraints are also imposed by the formation of competing
binary oxides ZnO and Al2O3, which are

∆µZn + ∆µO ≤ ∆HZnO
f = −3.36 eV (9.4)

2×∆µAl + 3×∆µO ≤ ∆HAl2O3
f = −16.05 eV (9.5)



128 Formation energy of native defects in ZnAl2O4 spinel

These constraints limit the possible accessible range of chemical potentials
(∆µZn, ∆µAl) for ZnAl2O4 and available stable region is shown in gray.
The vertices of this stable region are labeled as [1,2,3,4] and are deter-
mined as follows. First vertex, [1], refers to Zn rich condition (∆µZn = 0
eV) and using Eq. 9.4 it leads to ∆µO = −3.36 eV and ∆µAl = −3.57
eV from the stability of the host (Eq. 9.2). The coordinates of the first
vertex thus corresponds to: (∆µZn,∆µAl,∆µO) ≡ (0.00,−3.57,−3.36) eV.
Second vertex, [2], corresponds to the O rich condition (∆µO = 0) result-
ing in ∆µZn = −3.36 eV using Eq. 9.4 and ∆µAl = −8.61 eV from the
stability of the host (Eq. 9.2). The coordinates of the second vertex are:
(∆µZn,∆µAl,∆µO) ≡ (−3.36,−8.61, 0.00) eV. Below the line joining vertex
[1] with [2], Eq. 9.4 is not fulfilled and ZnO will form instead of ZnAl2O4.

Similarly, vertex [3](0.08, 0.00,−5.35) and [4](−4.54,−8.02, 0.00) refers to
the Al rich and O rich condition respectively and are determined from Eq. 9.5
and from the stability of the host (Eq. 9.2). Above this line, Al2O3 will be
formed. For the formation energy plots, we only consider Zn rich (vertex-
[1]) and O rich (vertex- [2]) conditions because the shaded region is rather
narrow indicating the limited accessible range of the chemical potentials.

It should be noted that the value of the chemical potential also depends
on the exchange-correlation functional. The above mentioned values corre-
sponds to the GGA functional. For the case of HSE06 functional we repeat
the same procedure to obtain the stable region.

Evaluation of the formation energy for different charged defects allows
to find the transition level between two different charged states (ε(q/q′)). It
is the Fermi energy for which two transition levels have the same formation
energy. These transition levels can be observed in experiment with deep-
level transient spectroscopy (DLTS). For the final charge states we allow
the system to relax to its ground state. Five charged states ranging from
−2,−1, 0, 1, 2 are considered and only the transition points for the ones with
the lowest formation energy are mentioned in the next section. Additionally
we also consider +3 charged states for Al-vacancy and Al at Zn (antisite)
defects owing to the three valence electrons of Al.

9.3 Result and discussion

9.3.1 Electronic band structure with HSE06

The electronic structure and density of states (DOS) for ZnAl2O4 spinel,
calculated using HSE06, is shown in Fig 9.2. ZnAl2O4 is a direct band
gap material with both the VBM and the CBM at Γ. The calculated band
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Figure 9.2: Electronic band structure and density of states calculated using
HSE06.

gap with HSE06 is 6.63 eV which shows a significant opening of the gap
compared to the GGA value of 3.83 eV and which is in good agreement with
the reported G0W0 gap of 6.55 eV.

9.3.2 Formation energy with GGA and GGA+U

We have studied five point defects in the ZnAl2O4 lattice: the Al, Zn and
O vacancy along with the antisite defects - Zn replacing Al (ZnAl) and Al
replacing Zn (AlZn). Formation energies of these defects are calculated using
the methodology described in the previous section. The formation energy
of each defect as a function of the Fermi level, calculated with GGA and
GGA+U , is shown in Fig. 9.3. First, we discuss the formation energies
calculated using the GGA. It is expected that the removal of either Zn or Al
atom will result in a net electron deficiency and the generation of unoccupied
acceptor levels. Such empty defect bands, if situated below the VBM are
called shallow acceptors. This results in the production of positive holes (p-
type carriers) in the valence band giving rise to p-type conductivity. We find
that both the Zn and Al vacancy are acceptors and favor the -2 and -3 charge
state respectively. Unfortunately, under Zn rich (oxygen poor) conditions,
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the formation energy of both defects is high, tending toward 8 and 11 eV for
the Zn and Al vacancy, as the Fermi level approaches the VBM. A change
to oxygen rich (Zn poor) conditions reduces the cation chemical potentials,
resulting in relatively lower formation energies (about 4 and 7 eV) of the Zn
and Al vacancy. However the formation energies are still large suggesting
that under such conditions, both can not be readily formed. The oxygen
vacancy, on the other hand, exhibits an interesting behavior as a function
of the Fermi energy. Initially it favors the +2 charge state, indicating donor
like behavior. The +2/0 transition occurs at about 3.1 eV above the VBM
(under Zn - rich condition) and it continues to prefer the neutral state till ∼
4.3 eV where a 0/-1 transition occurs and finally becomes an acceptor and
prefers the -2 charge state. This suggests that the oxygen vacancy acts as
an amphoteric impurity, exhibiting both donor and acceptor like behavior
depending on the Fermi energy. A similar amphoteric behavior is also shown
by the AlZn antisite defect. However it is an unexpected result since removal
of an oxygen is expected to result in two extra electrons in excess in the
system. Also since the Al atom contains an extra electron in the valence
compared to Zn, the AlZn antisite defect will also lead to an extra electron
added to the system. Thus we expect both the oxygen vacancy and the AlZn
antisite defect to prefer to be a donor state.

The GGA+U calculations also show similar trends for these native defects.
It should be noted that the GGA+U (U = 4.7 eV) applied to Zn-d states
results in a partial correction to the band gap (4.17 eV for GGA+U versus
3.83 eV for GGA). The surprising amphoteric nature of the oxygen vacancy
and AlZn antisite defect is also observed in the GGA+U calculations and
requires further analysis. We believe that it is an artifact due to the strong
underestimation of both the GGA and GGA+U band gap compared to the
G0W0 value of 6.55 eV. Thus in order to confirm it, we have calculated the
formation energies using the HSE06 hybrid functional which yield a band
gap of 6.63 eV in close agreement with the G0W0 result. These results are
presented in the following section. However before discussing the hybrid
results I would like to mention an interesting observation. In Fig. 9.3, if we
set the CBM at the band gap calculated with the GGA and GGA+U schemes,
i.e. EF is varied between 0 and 3.8/4.17 eV, we find that the oxygen vacancy
is a deep donor and the AlZn antisite defect is a shallow donor.

9.3.3 Formation energy with HSE06

In the GGA and GGA+U calculations, the whole supercell is allowed to
relax after the introduction of the defect such that the forces on each atomic
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(a) (b)

(c) (d)

Figure 9.3: Calculated intrinsic defect formation energies as a function of
Fermi energy under (a), (c) Zn-rich and (b), (d) O-rich condition with the
GGA and GGA+U functional.

site are below 0.01 eV/Å. We have noticed that such a relaxation with the
HSE06 functional is too time consuming. Hence we adopt the following
scheme. First, only the unit cell is relaxed with HSE06. The supercell of
112 atoms is constructed with this relaxed unit cell. For a supercell with
defects, the HSE06 optimized lattice constant and relaxed GGA coordinates
of atoms are used. The total force acting on the atoms in the supercell,
constructed in this way, are of the order of a few tens of meV since the
optimized GGA and HSE06 lattice constants differ marginally. Thus instead
of allowing the complete relaxation of lattice parameters and atomic positions
of the supercell, we adopt this scheme to calculate the total energies. The
calculated formation energies as a function of Fermi energy using HSE06 are
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Figure 9.4: Calculated intrinsic defect formation energies as a function of
Fermi energy under (a) Zn rich and (b) O rich condition with HSE06.

shown in Fig. 9.4. We find that both the Al and Zn vacancies are acceptors
and prefer the -3 and -2 charged states respectively. The antisite defect ZnAl
is also an acceptor and favors the -1 charged state. The oxygen vacancy is
found to be a really deep donor with the +1/0 transition occurring ∼3 eV
below the CBM, ruling out the possibility of oxygen vacancies contributing
electrons to the conduction band by thermal ionization. It should be noted
that the formation energies of these four defects are high. Only the AlZn
antisite defect has a low formation energy suggesting that it can be readily
formed. It is a shallow donor and prefers the +1 charged state.

9.4 Conclusions

The calculated formation energies show that the Al and Zn vacancies along
with the ZnAl antisite defect are acceptors, however their formation energies
are high. The oxygen vacancy is a deep donor and can not contribute to
the conductivity. The donor AlZn antisite defect has the lowest formation
under both Zn and O - rich conditions. These results suggest that the AlZn
antisite defect can cause possible n-type conductivity in the ZnAl2O4 spinel.
A comparative study of formation energies of native defects in ZnAl2O4 spinel
with GGA, GGA+U and HSE06 clearly shows that the band gap error plays
an important role and needs to be corrected. The hybrid functional, which
corrects the band gap error, needs to be used for an accurate calculation of
the formation energy of native defects.



Summary and outlook

First-principles electronic structure calculations play an important role in
the understanding of the basic physics that governs the electronic and opti-
cal behavior of materials. They also offers a vital tool for efficient materials
design. The key physical properties of TCO host materials are the band gap
for optical transparency and the effective masses which determine the mobil-
ity of the charge carriers. The application of electronic structure methods,
capable of calculating these quantities accurately, is thus helpful in designing
better performing or new TCO materials. The electronic structure of these
metal-oxide semiconductors has therefore been a subject of enduring inter-
est. In this thesis we provide an accurate description of the electronic band
structure of TCO materials using state of the art Density Functional Theory
(DFT) and the GW approximation to the Many-body theory (MBT).

DFT is the most successful first-principles approach for the quantum
mechanical description of the ground state properties of matter and after
a general introduction in chapter 2, we present the band structure of the
basic binary TCO compounds (In2O3, ZnO, CdO and SnO2) in chapter 3
calculated within DFT. It is observed that although the structural properties
of TCOs are accurately described, the electronic properties - namely the
band gap and band mass, on the other hand are underestimated compared
to experiment. Nevertheless, the DFT electronic structure calculations are
useful to understand the nature of the valence and conduction band in these
system and are a good starting point for more advanced approaches (e.g.
GW calculations). The band structure shows a strong p-d hybridization
between the cation d and anion p orbitals, which is a characteristic feature
of these binary oxides. Thus for a quantitative prediction of the key physical
properties of TCOs we have used the GW approximation within the MBT.
The GW method is introduced in chapter 4.

The results obtained with the non self-consistent or single shot GW
(G0W0) approximation are presented in chapter 5,6 and 7. We have studied
ZnO, SnO2 and spinel ZnX2O4 (X=Al, Ga and In) using the G0W0 approx-
imation. The case study of ZnO (chapter 5) shows the necessity for using a
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modified pseudopotential for an accurate description of the self-energy opera-
tor in the G0W0 approximation. We also observed that the p-d hybridization
in the DFT band structure also influences the calculated G0W0 band gap in
ZnO. Thus the G0W0 band gap of zincblende and wurtzite ZnO is under-
estimated compared to the experiment. On the other hand for the rocksalt
phase of ZnO the G0W0 band gap shows good agreement with the experi-
mental counterpart.

Equipped with this knowledge (the necessity of a modified pseudopoten-
tial for an accurate description of the self-energy operator), we further stud-
ied other interesting systems namely SnO2 and CdO. We have calculated the
quasiparticle band structure and the results are presented in chapter 6. For
both these systems a good agreement between G0W0 and the experimental
results for band gap and band mass is observed. We have further studied the
effects of uniaxial pressure on the SnO2 band gap. The band gap increases
with increasing pressure and the rate of change is significant. For CdO, we
have used an interpolation scheme using the maximally localized Wannier
functions to construct the complete quasiparticle band structure. This in-
terpolation scheme reduces the computational effort considerably and G0W0

corrections over a coarse Monkhorst-Pack grid are sufficient to construct the
full quasiparticle band structure.

The last system studied with the G0W0 approximation is the ZnX2O4

(X=Al, Ga and In) spinel structure and results are discussed in chapter 7.
In the case of ZnAl2O4 spinel, DFT overestimates the band gap in compar-
ison to the experiment, which is in contrast to the general trend of DFT to
systematically underestimate band gaps. This band gap anomaly was also
observed by other researchers and it has been claimed that the experimental
value is probably incorrect and needs to be re-investigated. Thus in order
to explain this band gap anomaly with DFT for the case of ZnAl2O4 spinel,
we have used the G0W0 approximation. Indeed the G0W0 band gap is larger
than the experimental value and the G0W0 calculation supports the claim
that the experimental band gap is incorrect.

During this study, we have observed that the application of the G0W0

method is computationally very demanding. Moreover, special care needs
to be taken in the pseudopotentials used for an adequate treatment of the
self-energy. This makes the G0W0 method computationally inefficient when
a large class of material systems needs to be studied. Thus we have tested the
recently proposed Tran-Blaha modified version of the Becke-Johnson poten-
tial (TB-mBJ) for TCO materials. This method has proved to be a successful
method for accurate band gaps of semiconductors and insulators, and com-
putationally it is as economical as LDA or GGA. We find that although the
band gaps are in good agreement with the G0W0 method, the band masses
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on the other hand are systematically overestimated. However, this method
is still useful for high-throughput materials design due to the reduced com-
putational effort.

Additionally I have also calculated the formation energies of native de-
fects in ZnAl2O4 spinel. A set of five native defects which include the Zn, Al
and O vacancy along with the antisite AlZn and ZnAl defects are studied in
different charge states. The results are obtained using a supercell approach
using GGA, GGA+U and hybrid functionals. The calculated formation ener-
gies indicate that the AlZn is the most stable defect indicating possible n-type
conductivity in the ZnAl2O4 spinel. Moreover, a comparative study between
the GGA, GGA+U and hybrid functionals indicates that an electronic struc-
ture method which determines the band gap accurately is also necessary for
a correct description of the charge transition levels and formation energies of
the defect states.

To conclude, this thesis presents the electronic structure of TCOs us-
ing DFT and state of the art G0W0 approximation. For a quantitative and
accurate prediction of the key physical properties of TCOs the G0W0 ap-
proximation should be used. However, computationally it is very demanding
and the problem is further complicated by the p-d hybridization observed
in TCOs. In particular the G0W0 band gap is influenced by the p-d hy-
bridization present in the DFT band structure, which is used as the starting
point for the G0W0 calculation, as observed in the case of ZnO. For other
systems studied namely SnO2, CdO and spinel ZnGa2O4 the G0W0 band
gap shows a good agreement with the experimental counterpart. Thus for
systems where G0W0 significantly underestimates the (experimental) band
gap, one may use either the self-consistent GW calculations, which are com-
putationally far more demanding, or use an exchange-correlation potential
which improves the DFT result.

An alternative approach for the prediction of the band gap, which is
computationally economic compared to the expensive G0W0 calculation, is
provided by the recently proposed TB-mBJ potential scheme. We have tested
this scheme for TCOs with a complex electronic structure. The TB-mBJ re-
sults obtained are in agreement with the G0W0 results. Thus this scheme can
be efficiently used for high-throughput materials design due to the reduced
computational effort.

Future developments

This thesis is focused on the accurate description of the band gap of TCOs,
using one particle Green’s function in the appealing framework of G0W0
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approximation. The band gaps calculated in this way can only be compared
with the band gaps measured using photoemission spectroscopy. However it
is also possible to consider complex electron-hole interactions using the two
particle Green’s function and solve the Bethe-Salpeter equation within MBT.
Thus the optical absorption spectra, optical gap and the dielectric properties
of TCOs can be calculated using the Bethe-Salpeter equation.



Samenvatting

First-principles elektronische structuurberekeningen spelen een belangrijke
rol in het begrijpen en doorgronden van de fundamentele processen die aan
de grondslag liggen van de elektronische en optische eigenschappen van ma-
terialen. Dit betekent dat ze ook een belangrijk instrument zijn bij het
ontwerpen van nieuwe materialen. Twee belangrijke karakteristieke groothe-
den voor TCO materialen zijn de bandkloof en de effectieve massa. De
eerste geeft informatie over de optische transparantie van het materiaal en
de tweede over de mobiliteit van de ladingsdragers. In dit proefschrift geven
we een accurate berekening van deze grootheden op basis van de elektron-
ische bandenstructuur voor een aantal belangrijke TCO materialen in het
kader van het Density Functional Theory (DFT) en het Many-Body Theory
(MBT) formalisme.

DFT is de meest succesvolle methodologie voor een kwantummechanis-
che beschrijving van de grondtoestandseigenschappen van de materie. Na
een algemene inleiding tot DFT in hoofdstuk 2, wordt in hoofdstuk 3 de
bandenstructuur van de belangrijkste binaire TCO materialen (In2O3, ZnO,
CdO and SnO2) gegeven. Volledig in lijn met DFT berekeningen op andere
systemen, zien we dat de structurele eigenschappen in excellente overeenstem-
ming zijn met de experimentele waarden, maar dat de berekende waarden
voor bandkloof en effectieve massa het experimentele resultaat onderschat-
ten. Niettemin geven deze berekeningen inzicht in de aard van de valentie-
en conductieband en de sterke p-d hybridisatie tussen de kation d- en an-
ion p-orbitalen, wat een typische eigenschap is van deze binaire oxides. De
DFT berekeningen vormen bovendien een geschikt startpunt voor een meer
gevorderde aanpak zoals de GW berekeningen in het kader van het MBT
formalisme.

Een korte inleiding tot de GW methode wordt in hoofdstuk 4 gegeven. In
hoofdstuk 5,6 en 7 geven we de resultaten bekomen met de niet-zelfconsistente
of single-shot GW (G0W0) voor ZnO, SnO2 en spinel ZnX2O4 (X=Al, Ga,
In). Het voorbeeld van ZnO toont aan dat een aangepaste pseudopotenti-
aal voor het kation noodzakelijk is voor een accurate beschrijving van de
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zelfenergie operator in de G0W0 benadering. Bovendien zien we dat de p-d
hybridisatie een sterke invloed heeft op de G0W0 bandkloof.

In hoofdstuk 6 wordt de G0W0 bandenstructuur voor SnO2 en CdO
gegeven. Voor beide systemen vinden we een bandkloof en een effectieve
massa in goede overeenstemming met het experiment. Verder werd ook de
drukafhankelijkheid van de bandkloof in SnO2 onderzocht: de bandkloof
neemt toe bij toenemende uni-axiale druk. Voor CdO berekende we de
volledige G0W0-bandenstructuur door gebruik te maken van een interpo-
latieschema dat gebaseerd is op maximaal gelokaliseerde Wannier functies,
wat de computationele kost in sterke mate reduceert.

Tenslotte onderzochten we in hoofdstuk 7 ook spinel ZnX2O4 (X=Al,
Ga, In) in het kader van de G0W0 benadering. In tegenstelling tot wat men
verwacht overschat DFT de bandkloof van ZnAl2O4 wat werd bevestigd door
de G0W0 berekeningen. Dit suggereert dat de experimentele waarde niet
correct is.

Tijdens deze studie hebben we vastgesteld dat de toepassing van de G0W0

methode computationeel zeer zwaar is. Bovendien moet speciale aandacht
besteed worden aan de pseudopotentialen voor een correcte beschrijving van
de zelf-energie. Dit maakt de G0W0 methode erg inefficiënt indien een grote
klasse van materialen moet bestudeerd worden. Daarom hebben we de recent
door Tran en Blaha voorgestelde modificatie van de Becke-Johnson potentiaal
(TB-mBJ) getest voor TCO materialen. Het succes van deze methode in de
voorspelling van een accurate bandkloof is reeds aangetoond voor halfgelei-
ders en isolatoren, en is computationeel even economisch als LDA of GGA.
We vonden dat de bandkloof voor TCO materialen goed overeenkwam met
de G0W0 methode, maar dat de effectieve massas systematisch overschat
worden. Toch is de TB-mBJ methode een erg nuttige methode voor het
high-throughput ontwerpen van materialen omwille van de lage computa-
tionele kost.

Daarnaast hebben we ook de vormingsenergieën berekend van intrinsieke
defecten in de ZnAl2O4 spinel structuur. Een set van vijf defecten in ver-
schillende ladingstoestanden werd onderzocht: de Zn, Al en O vacatures,
samen met de antisite defecten AlZn en ZnAl. De resultaten werden bekomen
met behulp van een supercel en de GGA, GGA+U en hybride functionalen.
De berekende vormingsenergieën tonen dat AlZn het meest stabiele defect
is wat n-type geleiding in ZnAl2O4 mogelijk maakt. Een vergelijking van de
resultaten bekomen met GGA, GGA+U en hybride functionalen toont dat
een elektronische structuur methode die de bandkloof accuraat voorspelt ook
noodzakelijk is voor een correcte beschrijving van de ladingstransitieniveaus
en vormingsenergieën van de defecttoestanden.

Deze thesis bestudeert de elektronische structuur van TCOs met stan-
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daard DFT en de state-of-the-art G0W0 methode. Voor een kwantitatieve en
accurate voorspelling van de belangrijke fysische eigenschappen van TCOs
moet de G0W0 methode gebruikt worden. Echter, deze methode is com-
putationeel erg zwaar en het probleem wordt bovendien gecompliceerd door
de p-d hybridisatie in TCOs. In het bijzonder wordt de G0W0 bandkloof
bëınvloed door de p-d hybridisatie die aanwezig is in het DFT resultaat, dat
als startpunt gebruikt wordt voor de G0W0 berekening, zoals vastgesteld in
het geval van ZnO. Voor de andere bestudeerde systemen, SnO2, CdO en
spinel ZnGa2O4, vertoont de G0W0 bandkloof goede overeenkomst met de
experimentele resultaten. Dus voor systemen waarvoor de G0W0 methode de
experimentele bandkloof onderschat, kan men zich ofwel toeleggen op zelf-
consistente GW berekeningen, die echter computationeel nog veel zwaarder
zijn, ofwel gebruik maken van een exchange-correlatiefunctionaal die het DFT
resultaat verbetert.

Een alternatieve aanpak voor de voorspelling van de bandkloof, die com-
putationeel veel minder zwaar is dan de G0W0 berekening, is de recent
voorgestelde TB-mBJ potentiaal. We hebben deze aanpak getest voor TCO
materialen en een goede overeenkomst met de G0W0 resultaten werd gevon-
den. Daarom kan dit schema dan ook gebruikt worden voor het efficiënte
high-throughput ontwerpen van materialen tegen een gereduceerde compu-
tationele kost.

Toekomstige ontwikkelingen

Dit proefschrift handelt hoofdzakelijk over de accurate berekening van de
bandenstructuur en in het bijzonder van de bandkloof door middel van de
één-deeltjes Greense functie in de GW benadering. Deze “fundamentele”
bandkloof kan experimenteel gemeten worden door middel van foto-emissie
spectroscopie. Echter voor een nauwkeurige berekening van de optische band-
kloof moet men de elektron-holte interactie in rekening brengen. Dit gebeurt
door de twee-deeltjes Greense functie te gebruiken en de Bethe-Salpeter
vergelijking op te lossen in het kader van het MBT formalisme. Hieruit kan
men dan de optische spectra, optische bandkloof en de diëlektrische eigen-
schappen van de TCO materialen berekenen.
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Appendix A

Convergence studies of GW parameters

Calculating the standard one-shot GW band gap within ABINIT is a four
step procedure as follows:

• Ground State calculation to obtain the self-consistent density.

• Perform a non self-consistent run to compute the Kohn-Sham eigenval-
ues and eigenfunctions on a regular grid of k-points

• Calculating the inverse dielectric matrix (ε−1) which involves three nu-
merical parameters: 1) nband - Bands used in the screening calculation
2) ecutwfn - Cut-off energy of the planewave set to represent the wave-
functions 3) ecuteps - Cut-off energy of the planewave set to represent
the dielectric matrix

• Computation of the self-energy (Σ) matrix element at the given k-point
in order to obtain the GW quasiparticle energies It also involves three
numerical parameters which needs to be converged. 1) nband - Bands
to be used in the Self-Energy calculation 2) ecutwfn - Planewaves to
be used to represent the wavefunctions 3) ecutsigx - Dimension of the
G sum in Σx

The following graphs show a systematic convergence study of the exchange
(Σx) and the correlation (Σc) part of the self-energy along with the eigenvalue
of the VBM and CBM at the Γ point w.r.to all the numerical parameters
mentioned above for zb-ZnO with Zn20+ PP. The convergence criterion of
0.01 eV is used for the band eigenvalue and band gap. Note that we have
carried out such a convergence study for all the pseudopotential and all the
system studied in this thesis. Here it is only illustrated for the Zn20+ PP.
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Figure 9.5: Convergence of the exchange (Σx) and correlation (Σx) part of
self-energy along with the GW eigenvalue (E) of VBM (left panel) and CBM
(right panel) w.r.to ecuteps used in the screening calculations.
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Table 9.1: The convergence of VBM and CBM with respect to ecuteps, the
converged values are highlighted with the bold face.

VBM CBM
ecuteps Σx Σc E Σx Σc E

5 -26.855 7.294 7.995 -8.476 -6.556 10.454
6 -26.855 7.223 7.939 -8.476 -6.532 10.471
7 -26.855 7.162 7.899 -8.476 -6.519 10.481
8 -26.855 7.118 7.862 -8.476 -6.52 10.479
9 -26.855 7.075 7.829 -8.476 -6.519 10.479

10 -26.855 7.066 7.822 -8.476 -6.519 10.479

Table 9.2: The convergence of VBM and CBM with respect to ecutwfn, the
converged values are highlighted with the bold face.

VBM CBM
ecutwfn Σx Σc E Σx Σc E

20 -26.855 7.272 7.981 -8.476 -6.547 10.461
25 -26.855 7.237 7.95 -8.476 -6.541 10.465
30 -26.855 7.223 7.939 -8.476 -6.532 10.471
35 -26.855 7.215 7.931 -8.476 -6.532 10.471
40 -26.855 7.212 7.927 -8.476 -6.535 10.468
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Figure 9.6: Convergence of the exchange (Σx) and correlation (Σx) part of
self-energy along with the GW eigenvalue (E) of VBM (left panel) and CBM
(right panel) w.r.to ecutwfn used in the screening calculations.
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Figure 9.7: Convergence of the exchange (Σx) and correlation (Σx) part of
self-energy along with the GW eigenvalue (E) of VBM (left panel) and CBM
(right panel) w.r.to nband used in the screening calculations.
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Table 9.3: The convergence of VBM and CBM with respect to nband, the
converged values are highlighted with the bold face.

VBM CBM
nband Σx Σc E Σx Σc E

25 -26.855 7.294 7.992 -8.476 -6.099 10.809
50 -26.855 7.341 8.027 -8.476 -6.34 10.619
100 -26.855 7.266 7.976 -8.476 -6.469 10.521
150 -26.855 7.242 7.956 -8.476 -6.5 10.496
200 -26.855 7.229 7.945 -8.476 -6.521 10.48
250 -26.855 7.224 7.941 -8.476 -6.524 10.478
300 -26.855 7.221 7.939 -8.476 -6.53 10.474
350 -26.855 7.223 7.939 -8.476 -6.532 10.471
400 -26.855 7.219 7.934 -8.476 -6.535 10.468

Table 9.4: The convergence of VBM and CBM with respect to ecutsigx, the
converged values are highlighted with the bold face.

VBM CBM
ecutsigx Σx Σc E sigx Σc E

20 -26.73 7.025 7.88 -8.366 -6.455 10.61
25 -26.798 7.022 7.826 -8.423 -6.443 10.575
30 -26.831 7.021 7.801 -8.449 -6.437 10.56
35 -26.848 7.02 7.787 -8.469 -6.432 10.549
40 -26.855 7.02 7.782 -8.476 -6.43 10.545
45 -26.859 7.02 7.778 -8.479 -6.429 10.543
50 -26.86 7.02 7.777 -8.48 -6.429 10.543
55 -26.861 7.02 7.777 -8.48 -6.429 10.543
60 -26.861 7.02 7.777 -8.48 -6.429 10.543
65 -26.862 7.02 7.777 -8.48 -6.429 10.543
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Figure 9.8: Convergence of the exchange (Σx) and correlation (Σx) part of
self-energy along with the GW eigenvalue (E) of VBM (left panel) and CBM
(right panel) w.r.to ecutsigx used in the self-energy calculations.
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Figure 9.9: Convergence of the exchange (Σx) and correlation (Σx) part of
self-energy along with the GW eigenvalue (E) of VBM (left panel) and CBM
(right panel) w.r.to ecutwfn used in the self-energy calculations.



Appendix 149

Table 9.5: The convergence of VBM and CBM with respect to ecutwfn, the
converged values are highlighted with the bold face.

VBM CBM
ecutwfn Σx Σc E sigx Σc E

5 -21.604 6.654 7.934 -6.412 -6.387 11.135
10 -24.174 7.018 8.748 -7.156 -6.476 11.214
15 -24.969 7.159 9.011 -7.134 -6.519 11.242
20 -25.205 7.189 9.067 -7.095 -6.534 11.406
25 -25.299 7.205 9.088 -7.086 -6.539 11.506
30 -25.328 7.208 9.086 -7.083 -6.541 11.547
35 -25.342 7.211 9.081 -7.087 -6.542 11.589
40 -25.345 7.212 9.078 -7.091 -6.542 11.608
45 -25.346 7.212 9.076 -7.094 -6.541 11.628
50 -25.346 7.212 9.074 -7.096 -6.541 11.636
55 -25.346 7.212 9.075 -7.098 -6.541 11.642
60 -25.346 7.212 9.074 -7.098 -6.541 11.644
65 -25.346 7.212 9.074 -7.099 -6.541 11.647
70 -25.346 7.212 9.075 -7.099 -6.541 11.647
75 -25.346 7.212 9.074 -7.099 -6.541 11.648
80 -25.346 7.212 9.075 -7.099 -6.541 11.648
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Table 9.6: The convergence of VBM and CBM with respect to nband, the
converged values are highlighted with the bold face.

VBM CBM
nband Σx Σc E Σx Σc E

50 -26.86 7.514 8.151 -8.48 -6.142 10.764
100 -26.86 7.196 7.91 -8.48 -6.336 10.615
150 -26.86 7.103 7.84 -8.48 -6.386 10.576
200 -26.86 7.056 7.805 -8.48 -6.414 10.555
250 -26.86 7.02 7.777 -8.48 -6.429 10.543
300 -26.86 7.005 7.766 -8.48 -6.437 10.537
350 -26.86 6.993 7.757 -8.48 -6.442 10.533
400 -26.86 6.981 7.748 -8.48 -6.447 10.529
450 -26.86 6.979 7.747 -8.48 -6.448 10.528
500 -26.86 6.972 7.741 -8.48 -6.451 10.526
550 -26.86 6.968 7.739 -8.48 -6.452 10.525
600 -26.86 6.965 7.736 -8.48 -6.453 10.524
650 -26.86 6.965 7.736 -8.48 -6.453 10.524
700 -26.86 6.962 7.734 -8.48 -6.454 10.524
750 -26.86 6.961 7.733 -8.48 -6.454 10.523
800 -26.86 6.959 7.732 -8.48 -6.455 10.523
850 -26.86 6.958 7.731 -8.48 -6.455 10.523
900 -26.86 6.957 7.73 -8.48 -6.455 10.523
950 -26.86 6.957 7.73 -8.48 -6.456 10.522
1000 -26.86 6.957 7.73 -8.48 -6.456 10.522
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Figure 9.10: Convergence of the exchange (Σx) and correlation (Σx) part of
self-energy along with the GW eigenvalue (E) of VBM (left panel) and CBM
(right panel) w.r.to nband used in the self-energy calculations.
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Figure 9.11: Convergence of the GW band gap (Eg) w.r.to nband, ecutwfn
and ecuteps, ecutsigx used in the screening and self-energy calculations re-
spectively.
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Table 9.7: The convergence of band gap w.r.to parameters used in the screen-
ing computation, the converged values are highlighted with the bold face.

ecutsigx Eg ecutwfn Eg nband Eg
5 2.46 20 2.48 25 2.817
6 2.532 25 2.515 50 2.592
7 2.582 30 2.532 100 2.545
8 2.617 35 2.54 150 2.54
9 2.65 40 2.54 200 2.535

10 2.657 250 2.536
300 2.535
350 2.532
400 2.535
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Table 9.8: The convergence of band gap w.r.to parameters used in the self-
energy computation, the converged values are highlighted with the bold face.

nband Eg ecutwfn Eg ecutsigx Eg
ecutsigx Eg ecutwfn Eg nband Eg

20 2.73 5 3.201 50 2.614
25 2.749 10 2.466 100 2.705
30 2.759 15 2.231 150 2.736
35 2.762 20 2.34 200 2.75
40 2.763 25 2.418 250 2.765
45 2.765 30 2.461 300 2.771
50 2.765 35 2.508 350 2.776
55 2.766 40 2.53 400 2.781
60 2.766 45 2.551 450 2.781
65 2.766 50 2.562 500 2.785

55 2.567 550 2.786
60 2.569 600 2.788
65 2.572 650 2.788
70 2.573 700 2.79
75 2.573 750 2.79
80 2.574 800 2.791

850 2.792
900 2.792
950 2.792
1000 2.792
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Appendix B

Projected weights of the Kohn-Sham wave functions

We have listed the projected weights of the Kohn-Sham wave functions, for
the three systems discussed, at the Γ, K and L point in Table 9.9, 9.10,
and 9.11. The eleven bands presented include nine occupied (valence) and
two unoccupied (conduction) bands. The ZB-ZnO is a strongly hybridized
system - as the ‘p’ and ‘d’ states show significant mixing (Table 9.9). For the
RS-ZnO, the p− d hybridization is absent at the Γ point (Table 9.10). The
five valence bands (band index 2 to 6) show a strong ‘d’ character and the top
three valence bands (band index 7 to 9) have a strong ‘p’ character. However
at the K and L point they mix with each other. In the case of ZnS, the
electronic structure shows a weaker hybridization compared to that of ZB-
ZnO as evident from the projected weights of the Kohn-Sham wavefunction
at the Γ, K and L point, listed in Table 9.11.
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Table 9.9: The projected weights of the Kohn-Sham wavefunction at LDA
level for ZB-ZnO with 12-electron Zn-PP at optimized lattice constant

At Γ point
Band index Zn− 3d Zn− 4s O − s O − p Energy(eV)

1 0.00 0.00 0.88 0.00 -17.91
2 0.76 0.00 0.00 0.28 -6.19
3 0.76 0.00 0.00 0.28 -6.19
4 0.76 0.00 0.00 0.28 -6.19
5 0.98 0.00 0.00 0.02 -4.94
6 0.98 0.00 0.00 0.02 -4.94
7 0.28 0.00 0.00 0.69 0.00
8 0.28 0.00 0.00 0.69 0.00
9 0.28 0.00 0.00 0.69 0.00
10 0.00 0.30 0.30 0.00 0.79
11 0.00 0.00 0.00 0.00 13.40

At K point
1 0.00 0.00 0.94 0.00 -16.88
2 0.55 0.05 0.00 0.36 -6.28
3 0.77 0.00 0.00 0.24 -5.51
4 0.87 0.01 0.00 0.10 -5.19
5 0.98 0.00 0.00 0.00 -4.87
6 0.15 0.15 0.00 0.58 -4.49
7 0.91 0.17 0.01 0.03 -4.35
8 0.40 0.03 0.00 0.42 -2.91
9 0.23 0.00 0.00 0.64 -1.84
10 0.12 0.00 0.04 0.10 6.68
11 0.01 0.43 0.03 0.28 8.86

At L point
1 0.00 0.00 0.93 0.00 -17.10
2 0.07 0.15 0.00 0.59 -5.99
3 0.77 0.00 0.00 0.25 -5.94
4 0.77 0.00 0.00 0.25 -5.94
5 0.98 0.00 0.00 0.00 -4.86
6 0.98 0.00 0.00 0.00 -4.85
7 0.87 0.03 0.01 0.08 -4.54
8 0.24 0.00 0.00 0.68 -0.86
9 0.24 0.00 0.00 0.68 -0.86
10 0.03 0.34 0.19 0.01 5.62
11 0.05 0.03 0.00 0.44 7.96
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Table 9.10: The projected weights of the Kohn-Sham wavefunction at LDA
level for RS-ZnO with 12-electron Zn-PP at optimized lattice constant

At Γ point
Band index Zn− 3d Zn− 4s O − s O − p Energy(eV)

1 0.00 0.00 0.86 0.00 -18.25
2 0.96 0.00 0.00 0.00 -5.38
3 0.96 0.00 0.00 0.00 -5.38
4 0.96 0.00 0.00 0.00 -5.38
5 0.98 0.00 0.00 0.00 -5.18
6 0.98 0.00 0.00 0.00 -5.18
7 0.00 0.00 0.00 0.96 -1.17
8 0.00 0.00 0.00 0.96 -1.17
9 0.00 0.00 0.00 0.96 -1.17
10 0.00 0.43 0.41 0.00 1.37
11 0.40 0.00 0.00 0.00 18.36

At K point
1 0.00 0.00 0.94 0.00 -16.52
2 0.60 0.04 0.00 0.28 -6.16
3 0.39 0.00 0.00 0.44 -5.86
4 0.78 0.00 0.00 0.22 -5.66
5 0.99 0.00 0.00 0.00 -4.92
6 0.87 0.01 0.02 0.08 -4.86
7 0.60 0.00 0.00 0.31 -3.92
8 0.45 0.10 0.01 0.38 -3.22
9 0.23 0.00 0.00 0.67 -1.41
10 0.00 0.57 0.05 0.10 6.43
11 0.11 0.02 0.04 0.25 10.09

At L point
1 0.00 0.00 0.94 0.00 -16.69
2 0.29 0.19 0.00 0.48 -7.51
3 0.77 0.00 0.00 0.25 -6.21
4 0.77 0.00 0.00 0.25 -6.21
5 0.98 0.00 0.00 0.00 -4.96
6 0.98 0.00 0.00 0.00 -4.96
7 0.71 0.09 0.00 0.20 -3.92
8 0.28 0.00 0.00 0.71 0.11
9 0.28 0.00 0.00 0.71 0.11
10 0.00 0.00 0.21 0.01 5.55
11 0.00 0.36 0.00 0.55 9.44
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Table 9.11: The projected weights of the Kohn-Sham wavefunction at LDA
level for ZnS with 12-electron Zn-PP at optimized lattice constant

At Γ point
Band index Zn− 3d Zn− 4s O − s O − p Energy(eV)

1 0.00 0.00 0.69 0.00 -13.49
2 0.88 0.00 0.00 0.08 -6.82
3 0.88 0.00 0.00 0.08 -6.82
4 0.88 0.00 0.00 0.08 -6.82
5 0.97 0.00 0.00 0.00 -6.30
6 0.97 0.00 0.00 0.00 -6.30
7 0.14 0.00 0.00 0.70 0.00
8 0.14 0.00 0.00 0.70 0.00
9 0.14 0.00 0.00 0.70 0.00
10 0.00 0.29 0.30 0.00 1.90
11 0.25 0.00 0.00 0.38 6.10

At K point
1 0.06 0.00 0.79 0.00 -12.11
2 0.80 0.01 0.00 0.09 -6.74
3 0.92 0.00 0.00 0.05 -6.53
4 0.94 0.01 0.00 0.01 -6.42
5 0.97 0.00 0.00 0.00 -6.26
6 0.91 0.00 0.03 0.00 -5.97
7 0.10 0.29 0.00 0.38 -4.97
8 0.10 0.00 0.00 0.46 -3.49
9 0.07 0.00 0.00 0.59 -1.73
10 0.06 0.10 0.03 0.04 3.86
11 0.03 0.17 0.00 0.28 5.86

At L point
1 0.04 0.04 0.79 0.00 -12.44
2 0.89 0.00 0.00 0.06 -6.70
3 0.89 0.00 0.00 0.06 -6.70
4 0.97 0.00 0.00 0.00 -6.27
5 0.97 0.00 0.00 0.00 -6.27
6 0.90 0.00 0.02 0.00 -6.08
7 0.02 0.02 0.00 0.41 -5.73
8 0.10 0.00 0.00 0.65 -0.97
9 0.10 0.00 0.00 0.65 -0.97
10 0.01 0.30 0.19 0.03 3.07
11 0.04 0.00 0.00 0.27 6.73
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(1982)

[40] http://opium.sourceforge.net/index.html

[41] P. E. Blöchl, Phys. Rev. B 50, 17953 (1994).
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