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Preface
The research topic of my PhD studies was the vortex matter in the twogap superconductors. I studied these materials mainly in the framework of
Ginzburg-Landau theory. During the ﬁrst year of my PhD I was mostly
directly solving full two-gap Ginzburg-Landau equations. I also reviewed
the published literature in order to determine the appropriate numerical parameters for the magnesium diboride, which is the most common two-gap
superconductor and also it was demonstrated to show the so-called Type-1.5
superconductivity, i. e., unusual stripe vortex patterns [1].
I began the investigations from two-gap superconducting thin ﬁlms, as
this seemed to be the simplest geometry. However, it turned out that the
most interesting eﬀects are found if the bands are of diﬀerent superconducting
type, i.e. one type-I, the other type-II, which is impossible to realize for the
very thin ﬁlms with the magnesium diboride parameters. Namely, if the
thickness of the ﬁlm is comparable to the penetration depth, the eﬀective
Ginzburg-Landau parameter for the type-I band changes eﬀectively to the
type-II. As a result, only the well-known type-II like behavior is realized and
the vortices form regular Abrikosov lattice. To overcome this restriction we
modiﬁed the program in order to compute the vortex states for arbitrary
thickness of the sample and also for the special case of the bulk limit, which
corresponds theoretically to the inﬁnitely thick sample. We focused on the
inﬂuence of the parameters of the model on the particular vortex states, and
studied the eﬀects of changing the Ginzburg-Landau parameter of the bands,
the ratio of the respective coherence lengths, and the Josephson coupling
within bands. More importantly, we also determined how the particular
vortex state would evolve with increasing the temperature, where we found
that the intervortex distances are growing. As a result, the Abrikosov vortex
lattice found in a thin sample dissolves when the sample is made thicker, as
one band changes from the eﬀective type-II to the type-I behavior. Along
this path, we have observed a gradual transition from the regular triangular
lattice through the stripe phase to the laminar phase. These results are in
principle experimentally veriﬁable.

x
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Together with Andrey Chaves (Universidade Federal do Ceará, Fortaleza,
Brazil) we made a short summary of the conditions for the existence of nonmonotonic (type-1.5) vortex-vortex interactions in two-gap superconductors
within Ginzburg-Landau theory. This manuscript has been published in
Phys. Rev. B and is included in this thesis as Chapter 4. Then in July
2010 several important new papers about two-gap superconductivity became
available on preprint server arxiv. Perhaps the most important one was the
one by Kogan and Schmalian [2]. The authors found an inconsistency within
the standardly used Ginzburg-Landau theory for two-gap superconductors
and have proven that it mixes terms of diﬀerent order in the expansion parameter τ = 1 − T /Tc (relative distance from the critical temperature). They
concluded that it is necessary to remove the higher order terms. This correcting approach led them to conclusion that even in two-gap superconductors
there is only a single Ginzburg-Landau parameter κ and single magnetic
penetration depth and coherence length for both bands together, thus there
is no space for the type-1.5 superconductivity. This conclusion is however
limited in validity to very close vicinity of the critical temperature, as was
shown later in paper by A. Shanenko et al. [3]. There the Ginzburg-Landau
theory has been derived from the microscopic BCS theory with greatest care
to include all the higher order terms, though only for the situation with zero
applied magnetic ﬁeld. We used this theory to calculate the healing lengths of
the two individual bands, which we indeed found to be diﬀerent, contrary to
the belief of Kogan et al. This paper was also published in Phys. Rev. B and
forms the core of Chapter 5. To further elucidate the relationship between
the predictions of the extended Ginzburg-Landau theory and the standard
two-gap Ginzburg-Landau theory, we investigated in detail their predictions
for a speciﬁc multigap superconductor LiFeAs and these comparisons are
discussed later in the same chapter.
We also wanted to estimate the validity region of the Ginzburg-Landau
type theories for two-band superconductors by the direct comparison with
the results of a microscopic theory, namely the Bogoliubov-de Gennes formalism. The calculations in the microscopic theory were done by Yajiang
Chen, then also a PhD student in our group. We found an unexpected peak
in the coherence length of the weak band as a function of temperature. We
investigated this eﬀect further and found that it ﬁnds place when the coupling
between bands is very weak (but still attainable in real two-band superconductors). The explanation of the eﬀect is as follows: If the interband coupling
was completely turned oﬀ, this weak-band coherence length would be in fact
diverging at Tc2 , the bare critical temperature of the weak band. However,
when the coupling is ﬁnite, this divergence does not completely disappear,
but remains in a “shadowed” form of a peak. This automatically enhances
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the disparity between two bands length scales, a necessary though not suﬃcient condition for the appearance of nonmonotonic intervortex interaction.
Finally, the fact that the amplitude of the weak band becomes small at Tc2
allowed us to construct an analytic approach valid at this temperature in the
limit of vanishing interband coupling. The results of our investigation were
published in Physical Review Letters and are reproduced here in Chapter 6.
Finally we investigated a bilayer structure made of two diﬀerent single-gap
superconductors, which we expected to show very similar phenomenology as
a two-gap superconductor, however much more easily tunable. The theoretical description which we used is a variant of the famous Lawrence-Doniach
model for high-temperature cuprates emphasizing the layered aspect of the
structure. We found that there is indeed a mid-range intervortex attraction
present and that this in combination with the long-range 1/r repulsion stemming from the interaction of stray magnetic ﬁelds of the vortices leads to
myriads of possible vortex structures forming soft-matter-like gels, glasses,
chain-like structures and other intriguing patterns. These results are published in Physical Review B and are also included in this thesis as Chapter 7.
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Chapter 1
Introduction to
superconductivity

In the following sections I will go shortly through all the basic information
necessary to understand the rest of my thesis. However, my goal is not to
be comprehensive, since many excellent books exist which provide more complete survey of the physics of superconductors at the introductory level. The
interested reader is therefore referred to for example Introduction to superconductivity by Michael Tinkham or P. G. de Gennes’s Superconductivity
of metals and alloys.

1.1

History of superconductivity

Superconductivity was discovered in 1911 in the laboratory of Heike Kammerlingh Onnes in Leiden, The Netherlands. Onnes was the ﬁrst in the world
to develop a technique to liquefy helium few years earlier and that enabled
experiments at temperatures around 4.2 Kelvin. Onnes and coworkers used
such experiments to see the temperature behavior of the resistivity of metals when cooled towards the absolute zero. Surprisingly, they found that
the resistivity of their mercury (Hg) sample dropped abruptly to unmeasurable values, i.e., became eﬀectively zero at low temperatures. Therefore the
ﬁrst deﬁning property of the superconductor is the perfect DC conductivity below the critical temperature Tc , which motivated also the name of the
phenomenon. In 1933 another important property of superconductors was
discovered - the perfect diamagnetism - meaning that the superconductor
completely expels the applied magnetic ﬁeld from its interior. This property
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is called the Meissner-Ochsenfeld eﬀect, after its discoverers.
The assumption of the coherent superconducting condensate, together
with general electromagnetic arguments and the Meissner-Ochsenfeld eﬀect,
led the London brothers to a ﬁrst theoretical description of superconductivity
in 1935. For decades the full quantum-mechanical understanding of superconductivity lagged behind the experiments, but ﬁnally a breakthrough was
achieved in 1950 [4] when the Ginzburg-Landau theory was proposed on phenomenological grounds, starting from the general Landau theory of secondorder phase transitions as we shall see in more detail in Sec. 1.3. Few years
later a microscopic theory was developed by Bardeen, Cooper and Schrieffer [5], hence called BCS theory after the initials of its founders. Bardeen,
Cooper and Schriefer found that the appearance of superconductivity is accompanied by formation of Cooper pairs, sort of loosely bound two-electron
molecules. The attractive interaction needed to bind the electrons was found
to originate in the electron-phonon interaction. The Cooper pairs are no
longer described by the fermionic statistics and as bosons they can occupy a
single coherent quantum state described by a macroscopic wave function Ψ.
We shall sketch the main points of the BCS theory in Sec. 1.5. Importantly,
two years after the BCS theory was published it was shown by Gor’kov [6]
that the originally phenomenological Ginzburg-Landau theory can be in fact
rigorously derived from the BCS theory and its coeﬃcients can be therefore
related to the microscopic material parameters such as the Fermi velocity vF
and density of states at the Fermi level N (0).
Another important leap forward was made by Abrikosov in 1957 [7], who
found that the Ginzburg-Landau equations allow the existence of superconductors with negative energy cost of superconductor-normal metal (S-N)
interface. He named this new class the type-II superconductors, materials
creating as much S-N interface as possible, which in turn leads to magnetic
ﬂux penetration in the sample in the smallest quantum-mechanically allowed
units - ﬂux quanta Φ0 = hc
.1 Every single line of the magnetic ﬂux has su2e
percurrents circulating around it which screen the magnetic ﬁeld and prevent
it from spreading to the rest of the sample. These circulating supercurrents
are the reason why this magnetic structure was named a vortex. Due to
the negative surface energy, vortices repel at all distances and as a consequence typically form a regular triangular lattice (called Abrikosov lattice).
In the opposite case of the type-I superconductors with positive energy cost
of forming interfaces, if the magnetic ﬁeld is too large and cannot be screened
completely anymore, the ﬂux penetrates the sample in the form of macro1

Throughout the text the formulas are given in CGS units as usual in the ﬁeld of
superconductivity.

1.2 The London equations
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scopic normal domains. The normal domains in type-I superconductors can
be circular, laminar or a combination thereof. Their actual shape in a particular sample depends on the shape of the sample, the material itself and its
purity, but also on the history. For example the domain structure is diﬀerent for increasing magnetic ﬁeld as compared to the structure for decreasing
magnetic ﬁeld, as depicted in Fig. 1.1 from Ref. [8].
In the course of the 20th century thousands of materials were found to
be superconducting, even though mostly with a very low critical temperature. After decades of slow progress it was widely believed that the superconductivity will remain in the helium temperatures. The term “helium
temperatures” refers to temperatures accessible with no other liqueﬁed gas
except rather rare and expensive helium. However, in 1986 a new family
of cuprate superconductors was discovered in Zürich by Bednorz and Müller
[9] with the critical temperatures eventually rising up to about 150 K. The
main building block of the cuprate superconductors are tetragonal copperoxygen planes. This discovery triggered a massive wave of research activity
aimed to understand the physical mechanisms behind this high-temperature
superconductivity, because it was understood early that pairing due to the
electron-phonon coupling is insuﬃcient to provide such high Tc . Despite the
eﬀorts the pairing mechanism is to date not convincingly understood; several
competing theories exist, none of them emerging as a clear winner. There is
however a body of experimental evidence for d-wave gap function, i.e., unlike
in the conventional s-wave superconductors the pairing interaction does not
open the gap in the excitation spectrum around the whole Fermi surface, but
instead there are nodes, points at the Fermi surface where the gap is zero.
This causes very diﬀerent behavior of various physical quantities, e.g., the
speciﬁc heat does not disappear exponentially as temperature approaches
absolute zero.
The timeline of the most important new superconductors as they were
discovered and their critical temperature are shown in Fig. 1.2.

1.2

The London equations

Let us attempt to describe the interaction of the superconductor with the
external magnetic ﬁeld in simple terms. The ﬁeld is assumed to be small
enough to not modify the density of superconducting electrons ns , which is
assumed to be independent of position.
The free energy of the superconductor can be written as
∫
E = Fs d3 r + Ekin + Emag ,
(1.1)

4
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Figure 1.1: Structure of the intermediate (between superconducting and normal metal) state in a disc-shaped Pb single crystal at 5 K obtained by the
magneto-optical technique. Light color is normal state, dark superconducting state. Left column: increasing magnetic ﬁeld after cooling in the zero
ﬁeld. Right column: decreasing ﬁeld. From Ref. [8].

1.2 The London equations

5

Figure 1.2: The most important superconductors displayed according to their
year of discovery and critical temperature. Open symbols indicate materials
under pressure. From Ref. [10].
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where Fs is the superconducting energy
Ekin the kinetic energy of
∫ 2 density,
3
the electric currents, and Emag = h /8π d r the energy of the magnetic
ﬁeld h.2 Visualizing the supercurrent as a ﬂow of superconducting electrons
of number density ns (per unit volume), charge e and mass m (free electron
charge and mass) moving with the superﬂuid velocity vs (r), one can calculate
the supercurrent density as
js = ns evs (r).
The total kinetic energy of such ﬂow of particles is then
∫
1
Ekin = d3 r ns mvs2 .
2

(1.2)

(1.3)

Moreover, the currents must obey the Maxwell equation:
∇×h=

4π
js .
c

(1.4)

Substituting this information into Eq. (1.1) we obtain
∫
[ 2
]
1
E = E0 +
h + λ2L |∇ × h|2 d3 r,
(1.5)
8π
∫
where we denoted E0 = Fs d3 r and the London penetration depth λL is
deﬁned as
[
]1/2
mc2
λL =
.
(1.6)
4πns e2
Now we look for the conﬁguration of the local magnetic ﬁeld h(r) which
minimizes the above energy, by searching for a variational ﬁxed point of
energy E with respect to small variation of the δh(r):
∫
1
δE =
[h · δh + λ2L (∇ × h) · (∇ × δh)]d3 r =
4π
∫
1
(1.7)
[h + λ2L (∇ × ∇ × h)] · δh d3 r,
4π
where the ﬁnal expression has been obtained by integration by parts. For δE
to be zero (stationarity condition), we must have
h + λ2L (∇ × ∇ × h) = 0.

(1.8)

We follow here the notation of Tinkham [11] to denote by h = ∇ × A the value of
magnetic ﬂux density on the microscopic scale, reserving B for the macroscopic average
value. A is the magnetic vector potential.
2
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Additional use of the vectorial identity ∇ × ∇ × h = ∇(∇ · h) − ∇2 h and
the Maxwell equation ∇ · h = 0 ﬁnally leads us to:
h/λ2L = ∇2 h,
2

2

(1.9)

2

∂
∂
∂
where ∇2 = ∂x
This equation was
2 + ∂y 2 + ∂z 2 is the Laplace operator.
ﬁrst derived by brothers Fritz and Heinz London, and together with the
Maxwell equation (1.4), it allows one to calculate the spatial distribution of
the magnetic ﬁelds and currents.
The simplest situation to consider is having a semi-inﬁnite superconductor ﬁlling the half-space x > 0, with applied homogeneous external ﬁeld
Ha parallel to the surface, where we want to calculate the ﬁeld proﬁle inside the superconductor. It is trivial to see that the appropriate solution of
Eq. (1.9) is h(x) = Ha e−x/λL , meaning that the magnetic ﬁeld decays
inside a superconductor with a characteristic length scale given by
the London penetration depth λL .

1.3

The Ginzburg-Landau (GL) theory

To describe phenomenologically the second-order phase transitions with temperature Landau introduced the idea of the order parameter, a quantity which
will be zero for the ground state above Tc and acquires non-zero value below Tc . In the case of superconductivity, the order parameter proposed by
Ginzburg and Landau was the wave function of the superconducting condensate Ψ(r) = |Ψ(r)|eiφ(r) , where |Ψ(r)|2 represents the local density of the
Cooper pairs, i.e., half of the density of superconducting electrons ns . If Ψ(r)
is small and varies slowly in space, one can expand the free energy density
as the polynomial of the order parameter and its gradients
(
) 2
β 4
1
~
2e
h2
2
fs = fn0 + α|Ψ| + |Ψ| +
∇
−
A
Ψ
,
(1.10)
+
2
2m∗
i
hc
8π
where m∗ = 2m is the mass of the Cooper pair, A is the magnetic vector
potential and the expansion coeﬃcients α and β will be discussed later. In
the absence of the superconductivity, i.e., for Ψ(r) = 0, the free energy
Eq. (1.10) reduces to the free energy density of the normal state fn0 + h2 /8π,
where fn0 (T ) = fn0 (0) − 21 γT 2 and γ is the electronic speciﬁc heat coeﬃcient,
also known as the Sommerfeld constant. The free energy density due to
superconductivity in the simplest case of no ﬁelds and gradients is
fs − fn = α|Ψ|2 +

β 4
|Ψ| ,
2

(1.11)
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which can be identiﬁed with the ﬁrst two terms in the series expansion in |Ψ|2 .
Apparently, Ψ itself cannot appear in the expansion, because it is a complex
quantity while the free energy is real, and neither can its real part because
the result may not be sensitive to the global phase of Ψ. Finally, the odd
powers of |Ψ| are excluded because they are not analytic at Ψ = 0, i.e., their
derivative is not well deﬁned there. In general, higher order terms, e.g., one
proportional to |Ψ|6 are possible, but are not necessary provided |Ψ| is small,
e.g., for temperatures close to the critical temperature. Therefore, if we stay
with the two leading order terms, we see that, for the theory to be of any use,
β must be positive, because otherwise the energy is not bounded from below,
i.e., arbitrarily low energy could be achieved which is unphysical. On the
other hand, both α > 0 and α < 0 are possible, and correspond to respective
situations where energy minimum occurs for |Ψ| = 0 (normal metallic√
state
with no superconducting condensate above Tc ), or for |Ψ| = Ψ∞ = − αβ
(in the superconducting state below Tc ). The notation Ψ∞ is introduced
because this is the equilibrium value of the order parameter far inside the
superconductor, i.e., in the bulk. From the above we see that α must change
sign exactly at Tc , therefore its leading-order temperature dependence can
be written as α(T ) = −a(1 − T /Tc ) with a > 0. Finally, we should explain
the physical meaning of the term in free energy density comprising ﬁelds and
gradients. This becomes clearer when the complex ﬁeld Ψ(r) = |Ψ(r)|eiφ(r)
is understood via two independent real ﬁelds: amplitude |Ψ(r)| and phase
φ(r). Then the free energy contribution from the ﬁelds and gradients can be
written as
[
]
(
)2
1
2eA
2
2
2
~ (∇|Ψ|) + ~∇φ −
|Ψ| ,
(1.12)
2m∗
c
so we see that ﬁrst term accounts for the energy cost of having gradients in the
amplitude of the order parameter, while the second term is the kinetic energy
of the superconducting electrons ns ( 12 mvs2 ), since one can identify ~∇φ −
2eA
= m∗ vs = 2mvs and |Ψ|2 = ns /2 (the density of the superconducting
c
electrons ns is twice the density of the Cooper pairs |Ψ|2 ).

1.3.1

Ginzburg-Landau equations

The total free energy of the superconductor
is given by the volume integral
∫
of the free energy density, F = f dV . Since the free energy density is a
functional of Ψ(r) and A(r), in order to ﬁnd which conﬁguration of Ψ(r) and
A(r) gives a minimum of the free energy, one needs to evaluate the necessary
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δF
δΨ∗

= 0 and
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δF
δA

= 0. This leads to the Ginzburg-Landau equations:
(
)2
1
~
2e
2
∇ − A Ψ = 0,
(1.13)
αΨ + β|Ψ| Ψ +
2m∗ i
c
c
e~
4e2
j=
∇ × h = ∗ (Ψ∗ ∇Ψ − Ψ∇Ψ∗ ) − ∗ |Ψ|2 A.
(1.14)
4π
mi
mc

The expression (1.14) is actually the standard quantum-mechanical formula
for the current of particles with mass m∗ , charge 2e and wave function Ψ(r).
The ﬁrst Ginzburg-Landau equation resembles the Schrödinger equation for
the above-mentioned particles with the energy eigenvalue −α. However,
unlike the Schrödinger equation it has an additional nonlinear term β|Ψ|2 Ψ.
This term acts as a repulsive potential of Ψ on itself and tends to favor the
conﬁgurations of Ψ maximally spread out in space.
Appropriate boundary conditions for Ginzburg-Landau equations are obtained during their derivation as [11]
(
)
~
2e
∇ − A Ψ = 0,
(1.15)
i
c
n

corresponding to no current passing through the surface, or, more generally
[12]
(
)
~
2e
i~
∇ − A Ψ = Ψ,
(1.16)
i
c
b
n

where b would be close to zero for an interface with a magnetic material, inﬁnity for an insulator, have some ﬁnite positive value for a metal, or negative
for a contact to a superconductor with higher Tc .

1.3.2

Characteristic length scales

Let us now understand the basic behavior of Ψ prescribed by the Eq. (1.13).
If A = 0, all the coeﬃcients in the diﬀerential equation are real, therefore we
can look for a real function Ψ, for simplicity only dependent on x-coordinate
(1D case). As seen before, in the absence of the gradients the solution of
αΨ + β|Ψ|2 Ψ +

~2 d2 Ψ
=0
2m∗ dx2

(1.17)

is just Ψ∞ . Let us therefore consider a normalized wave function f = Ψ/Ψ∞ ,
so that the Ginzburg-Landau equation becomes
~2 d2 f
+ f − f 3 = 0.
2m∗ |α| dx2

(1.18)
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From the dimensional analysis we see that the prefactor of the ﬁrst term has
dimensions of length squared. We thus introduce a length scale ξ(T ), known
as the Ginzburg-Landau coherence length,
ξ 2 (T ) =

~2
.
2m∗ |α(T )|

(1.19)

Since α ∝ τ = 1 − T /Tc , the temperature dependence of ξ must be τ −1/2 .
The equation (1.18) now reads
ξ 2 (T )

d2 f
+ f − f 3 = 0.
dx2

(1.20)

For boundary conditions f (0)√= 0 and f ′ (x → ∞) = 0 this equation has an
analytic solution f = tanh(x/ 2ξ). This means that the wave function Ψ
changes over characteristic distance of the order of the coherence
length ξ(T ), sometimes in literature also referred to as the healing length.

1.3.3

Ginzburg-Landau parameter κ

The Ginzburg-Landau parameter κ is deﬁned as ratio of the magnetic ﬁeld
penetration depth and the Ginzburg-Landau coherence length
κ = λ/ξ.

(1.21)

Since the temperature dependence of both characteristic lengths is the same
within the GL theory, κ is typically considered a material constant with
negligible temperature dependence. We shall see that the behavior of superconductors in the applied magnetic√ﬁeld is very diﬀerent depending on
whether their κ is less or more than 1/ 2.

1.3.4

Type-I superconductors

Type-I superconductors are the ones with κ < √12 . Most of the superconducting elements are type-I superconductors. Examples include aluminium,
lead, mercury, tin and many others.
Any superconductor stops being superconducting for a suﬃciently high
applied ﬁeld. The ﬁeld at which the energy cost of screening the magnetic
ﬁeld becomes equal to the energy gain from forming a condensate is called
the thermodynamic critical ﬁeld Hc . According to this deﬁnition we have
Hc2
= fn (T ) − fs (T ),
8π

(1.22)

1.3 The Ginzburg-Landau (GL) theory

11

where fn (T ) and fs (T ) are the Helmholtz free energy densities in the normal respectively superconducting state.3 It can be shown that the normal
phase and the superconducting phase have equal thermodynamic potential
G (and therefore can coexist) only at applied ﬁeld Ha = Hc . This is true for
the samples with zero demagnetizing factors, i.e., for long, thin cylinder or
sheet parallel to the applied magnetic ﬁeld. For these geometries the ﬁeld
everywhere along the surface is just equal to the applied ﬁeld. For other
geometries the ﬁeld at some points on the surface will exceed the applied
ﬁeld. For this reason the type-I superconductors with nontrivial geometry
(nonzero demagnetization factor, e.g. spherical sample) will exhibit the intermediate state. This means that for applied magnetic ﬁelds below and close
to the thermodynamic critical ﬁeld Hc the superconductor cannot be fully
in the normal state, but also cannot be superconducting in its whole volume. Therefore the resulting state is a mix of macroscopic normal and
superconducting domains, as shown in Fig. 1.1.
Since the normal metal (N) and superconducting (S) regions coexist, we
can calculate the domain wall energy, i.e., the energy per unit area of the SN
interface. We will see that this energy is positive for type-I superconductors,
therefore the SN interfaces are minimized.
To calculate the domain wall energy, we need to ﬁrst solve the GinzburgLandau equations and ﬁnd the proﬁle of the magnetic ﬁeld B and of the order
parameter Ψ going from the vacuum (at x → −∞), where H = Ha = Hc
and Ψ = 0 to the bulk of the superconductor (for x → ∞), where H = 0
and Ψ = Ψ∞ . Then we insert this solution into the GL free energy density
functional and integrate across the interface. By deﬁnition when Ha = Hc
the energy of purely superconducting state and purely normal state are equal,
therefore any excess energy with respect to this value is solely due to the SN
interface.
In this case the quantity ﬁxed is the magnetic ﬁeld H, and we need to
use the thermodynamic potential G. We calculate the SN interface energy γ

3

The Helmholtz free energy F is appropriate thermodynamic potential for the case
when B is constant,∫ i.e., there is no induced electromagnetic ﬁeld. The thermodynamic
potential G = F − d3 r B·H
4π needs to be used in case the magnetic ﬁeld H is ﬁxed (i.e.,
we maintain constant current through the material).
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as:
(
)
hHc
γ=
(gsH − fs0 )dx =
fsH −
− fs0 dx
(1.23)
4π
−∞
−∞
]
(
) 2
∫ ∞[
(h − Hc )2
β 4
1
~∇ 2eA
2
dx.
=
α|Ψ| + |Ψ| +
−
Ψ +
2
2m∗
i
c
8π
−∞
(1.24)
∫

∞

∫

∞

The last term is obtained by summing h2 /8π from the Helmholtz energy with
−hHc /4π for the transformation to thermodynamic potential G, and Hc2 /8π
for fn0 − fs0 . We can simplify this because we know that we are dealing
with the solution of the Ginzburg-Landau equations, so they must also be
satisﬁed. Therefore we take the ﬁrst GL equation (1.13), multiply it by Ψ∗
and integrate from −∞ to ∞ (the derivative term is integrated by parts), to
get
) 2]
(
∫ ∞[
~∇
2eA
1
0=
−
Ψ dx.
α|Ψ|2 + β|Ψ|4 +
(1.25)
2m∗
i
c
−∞
As a consequence, our expression for the surface energy simpliﬁes to
]
∫ ∞[
β 4 (h − Hc )2
γ=
.
(1.26)
− |Ψ| +
2
8π
−∞
This clearly shows how the surface energy is determined by the balance of
the negative condensation energy (ﬁrst term) and the positive energy cost of
screening the magnetic ﬁeld (second term). Quantitative results can only be
obtained numerically (for tabulated values see Ref. [13]), but in general one
ﬁnds that γ is approximately proportional to ξ − λ. Therefore, for type-I
superconductors where λ ≪ ξ the surface energy is positive, while in the
opposite case the surface energy is negative and qualitatively new physics
√
arises. The precise boundary between these two regimes lies at κ = 1/ 2.

1.3.5

Type-II superconductors

Type-II superconductors have κ > √12 . Most of the alloys and compounds
which show superconductivity belong to this category, as do all high-Tc superconductors.
In the type-II superconductors the normal metal-superconductor interface
energy is negative, which results in the magnetic domains splitting to the
smallest possible units. This process is only limited by the quantization of
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the magnetic ﬂux in units of Φ0 . Therefore in type-II superconductors the
ﬂux can pass through the sample in the form of quantized vortices, each of
them carrying the ﬂux Φ0 . Strictly speaking it is not the magnetic ﬂux itself
which is quantized, but the ﬂuxoid Φ′ associated with each hole or normal
region passing through the superconductor,
I
4π
′
Φ =Φ+
λ2 jS · ds.
(1.27)
c
The ﬁeld value at which the energy of the superconductor without any
vortex is the same as that of the superconductor with one vortex is the lower
critical ﬁeld Hc1 . At this ﬁeld the magnetic ﬁeld starts to penetrate the
superconductor. On the other hand, if the ﬁeld is so high that the vortex
cores begin to overlap, the entire material becomes normal. That ﬁeld is
called the upper critical ﬁeld Hc2 and is given by Hc2 (T ) = Φ0 /(2πξ 2 ).
Between the two critical ﬁelds the vortices are present in the type-II
superconductor and they form a regular triangular Abrikosov lattice due to
the fact that their mutual interactions are purely repulsive. Apart from the
eﬀects of strong pinning by the defects of the underlying crystal structure or
by the artiﬁcially introduced pinning centers the vortices in superconductors
are thus expected to form a periodic structure.
A vortex consists of a normal core with radius ξ surrounded by a layer
of screening supercurrents extending to distance λ. The neighboring vortices
normally repel due to the Lorentz force exerted by the supercurrent of one
vortex on the magnetic ﬂux of the other (F = j × Φ0 ).
The vortex proﬁle can be calculated in the London model, which assumes
ξ → 0, i. e., point-like vortex core. The ﬁnite size of the vortex core is accounted for in the Clem model (1975), where at low ﬁelds (otherwise vortices
overlap) the magnetic ﬁeld of the vortex is:
Φ0 K0 ((r2 + ξv2 )1/2 /λ)
,
(1.28)
2πλξv
K1 (ξv /λ)
with K0 and K1 the modiﬁed Bessel functions.
Additionally when interpreting the interactions between the vortices in
the experiments one should be aware of the eﬀects of the sample boundary (surface barrier to vortex entry (Bean and Livingston 1964)), Meissner
belt, geometrical barrier and ﬁnally the mesoscopic eﬀects, when sample size
becomes comparable to ξ.
B(r) =

1.3.6

Superconductors at the type-I/type-II crossover

At this place it is appropriate to recall that the picture of two
√ strongly
contrasting types of superconductivity strictly divided by κ = 1/ 2, as pre-
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sented in the previous two sections, is actually oversimpliﬁed. Already in
1970’s it was observed
that type-I to type-II transition occurs at ﬁnite in√
terval of κ ≈ 1/ 2. From the available literature let us particularly discuss
the experimental work by Auer and Ullmaier [14]. They studied the samples of TaN, tuned from pure Tantalum which is a type-I superconductor
√
with κ = 0.355 by addition of Nitrogen impurities through κ ≈ 1/ 2 till
κ = 1.535. They demonstrated (see Fig. 1.3) that between pure type-I and
pure type-II (there called type-II/2) there exists a region of type-II/1 superconductivity, with a particular magnetic response. Namely, in this regime
the magnetization shows a ﬁnite jump at Hc1 , as shown in Fig. 1.4. This
behavior is due to the long-range attraction between vortices which causes
them to penetrate the sample immediately in higher density than prescribed
by the Abrikosov lattice constant at Hc1 . For further examples one is referred
to E. H. Brandt and Das [15] and the classic √
book by Huebener [16].
From the theoretical point of view, κ = 1/ 2 is the Bogomol’nyi point of
the GL theory [17]. It has an inﬁnite number of degenerate solutions for the
superconducting state, as each vorticity has the same energy there. Within
Ginzburg-Landau
theory, κ is temperature independent and therefore it pre√
dicts κ = 1/ 2 as universal dividing value at all temperatures, regardless of
whether one considers the sign of the normal metal-superconductor interface
energy, Hc = Hc1 , Hc = Hc2 or the long-range vortex asymptotics. However
if one uses microscopic theory for that consideration, one gets corrections to
this behavior - more in agreement with the actual experimental observations
[18].

1.4

The Lawrence-Doniach model for layered
superconductors

The Lawrence-Doniach model [19] can be understood as a modiﬁcation of the
anisotropic Ginzburg-Landau theory for the extremely anisotropic (layered)
materials, where the discrete superconducting layers are only weakly coupled
in the perpendicular direction. It is widely applied to the high-Tc cuprate superconductors as it is able to capture their highly anisotropic behavior which
in some cases even becomes eﬀectively two-dimensional (as expected from a
stack of decoupled superconducting ﬁlm planes). We will refer to this model
in Chapter 7, where we will use its modiﬁcation to study a superconducting
bilayer composed of two single-band superconductors.
In the Lawrence-Doniach model the layered superconductors are viewed
as a stacked array of two-dimensional superconductors. Within each layer
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Figure 1.3: Phase diagram of the magnetic behavior for the TaN system.
Both the Ginzburg-Landau parameter κ (lower abscissa) and the impurity
parameter α (upper abscissa) are proportional to the amount of dissolved
nitrogen. From Ref. [14].
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Figure 1.4: Magnetization curves for TaN sample with κ = 0.665, exhibiting
the type-I behavior at the higher temperatures, and type-II/1 behavior at the
lower temperatures. In the latter, the magnetization shows a discontinuity
at Hc1 , i.e., ﬁrst order transition to the intermediate state. From Ref. [14].
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the GL order parameter Ψn (x, y) is a 2D function. The layers are coupled
together by Josephson tunneling between adjacent layers. When the superconducting coherence length ξ is much larger than the distance between the
layers, as is for example always the case close to Tc , the eﬀective behavior
is three-dimensional and the Lawrence-Doniach model gives essentially the
same results as the anisotropic Ginzburg-Landau theory. If the coherence
length is insuﬃcient to “bridge” the layers, the eﬀective behavior becomes
two-dimensional. Let us take the layers to be in the ab plane, while the
perpendicular direction will be denoted c as usual in crystallography. The
Cartesian coordinates x and y then lie in the ab plane, while the z axis is
along the c direction. The perpendicular distance between the layers is denoted by s. Then in the absence of the magnetic ﬁeld we can write the free
energy of the Lawrence-Doniach model as
(
)
2
2
2
∑ ∫ [
1
~
∂Ψ
∂Ψ
n
n
F =
s
α|Ψn |2 + β|Ψn |4 +
+
(1.29)
2
2mab
∂x
∂y
n
]
~2
2
|Ψ
−
Ψ
|
dS,
+
n
n−1
2mc s2
where the sum runs over the layers and the integral is over the area of each
layer. At this point we have only introduced diﬀerent eﬀective masses mab
and mc to describe diﬀerent modes of charge transport within each layer
and between neighboring layers and discretized the derivative along the zdirection. The reason to call the last term Josephson coupling becomes clear
if we write Ψ = |Ψn |eiφn and assume that the amplitude of the order parameter |Ψn | is the same same in all layers. Then that term becomes simply
~2
|Ψn |2 [1 − cos(φn − φn−1 )],
(1.30)
2
mc s
and is seen to have the same form as the Josephson energy. If we minimize
variationally the Lawrence-Doniach free energy Eq. (1.29) with respect to Ψ∗n
we get the LD equation for Ψn
∂2
~2
~2 ∂ 2
( 2 + 2 )Ψn −
(Ψn+1 − 2Ψn + Ψn−1 ) = 0,
2mab ∂x
∂y
2mc s2
(1.31)
where in the last term we recognize the discrete second derivative. With the
inclusion of magnetic ﬁeld i.e. non-zero vector potential A we would have
αΨn + β|Ψn |2 Ψn −

αΨn + β|Ψn |2 Ψn −
−

2e
~2
(∇ − i A)2 Ψn
2mab
~c

~2
(Ψn+1 e−2ieAz s/~c − 2Ψn + Ψn−1 e2ieAz s/~c ) = 0.
2mc s2

(1.32)
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In the mab term the gradient operator ∇ and A are two-dimensional vectors
in the xy plane.
We recover the anisotropic GL theory if the variation of Ψ along the z
direction is smooth enough so that we can replace (Ψn −Ψn+1 )/s with ∂Ψ/∂z.
For example Eq. (1.32) becomes
( )
~2
2e
2e
1
2
αΨ + β|Ψ| Ψ − (∇ − i A)
(∇ − i A)Ψ = 0,
(1.33)
2
~c
m
~c
where 1/m is the reciprocal mass tensor i.e. diag(1/mab , 1/mab , 1/mc ).

1.5

The BCS theory

In the last two sections of this chapter we turn our attention to the microscopic theories of superconductivity, namely the Bardeen-Cooper-Schrieﬀer
(BCS) theory and the Bogoliubov-de Gennes theory. We will later employ the
two-gap version of these theories in Chapter 6 to study the gap amplitudes
and the vortex size as a function of temperature.
The conjecture by Fröhlich that it is the interaction between phonons and
electrons which is responsible for superconductivity dates back to 1950, when
also the isotope eﬀect was discovered.4 The isotope eﬀect is the observation
that the superconducting samples made of a diﬀerent isotope of the same
chemical element have a diﬀerent critical temperature, roughly following Tc ∝
M −1/2 , where M is the mass of the relevant ion. When a compound does show
isotope eﬀect, it is a strong indication that the superconductivity is mediated
by the lattice vibrations, i. e. phonons, whose characteristic frequency (and
therefore also energy) ωq is also proportional to M −1/2 .
The interaction between electrons mediated by phonons can be eﬀectively
attractive for the electrons with energies within the small energy window
around the Fermi energy EF despite the ever-present Coulomb repulsion.5
For the case of the phonon-mediated interaction, this energy window is the
Debye energy ~ωD . This is the typical energy scale of the phonons present
in the material and can be about 0.03 eV - 0.1 eV (few hundreds of Kelvin).
It was Cooper who realized that with no matter how small attractive
interaction between electrons the Fermi sea becomes unstable with respect
4
It was long believed that these two events happened independently, but it recently
appeared that Fröhlich, himself a theorist, might have been aware of the early experimental
data on the isotope eﬀect [20].
5
The derivation of this result can be found in the lecture notes by Piers Coleman [21],
section on Interacting electrons and phonons and the chapter on the BCS theory, in the
lecture notes by Timm Carsten [22] and in various textbooks on superconductivity.
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to creation of bound states of two electrons in the time-reversed states |k, ↑⟩
and |−k, ↓⟩, so called Cooper pairs. One can then guess that the new ground
state of the system would be a superposition of states built up from these
pairs, which is captured in the following ansatz
∏
(1.34)
|ΨBCS ⟩ =
(u∗k + vk∗ c†k↑ c†−k,↓ )|0⟩,
k

where |0⟩ is the true vacuum i.e. state without any electrons and uk and
vk are complex coeﬃcients characterizing the probability that the speciﬁc
Cooper pair state is unoccupied or occupied. We demand the BCS wave
function to be normalized: ⟨ΨBCS |ΨBCS ⟩ = 1:
⟨ΨBCS |ΨBCS ⟩ =

∏

⟨0|(uk + vk c−k,↓ ck↑ )(u∗k + vk∗ c†k↑ c†−k,↓ )|0⟩

(1.35)

k

=

∏

⟨0||uk |2 + |vk |2 c−k,↓ ck↑ c†k↑ c†−k,↓ |0⟩

k

=

∏

⟨0||uk |2 + |vk |2 c−k,↓ (1 − c†k↑ ck↑ )c†−k,↓ |0⟩

k

=

∏

!

(|uk |2 + |vk |2 ) = 1.

k

Therefore it is suﬃcient to require
|uk |2 + |vk |2 = 1

(1.36)

individually for each k for the BCS wave function |ΨBCS ⟩ to be normalized
(any other choice would select some special values of k).
It is important to note that the wave function |ΨBCS ⟩ is a combination of
states with diﬀerent number of Cooper pairs, ranging from zero Cooper pairs
to all electrons paired. The average number of particles in the condensate is
∑
⟨N ⟩ =
⟨ΨBCS |c†kσ ckσ |ΨBCS ⟩
(1.37)
kσ

=

∑

⟨0|(uk + vk c−k,↓ ck↑ )(c†k↑ ck↑ + c†−k,↓ c−k,↓ )(u∗k + vk∗ c†k↑ c†−k,↓ )|0⟩

k

=2

∑
k

2Ω
|vk | =
(2π)3
2

∫
dk |vk |2 ,

which scales as a system
√ the other hand, the variance of
√ volume Ω. On
the particle number ⟨(N − ⟨N ⟩)2 ⟩ = ⟨N 2 ⟩ − ⟨N ⟩2 is only proportional
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√
√
to Ω. Since for any macroscopic system Ω ≫ Ω, the typical number of
particles described by the BCS wave function is a well-deﬁned quantity.
The BCS theory models the attraction between the electrons in the following way:
{
−V if |ξk | < ωD and |ξk′ | < ωD
(1.38)
Vkk′ =
0
otherwise ,
neglecting the repulsive part of the interaction. Then the many-body Hamiltonian is
Ĥ =

∑
k,σ

ξk c†kσ ckσ −

1∑
Vkk′ c†k↑ c†−k↓ c−k′ ↓ ck′ ↑ + h.c.,
Ω k,k′

(1.39)

where
ξk =

~2 k2
−µ
2m

(1.40)

is the kinetic energy of the electrons measured with respect to the chemical
potential µ, here written in the parabolic band approximation. The chemical
potential is present because the wave function (1.34) does not describe a
state with the ﬁxed number of particles, therefore we need to work in the
grand-canonical ensemble. In the Hamiltonian (1.39) we only included the
scattering of Cooper pairs from the state (k′ ↑, −k′ ↓, ) to (k ↑, −k ↓). This
is ﬁrstly because Cooper pairs formed by electrons with opposite spin will
have lower energy due to the Pauli exclusion principle.6 Secondly, provided
that the Fermi surface is spherical, the scattering of Cooper pairs from the
state (k′ , −k′ ) to (k, −k) has the largest “phase-space” available from all
(k′ + Q, −k′ ) → (k + Q, −k) possibilities.7
The next step is to ﬁnd the coeﬃcients uk and vk which would minimize
the ground state energy Es = ⟨ΨBCS |Ĥ|ΨBCS ⟩. Using Eqs. (1.34) and (1.39),
6
There are however few exceptional materials such as Sr2 RuO4 , 3 He, where the pairing occurs between the fermions with the same spin (so-called triplet superconductivity/superﬂuidity).
7
Non-zero Cooper-pair center-of-mass momentum Q can be favorable for Fermi surfaces
possessing a non-trivial nesting vector i.e. some (nearly) parallel portions of Fermi surface.
This is much more likely to occur in one- or two-dimensional systems and in multiband
materials. Such pairing is then called the FFLO state (after Fulde, Ferrel, Larkin and
Ovchinnikov) or the Cooper-pair density wave, but it has yet to be convincingly experimentally observed. Interesting theoretical studies exploring the FFLO state in multiband
superconductors are e. g. Refs. [23, 24].
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Es = ⟨ΨBCS |
=2

∑

∑
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ξk c†kσ ckσ −

k,σ

ξk |vk |2 −

k

1∑
Vkk′ c†k↑ c†−k↓ c−k′ ↓ ck′ ↑ + h.c.|ΨBCS ⟩
Ω k,k′

1∑
(Vkk′ uk′ vk vk∗ ′ u∗k + c.c.),
Ω k,k′

(1.41)

where the sums are restricted to electrons in the Debye window around the
Fermi energy. The contribution of the interaction term can be seen from the
physical term it describes: we started from the occupied Cooper pair state
(k′ , −k′ ) and empty (k, −k) and we ended in occupied (k, −k), but empty
(k′ , −k′ ). The occupied Cooper pair gives a factor of v, the empty u, with
the corresponding momentum index. Finally the starting states are complex
conjugated.
Now, taking uk and vk real,8 the normalization condition (1.36) is automatically satisﬁed by the following parametrization:
uk = sin(θk ),
vk = cos(θk ).
Then we have
Es =

∑

2ξk cos2 θk −

k

1 ∑
Vkk′ sin 2θk sin 2θk′ ,
2Ω kk′

(1.42)
(1.43)

(1.44)

which is minimal when:
tan(2θk ) = −∆k /ξk ,
where
∆k =

1 ∑
1∑
Vkk′ sin(2θk′ ) =
Vkk′ uk′ vk∗ ′ .
2Ω k′
Ω k′

(1.45)
(1.46)

In the last equation the complex form of u and v has been recovered on the
basis of Eq. (1.41).
√
We employ the trigonometric identities cos(arctan x) = 1/ 1 + x2 and
cos(2x) = 2 cos2 x − 1 to ﬁnd
√
ξk
1
∆∗k
(1 −
), ,
(1.47)
vk =
|∆k | 2
Ek
√
ξk
1
(1 +
),
(1.48)
uk =
2
Ek
8

This is not necessary, but it simpliﬁes the calculation. We can take one of them real,
because there is a global phase associated to |ΨBCS ⟩ and the remaining phase can be for
the moment absorbed into the phase of Vkk′ , if needed.
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where

√
Ek =

∆2k + ξk2 ,

(1.49)

and the complex phase of v was recovered from Eq. (1.46), while u has been
chosen to be real.
Finally we insert the coeﬃcients u and v from Eqs. (1.47) into Eq. (1.46)
to get the celebrated BCS gap equation (so far at T = 0):
∆k =

∆k′
1∑
Vkk′
.
Ω k′
2Ek′

(1.50)

The ﬁnite temperature version of Eq. (1.50) is
∆k =

1∑
∆k′
Ek′
Vkk′
tanh(
),
Ω k′
2Ek′
2T

(1.51)

and can be derived in the more general way through treating the BCS Hamiltonian in the mean-ﬁeld manner, thereby making it quadratic, using the Bogoliubov transformation to diagonalize it, and identifying new excitations bogoliubons - as noninteracting fermions.
For the model BCS interaction Vkk′ (Eq. (1.38)) which is isotropic, the
quantity ∆k is actually k-independent, ∆k = ∆.

1.6

The Bogoliubov-de Gennes equations

The Bogoliubov-de Gennes (BdG) theory allows one to consider superconducting condensate and excitations (as in the BCS theory), but now in a
spatially dependent situation, for example in the presence of impurities or
vortices. We will solve the two-band BdG equations numerically in Chapter 6
to ﬁnd the temperature dependence of the vortex core size in the two-band
superconductors, in the interesting limit of vanishing interband coupling.
BdG equations are a generalization of Hartree-Fock equations for the case
of superconductivity. They consist of two Schrödinger-like equations coupled
by a pair potential ∆(r) (also called order parameter). The BdG equations
should be solved self-consistently with the expressions for the Hartree-Fock
potential U (r) and the order parameter. In this thesis I only present the
basic equations following de Gennes’s book [12]. The details of numerical
implementation of the BdG equations can be found in the PhD thesis of
Yajiang Chen [25].
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Bogoliubov-de Gennes equations We ﬁrst rewrite the Hamiltonian of
an interacting electron system in terms of ﬁeld operators Ψ̂(rα),
Ĥ = Ĥ0 + Ĥ1 ,
∫
∑
Ĥ0 = dr
Ψ̂† (rα)He (r)Ψ̂(rα),
∫

α

1
Ĥ1 = − V
2

dr

∑

Ψ̂† (rα)Ψ̂† (rβ)Ψ̂(rβ)Ψ̂(rα),

(1.52)
(1.53)
(1.54)

αβ

where α and β denote spin and
He (r) =

1
eA 2
(−i~∇ −
) + U0 (r) − µ,
2me
c

(1.55)

where A is the vector potential of the external magnetic ﬁeld and µ the chemical potential. We do not take into account that the electron spins could be
ﬂipped due to the magnetic ﬁeld. U0 is an arbitrary spin-independent external potential. Furthermore, the interaction between electrons V has been
modeled by a simple spin-independent contact potential V (r, r′ ) = V δ(r−r′ ).
The ﬁeld operators are deﬁned through the expansion in terms of electron
creation and annihilation operators c†kα and ckα using some complete set of
single-electron wave functions wk (r) as follows:9
∑
wk (r)ckα ,
(1.56)
Ψ̂(rα) =
k

Ψ̂† (rα) =

∑

wk∗ (r)c†kα .

(1.57)

k

They satisfy the anticommutation rules
[Ψ̂(rα), Ψ̂† (r′ β)]+ = δαβ δ(r − r′ ),

(1.58)

[Ψ̂(rα), Ψ̂(r′ β)]+ = 0,

(1.59)

[Ψ̂† (rα), Ψ̂† (r′ β)]+ = 0.

(1.60)

Now we want to replace the interaction term V Ψ̂† Ψ̂† Ψ̂Ψ̂ by the sum of terms
such as V ⟨Ψ̂† Ψ̂† ⟩Ψ̂Ψ̂. We try the eﬀective Hamiltonian of the form
∫
∑
Ĥeﬀ = dr{ [Ψ̂† (rα)He (r)Ψ̂(rα) + U (r)Ψ̂† (rα)Ψ̂(rα)]
α
†

+ ∆(r)Ψ̂ (r ↑)Ψ̂† (r ↓) + ∆∗ (r)Ψ̂(r ↓)Ψ̂(r ↑)}.
9

They must satisfy
waves wk (r) = eik·r .

∑
k

(1.61)

wk∗ (r)wk (r′ ) = δ(r − r′ ). One possible choice are the plane
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The ﬁrst term represents the kinetic energy of the electrons, the second is
the Hartree-Fock energy, and the last two terms arise due to the formation
of the Cooper pairs.
Disregarding for the moment that we do not know the precise form of
U (r) and ∆(r), the eﬀective Hamiltonian is quadratic and as such it can be
diagonalized by some linear combination of the original ﬁeld operators (the
Bogoliubov-Valatin transformation):
∑
†
Ψ̂† (r ↑) =
[u∗n (r)γn↑
− vn (r)γn↓ ],
(1.62)
n

†

Ψ̂ (r ↓) =

∑

†
+ vn (r)γn↑ ],
[u∗n (r)γn↓

(1.63)

∑
†
[un (r)γn↑ − vn∗ (r)γn↓
],

(1.64)

n

and
Ψ̂(r ↑) =

n

Ψ̂(r ↓) =

∑

†
[un (r)γn↓ + vn∗ (r)γn↑
].

(1.65)

n

The physical meaning of, for example, the ﬁrst transformation is that the
state with spin up can be created either by adding a particle with spin up
or by removing a particle with spin down (creating a hole). Therefore un (r)
and vn (r) are called particle-like and hole-like wave functions respectively.
†
New operators γnσ and γnσ
must be fermionic,

and also it must hold
∑

†
[γnα , γmβ
]+ = δαβ δnm ,

(1.66)

[γnα , γmβ ]+ = 0,

(1.67)

u∗n (r)un (r′ ) + vn (r)vn∗ (r′ ) = δ(r − r′ )

(1.68)

n

so that the anticommutation relations for Ψ̂’s are satisﬁed. We want the new
γ operators to diagonalize the eﬀective Hamiltonian of the excitations above
the ground state:
∑
†
γnα ,
(1.69)
Ĥeﬀ =
En γnα
nα

where Eg is the energy of the ground state and En is the energy of the
†
and destroyed by γnα . This can be reformulated
quasiparticles created by γnα
as:
[Hˆeﬀ , γnα ] = −En γnα ,
[Hˆeﬀ , γ † ] = En γ † .
nα

nα

(1.70)
(1.71)

1.6 The Bogoliubov-de Gennes equations

25

We confront these relations with the commutators of Ĥeﬀ with the ﬁeld
operators:
[Ψ̂(r ↑), Ĥeﬀ ] = [He (r) + U (r)]Ψ̂(r ↑) + ∆(r)Ψ̂† (r ↓),
†

[Ψ̂(r ↓), Ĥeﬀ ] = [He (r) + U (r)]Ψ̂(r ↓) − ∆(r)Ψ̂ (r ↑).

(1.72)
(1.73)

†
By comparing the coeﬃcients of operators γnα and γnα
when we evaluate
[Ψ̂(r ↓), Ĥeﬀ ], we get the Bogoliubov-de Gennes equations:
(
)(
)
(
)
He (r) + U (r)
∆(r)
un (r)
un (r)
= En
. (1.74)
∆∗ (r)
−He∗ (r) − U (r)
vn (r)
vn (r)

Self-consistency conditions Demanding that the eﬀective Hamiltonian
and the original Hamiltonian be stationary for the same wave functions, the
self-consistency equations are found to be [12, 26]:
U (r) = −V ⟨Ψ̂† (r ↑)Ψ̂(r ↑)⟩ = −V ⟨Ψ̂† (r ↓)Ψ̂(r ↓)⟩,

(1.75)

∆(r) = −V ⟨Ψ̂(r ↓)Ψ̂(r ↑)⟩ = V ⟨Ψ̂(r ↑)Ψ̂(r ↓)⟩.

(1.76)

We now rewrite the above in terms of γ-operators and then evaluate the
thermal averages using the Fermi-Dirac distribution (since they are free
fermions):
†
⟨γnα
γmβ ⟩ = δnm δαβ fF D
⟨γnα γmβ ⟩ = 0,
(n)

(1.77)
(1.78)

.

(1.79)

where the Fermi-Dirac distribution is
1

(n)

fF D =

eEn /kB T

+1

Then we have
U (r) = −V

∑

(n)

(n)

[|un (r)|2 fF D + |vn (r)|2 (1 − fF D )],

n

∆(r) = V

∑

un (r)vn∗ (r)(1 − 2fF D ).
(n)

(1.80)
(1.81)

n

Note that the summation in the expression for U (r) goes over all electronic
states, while the one in ∆(r) term is limited to the states in the Debye window
|ξn | < ~ωD where
∫
ξn = dr{u∗n (r)[He (r) + U (r)]un (r) + vn∗ (r)[He (r) + U (r)]vn (r)} (1.82)
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is the original single particle energy plus the Hartree-Fock energy. If there is
external magnetic ﬁeld, the single electron Hamiltonian He should nevertheless be taken as if A = 0. Finally the chemical potential is also determined
self-consistently in order to get the correct density of electrons
∫
∑
2
ne =
dr
[|un (r)|2 fn + |vn (r)|2 (1 − fn )].
(1.83)
Ω
n

Chapter 2
Two-gap superconductivity
2.1

Multi-gap superconductors

The superconducting electrons often originate from multiple bands crossing
the Fermi surface. The amplitude of the superconducting gap for these bands
is in general not the same. If these amplitudes diﬀer to the extent that the
overall behavior seen in experiments is no longer well-described within the
single gap picture, we classify the material as a multi-gap superconductor.
The experimental evidence for such relatively unusual situation is seen for
example in the results of electronic speciﬁc heat measurements cv (T ), in
the heat current experiments, in the behavior of the second critical ﬁeld
Hc2 (T ) and in the density of states determined by STM. We will discuss
these experiments more in the following sections.
In the 2001 the story of the two-gap superconductors, the topic of this
thesis, gained momentum with the discovery of the phonon-mediated superconductor magnesium diboride MgB2 with critical temperature of 39 K.
The MgB2 crystal structure, band structure and gap values distribution as
a function of energy are displayed in Fig. 2.1. It was not the ﬁrst multigap
superconductor, however it was the ﬁrst one with very clearly observable
multiple gaps and its discovery lead to great development in the theory of
the multigap systems.
In 2008 another large family of iron-based superconductors was discovered
and while they do not (so far) reach the critical temperatures of the cuprates,
they are clearly not explained by exclusively phonon-mediated mechanism.
They are composed of iron-pnictide layers typically intercalated with other
elements, see Fig. 2.2. Despite their layered structure, their properties are
less anisotropic than those of cuprates. There are always multiple bands
crossing the Fermi surface. Most often the bands are quite regular cylinders,
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Figure 2.1: (a) The band structure, (b) the gap values distribution as a
function of energy and (c) the crystal structure of magnesium diboride, a
two-gap superconductor with critical temperature of 39 K. From Ref. [27].
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Figure 2.2: The crystal structure of ﬁve so-far discovered families of ironbased superconductors and one potential candidate structure. Tc is the maximum critical temperature achieved in the particular family, HP stands for
high pressure. From Ref. [28].
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Figure 2.3: The band structure of selected iron-based superconductors (with
the exception of panel (c) which shows antiferromagnetic parent compound
BaFe2 As2 ). From Ref. [29].
with diﬀerent portions of the Fermi surface well nested as depicted in Fig. 2.3.
In some materials the dispersion along the z axis (warping) becomes significant, though the basic cylindrical topology is preserved. Yet some other
(Ba1−x Kx Fe2 As2 , KFe2 As2 [30]) have Fermi surface sheets at the corner of
the Brillouin zone shaped as a four-bladed propeller, preventing the nesting
completely.

2.2

Experimental signatures of two-gap superconductivity

Experimental probes which are especially well suited to study superconductors (multigap or otherwise) can be roughly divided into four big groups:
1. Bulk probes - magnetization, transport, heat capacity, magnetic penetration depth;
2. Direct vortex imaging - Bitter decoration, magneto-optical imaging,
scanning SQUID microscopy, scanning Hall probe microscopy, transmission electron microscopy;

2.3 Vortex matter in two-band superconductors

31

3. Scattering experiments - Neutron scattering, muon spin rotation (determining the k-space structure, i.e., periodicity of the vortex lattice);
4. Tunneling of quasiparticles or Cooper pairs - ARPES, STM, STS - gap
size, Point-contact spectroscopy, Josephson eﬀect . . .
In this section we will exemplify some experimental results obtained with
these techniques on multiband superconductors. Signatures of two-gap superconductivity can be found, e.g., in the density of states measured by STM
(MgB2 , LiFeAs), in the superﬂuid density, or in the Little-Parks eﬀect. Since
this thesis studies predominantly the physics of vortices in two-gap superconductors, we will devote a separate section to the discussion of the vortex
imaging techniques.

2.3

Vortex matter in two-band superconductors

The vortex matter is experimentally studied with direct vortex imaging techniques. Experiments sensitive directly to the vortex magnetic ﬁeld and with
suﬃcient spatial resolution to resolve individual vortices are:
 Bitter decoration,
 magneto-optical imaging,
 scanning SQUID microscopy,
 scanning Hall probe microscopy,
 transmission electron microscopy (TEM).

Additionally, scanning tunneling microscopy (STM) can also resolve individual vortices, but it is sensitive to local density of states and through it to
local gap function |∆(r)|, rather than B(r). For each of the techniques there
is a trade-oﬀ between ﬁeld sensitivity (or more generally signal-to-noise ratio)
and spatial resolution. Another practical issue is the time required to get a
single image frame.
Bitter decoration The Bitter decoration is a mature technique with spatial resolution of about 80 nm, and rather poor sensitivity. It provides no
other information besides the vortex positions. The sample must be cleaned
before repeating the experiment. It is used in small applied ﬁelds H < 10
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Figure 2.4: The vortices in MgB2 imaged by Bitter decoration technique. (a)
Small ﬁeld B ≈ 4.4 G, T ≈ 6 K, (b) At 200 Oe. From Ref. [32].
mT. The pinning forces increase on cooling, therefore vortices get stuck at
their positions at some temperature T ∗ in between Tc and the chamber base
temperature. T ∗ may be as high as 0.8 - 0.9 Tc [31]. Therefore the imaged
vortex positions may not correspond to the ground state at the base temperature, which is a known caveat of the Bitter decoration technique. The images
of vortices in MgB2 obtained by Bitter decoration are shown in Fig. 2.4 and
Fig. 2.5. The earlier data by Vinnikov et al. show regular Abrikosov lattice
at higher ﬁeld 200 Oe, and some signatures of slight disorder at lower ﬁeld.
The later data by Moshchalkov et al. showed very inhomogeneous vortex distribution with pronounced stripes with higher vortex density and depleted
regions between them. This unusual behavior has been explained in terms of
the presence of long-range attraction between vortices. It was named “Type1.5 superconductivity” because it was proposed to be originating from the
interplay between type-I superconductivity in the π-band of MgB2 and typeII superconductivity in the σ-band. It should be noted that it is not clear
whether the π-band indeed bears type-I superconductivity and even if it did
the behavior of two coupled bands (the eﬀective (coupled) GL parameter
κ and bands’ healing lengths) is related to their individual properties in a
nontrivial manner, as we shall discuss in the Chapter 4 and the Chapter 5.
Magneto-optical imaging This is another relatively old technique, with
strength in high imaging speed; therefore it can access magnetic ﬂux dynamics. One typically uses yttrium iron garnet or EuSe ﬁlms as these materials
change their optical properties most strongly under the applied magnetic
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Figure 2.5: The vortices in MgB2 imaged by Bitter decoration technique at
H = 5 Oe. The scale bar corresponds to 10 µm. From Ref. [1].
ﬁeld. This technique is limited by its spatial resolution. Only a few groups
have achieved single-vortex resolution, therefore it is mostly used to study
type-I superconductors (example shown in Fig. 1.1) and for phenomena occurring close to Hc .
Scanning SQUID microscopy This is one of the techniques with the
highest sensitivity. Spatial resolution is mainly limited by microfabrication
capabilities, however recently nano SQUID on tip has been fabricated [33],
which suggests that in the nearest future images of much higher quality
will be available. The technique is based on the fact that the critical current of the SQUID device depends on the ﬂux Φa passing through it as
IcSQU ID = 2Ic | cos(πΦa /Φ0 )|. The results of the SQUID microscopy on the
“type-1.5” crystal from Ref. [34] are reproduced in Fig. 2.6. Signiﬁcant clustering is visible, though the exact vortex positions had to be obtained by
ﬁtting because the resolution was not suﬃciently high.
Scanning Hall probe microscopy This technique typically uses Hall
probes made of the semiconductor heterostructure GaAs/Al0.3 Ga0.7 As. It
provides a nice compromise between spatial resolution of about 200 nm and
sensitivity 100 nT·Hz−1/2 . It is not good for measuring absolute values of local magnetic induction due to presence of the variable oﬀset voltage between
measurements. However, the sensitivity to relative changes is very good,
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Figure 2.6: Scanning SQUID microscope images of vortices at (a) 10 µT, (b)
20 µT, and (c) 50µT for a MgB2 single crystal. A scale bar corresponds to
10 µm. From Ref. [34].
which makes it ideal for imaging. Very interesting images of MgB2 showing
vortices forming chains were obtained by Gutierrez et al. [35], see Fig. 2.7.
Transmission electron microscopy (TEM) This technique requires very
thin sample sections for enabling the electrons to cross the sample. For superconductors [cryo-Lorentz transmission electron microscopy (cryo-LTEM)]
it started to gain importance only recently as it has been implemented in
Cambridge [36, 37] and Lausanne [38] and used to image vortices in MgB2 .
Scanning tunneling microscopy (STM) For reviews see, e.g., Ref. [39–
41]. Figure 2.8 shows STM images of vortices in MgB2 from Ref. [42].
Hanaguri et al. [43] imaged vortices in LiFeAs with unprecedented resolution and were able not only to image the vortex lattice (Fig. 2.9), but
also to study the size of the vortex as a function of temperature (Fig. 2.10).
Song et al. [44] argued that the dopant clustering, electronic inhomogeneity and disordered vortex lattice in iron-pnictides are caused by dopant
ionic size mismatch. This could explain why Ba0.6 K0.4 Fe2 As2 [45] displays
a regular Abrikosov lattice, while the closely related BaFe1.8 Co0.2 As2 [46]
(see Fig. 2.11) and Sr0.75 K0 .25Fe2 As2 [44] display only short-range hexagonal
order, lost at larger distances.
To conclude this section, let us discuss how it might be possible to
reconcile the diﬀerent vortex imaging experiments on MgB2 . We do this
with the help of Fig. 2.12 (taken from Ref. [35]), which gives the nearest
neighbor distance dvv (B) summarized from diﬀerent experiments on the con-
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Figure 2.7: Scanning Hall probe microscopy images after performing ﬁeld
cooling (FC) at 1 Oe for the (a) NbSe2 and (b) MgB2 single crystals; and
after doing FC at 2 Oe for (c) NbSe2 and (d) MgB2 single crystals. Images
are taken at 4.2 K. The white bar on each picture corresponds to a length of
10 µm. From Ref. [35].

Figure 2.8: The vortices in MgB2 imaged by Scanning Tunneling microscopy.
250 × 250 nm2 spectroscopic images of a single vortex induced by an applied
ﬁeld of 0.05 T (a), and the vortex lattice at 0.2 T (b). From Ref. [42].

36

Two-gap superconductivity

Figure 2.9: The vortices in LiFeAs imaged by Scanning Tunneling microscopy. (a)-(c) Images of vortices at 1.5 K obtained by mapping tunneling
conductance at EF . Arrows denote the nearest Fe-Fe direction. (d)-(f) Delaunay triangulation diagrams obtained from vortex images shown in (a)-(c).
Vertices with symbols denote vortices with coordination numbers diﬀerent
from conventional value of 6 (blue triangle, 5; red square, 7; green star, others). (g)-(i) Two-dimensional autocorrelation function calculated from vortex images shown in (a)-(c). (j)-(l) Two-dimensional Fourier transformations
from vortex images shown in (a)-(c). From Ref. [43].
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Figure 2.10: (a)-(f) A vortex in LiFeAs imaged at increasing temperatures by
Scanning Tunneling microscopy. (g) Temperature dependence of the vortex
core size along Fe-Fe and As-As bond directions. Adapted from Ref. [43].
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Figure 2.11: Vortices (big dark spots) in BaFe1.8 Co0.2 As2 imaged by Scanning Tunneling Microscopy at a ﬁeld of 9 T and temperature T = 6.15 K.
Smaller sharper spots are impurities. Interestingly, the vortices, while being
disordered, are not pinned to the visible impurities. From Ref. [46].
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Figure 2.12: Average nearest neighbor distance as a function of B for an
NbSe2 single crystal (open triangles), an MgB2 single crystal (open stars),
and for a perfect Abrikosov lattice (solid line). Additionally, the intergroup
nearest neighbor distances for an MgB2 single crystal is shown (full dots) as
well as the intragroup nearest neighbor distances for diﬀerent MgB2 single
crystals; squares, triangles, and open dots correspond to scanning Squid microscopy, Bitter decoration, and to SHPM
√ results, respectively. The inset
shows the same data as a function of 1/ B. From Ref. [35].
ventional√ superconductor NbSe2 (which follows nicely the expected value
B = (2/ 3)Φ0 /d2vv for a perfect Abrikosov lattice) and compares them with
diﬀerent experiments on “type-1.5”-crystals. From this ﬁgure one can conclude that behavior qualitatively diﬀerent from the usual type-2-like homogeneous vortex distribution is expected for very low vortex densities, i.e., ﬁelds
lower than ≈ 3-4 Oe. At higher ﬁelds one observes an Abrikosov lattice, as
for example in the STM experiment by Eskildsen et al. [42] and TEM experiments [36–38]. Most interesting then is to analyze the Bitter decoration
data by Vinnikov et al. [32], see also Fig. 2.4, who imaged the MgB2 single
crystals both at a higher ﬁeld 200 Oe, where they see the Abrikosov lattice
and at a ﬁeld at the onset of unconventional vortex interaction at B ≈ 4.4
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G, where they indeed see much more disorder (still allowing for alternative
explanation due to pinning). This suggests that diﬀerent experiments are not
in disagreement, but are rather studying vortex matter in MgB2 in diﬀerent
regimes - the low ﬁeld regime below ≈ 3-4 Oe where vortices experience midrange attraction, and the high-ﬁeld regime above this threshold, where they
interact through short-range repulsion. The minimum of the intervortex interaction potential seems to be at about 2.5 µm. This is somewhat puzzling,
since it is not obvious from which microscopic scale this originates as it is
much more than the estimates of coherence lengths for MgB2 which are of
the order of tens of nanometers, see, e.g., Ref. [1, 42, 47], and of the magnetic
ﬁeld penetration depth which may be around 100 nm [48].

2.4
2.4.1

Theoretical models of two-gap superconductors
Standard two-gap Ginzburg-Landau theory

The standard two-gap Ginzburg-Landau free energy functional contains the
single-gap terms for both bands plus a Josephson-like coupling term proportional to the temperature-independent Josephson coupling Γ:
)
(
2
∑
1
1
~
2e
2
4
f = fn0 +
αj |Ψj | + βj |Ψj | +
∇ − A Ψj
2
2mj
i
c
j=1,2
−Γ(Ψ∗1 Ψ2 + Ψ1 Ψ∗2 ) +

h2
.
8π

(2.1)

This form of the Ginzburg-Landau free energy functional can be derived from
the microscopic two-gap BCS theory, e.g., following Ref. [49]. Let us now
consider the bulk situation without applied magnetic ﬁeld and close to Tc
so that |Ψj | are small enough for us to be able to neglect the |Ψj |4 terms.
Therefore the superconducting free energy density reduces to:
f = α1 |Ψ1 |2 + α2 |Ψ2 |2 − 2Γ|Ψ1 ||Ψ2 | cos(∆ϕ),

(2.2)

where ∆ϕ = ϕ1 − ϕ2 is the phase diﬀerence between the two condensates.
Now depending on the sign of the Josephson coupling Γ three situations are
possible:
 Γ > 0, for which the free energy is minimized by adopting ∆ϕ = 0,
 Γ < 0, where the stable situation is ∆ϕ = π, and ﬁnally
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 Γ = 0, that is decoupled bands, where the energy is independent of the
relative phase of the two condensates.

Notice also that in the ﬁrst two cases the relative phase is locked and the
two-gap superconductor shows U (1) symmetry, while in the last case the
symmetry is U (1) × U (1), a fact that is found to have profound consequences
in Chapter 6.
Now, taking aside the special case when Γ = 0 in which case the gaps have
two independent critical temperatures Tc1 and Tc2 ,1 we may assume without
the loss of generality that Γ > 0 and therefore the phases of two condensates
are the same. Then f = α1 |Ψ1 |2 + α2 |Ψ2 |2 − 2Γ|Ψ1 ||Ψ2 | is minimized by
solution of the system of two homogeneous equations
α1 (T )Ψ1 − ΓΨ2 = 0,
−ΓΨ1 + α2 (T )Ψ2 = 0.

(2.3)
(2.4)

By deﬁnition the highest temperature at which this system of equations has
nontrivial solution is the critical temperature Tc . From elementary algebra
we know that this corresponds to the situation when the determinant of the
coeﬃcients on the left hand side equals zero, that is,
α1 (Tc )α2 (Tc ) − Γ2 = 0.

(2.5)

From this however follows that provided Γ ̸= 0, neither of the αj can be zero
at Tc ! This is in dire contrast with the single-gap situation where in order
to properly describe the second order phase transition α must be zero at Tc
(since it is changing sign there). This means that in the two-gap case αj ’s
are more appropriately expressed as αj = αj (Tc ) + a1 τ , with τ = (T − Tc )/Tc
(where only the leading-order temperature dependence has been taken into
account similarly to the single-gap case). Now, if we had |Ψ| ∝ τ 1/2 , ∇|Ψ| ∝
|Ψ|/ξ ∝ τ as in the single-gap case, all the terms of the free-energy density
would scale as τ 2 , with the exception of the terms αj (Tc )|Ψ|2 and Γ|Ψ1 ||Ψ2 |
which nominally scale just as τ . To treat these two terms on the equal ground
as all the others, one has to calculate |Ψ| to the τ 3/2 -precision. However, in
the microscopic derivation of the theory the need for τ 3/2 precision in the
order parameters was never expected and indeed the higher order terms in the
small expansion parameter τ = 1 − T /Tc are incomplete, as was ﬁrst pointed
out in Ref. [2]. We will provide a short explanation of how to calculate |Ψ|’s
to the τ 3/2 -precision in Sec. 2.4.3.
1

In our theoretical discussions we adopt convention Tc1 > Tc2 , so Tc2 always refers to
the weak-gap critical temperature.
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Two-component Ginzburg-Landau equations

To derive the Ginzburg-Landau equations for the two-gap∫ superconductor,
we variationally minimize the free energy functional F = (GsH − GnH )d3 r
with respect to the functions Ψ∗1 , Ψ∗2 and A. This leads to one equation for
each order parameter:
(
)2
2e
−i~∇ − A Ψ1 + α1 Ψ1 + β1 |Ψ1 |2 Ψ1 − ΓΨ2 = 0,
c
(
)2
2e
1
−i~∇ − A Ψ2 + α2 Ψ2 + β2 |Ψ2 |2 Ψ2 − ΓΨ1 = 0,
2m2
c
1
2m1

and one equation describing the superconducting current
]
∑ [ ie~
4e2
∗
∗
2
j=
−
(Ψj ∇Ψj − Ψj ∇Ψj ) −
|Ψj | A .
m
m
c
j
j
j=1,2

(2.6)
(2.7)

(2.8)

The superconducting current relates to the vector potential A through the
c
Maxwell equation j = − 4π
∇2 A (in the London gauge ∇ · A = 0).
Boundary conditions The boundary conditions are
(
)
2e
n · −i~∇ − A Ψ1
=0
c
boundary
(
)
2e
n · −i~∇ − A Ψ2
=0
c

(2.9)

(2.10)

boundary

as appropriate for the superconductor in contact with an insulator (or the
vacuum) when no current shall pass perpendicular to the boundary of the
sample. In the more general circumstances the boundary conditions would
have a general de Gennes form [50]:
(

)
2e
n · −i~∇ − A Ψ1
c
(
)
2e
n · −i~∇ − A Ψ2
c

= aΨ1 + bΨ2

(2.11)

= cΨ1 + dΨ2

(2.12)

boundary

boundary

where a, b, c, d are constants depending on the surrounding material.
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Extended Ginzburg-Landau (EGL) theory

Substantial eﬀort has been made recently to improve the validity and descriptive power of the two-band Ginzburg-Landau theory by taking care to
correctly include the higher order terms by Shanenko et al. in Refs. [3] and
follow-up papers. As this is important and directly connected to the material
presented in this thesis, the summary of these works will be given below.
Ideally, one wants to have a theory of two-gap superconductors which
would describe well the multigap features, would be rigorous (mathematically
consistent) and if possible simple enough to be amenable to further analytical and numerical work. The standard GL theory [49] has been shown to
be mathematically inconsistent, since some terms go beyond the expected
∆ ∝ τ 1/2 precision to which the theory was originally developed in the
single-gap case (there this problem does not arise) [2]. If one just discards
the incomplete higher order terms, i.e., in the theory where ∆j ’s are evaluated up to τ 1/2 order, the order parameters are proportional to each other,
∆1 (r) ∝ ∆2 (r). Due to this, the physics described by this “reduced” GL
theory is the same as in the single-gap superconductor. The idea of the extended GL theory is to complete the next-to-leading-order τ 3/2 terms and
exclude any terms of order higher than τ 3/2 . This plan has been sketched in
Ref. [3], and then fully realized in Ref. [51] for single-band and in Ref. [52]
for two-band superconductors. Technically one proceeds as usual when deriving the GL theory (see, e.g., Fetter & Walecka textbook (Ref. [53], Sec.
53, p. 466)). First, one expands the self-consistent gap equation in the powers of the order parameter and its spatial gradients to the next-to-leading
order. Second, one removes the unwanted terms beyond this precision. The
resulting theory in the absence of the applied magnetic ﬁeld is quite simple,
and its predictions for the healing lengths of two order parameters have been
analyzed numerically in Ref. [54], see also Chapter 5 of this thesis. The full
two-band theory has been used to calculate the gap temperature dependence
∆j (T ) and the thermodynamic critical ﬁeld Hc in Ref. [52], showing excellent
agreement with the BCS theory. Further work detailing the phase√diagram of
the two-gap superconductors near the Bogomolnyi point κ ≈ 1/ 2 is under
way [55].
For the calculations presented in this thesis I only made use of the two-gap
extended Ginzburg-Landau theory in the absence of the magnetic ﬁeld, for
which I review the relevant derivations below. The absence of the magnetic
ﬁeld greatly simpliﬁes the situation, because the electronic Green’s function
calculated to next-to-leading order in τ in the presence of the magnetic ﬁeld
is much more complicated than the one in zero magnetic ﬁeld.
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Single-gap EGL formalism

We start by formulating the Gor’kov equations as a Dyson equation for the
Green function Ǧω in the Gor’kov-Nambu two by two matrix formalism (see,
e.g., textbook by Zagoskin (Ref. [56])):
ˇ Ǧω ,
Ǧω = Ǧω(0) + Ǧω(0) ∆

(2.13)

~ω = πkB T (2n + 1)

(2.14)

where
are the fermionic Matsubara frequencies.
The matrix (Gor’kov) Green’s function is
(
)
Gω Fω
Ǧω =
,
F̃ω G̃ω

(2.15)

while for non-interacting electrons (quantities denoted by superscript (0)) we
have
)
(
(0)
0
Gω
(0)
.
(2.16)
Ǧω =
(0)
0 G̃ω
ˇ is deﬁned as
The matrix gap operator ∆
)
(
ˆ
0 ∆
ˇ
∆=
ˆ∗ 0 ,
∆

(2.17)

ˆ ′ ⟩ = δ(r − r′ )∆(r′ ) is an s-wave order parameter. The selfwhere ⟨r|∆|r
consistency equation for the order parameter ∆(r) reads
∑
∆(r) = −gkB T
Fω (r, r),
(2.18)
ω

where g is the coupling constant. The sum over Matsubara frequencies in
this equation must be restricted to avoid the ultraviolet divergence.
After we multiply the matrices in Eq. (2.13), we get two Gor’kov equations
∫
′
(2.19)
Fω (r, r ) = d3 yGω(0) (r, y)∆(y)G̃ω (y, r′ ),
and
′

G̃ω (r, r ) =

G̃ω(0) (r, r′ )

∫
+

d3 y G̃ω(0) (r, y)∆∗ (y)Fω (y, r′ ).

(2.20)
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(0)

In the absence of the magnetic ﬁeld, the Gω is the usual Green’s function of
the non-interacting electrons
∫
d3 k eik·(r−y)
(0)
Gω (r, y) =
,
(2.21)
(2π)3 i~ω − ξk
where ξk = ~2 k 2 /2m − µ is the single-particle energy with respect to the
chemical potential µ. Furthermore, G̃ω (r, y) = −G−ω (y, r), for example
∫
d3 k e−ik·(r−y)
(0)
G̃ω (r, y) =
.
(2.22)
(2π)3 i~ω + ξk
Now we need to evaluate the self-consistency equation Eq. (2.18). For
this we use Eqs. (2.19) and (2.20) repeatedly to ﬁnd expression for Fω (r, r)
in terms of ∆(r) and Gω (r, y):
∫
Fω (r, r) = d3 yGω(0) (r, y)∆(y)G̃ω (y, r)
∫
= d3 yGω(0) (r, y)∆(y)G̃ω(0) (y, r)
∫
+ d3 yd3 y1 Gω(0) (r, y)∆(y)G̃ω(0) (y, y1 )∆∗ (y1 )Fω (y1 , r) = . . .
We do this until we have expression for ∆ with the desired precision (which
in the standard GL was ∆3 , in the extended GL it is ∆5 ), and there we cut
(0)
the expansion by taking G̃ω ≈ G̃ω . Finally one can write:
∫
∆(r) = d3 yKa (r, y)∆(y)
(2.23)
+

∫ ∏
3

d3 yj Kb (r, {y}3 )∆(y1 )∆∗ (y2 )∆(y3 )

j=1

+

∫ ∏
5

d3 yj Kc (r, {y}5 )∆(y1 )∆∗ (y2 )∆(y3 )∆∗ (y4 )∆(y5 ),

j=1

where {y}n = {y1 , . . . , yn }. The integral kernels are given by:
∑
Ka (r, y) = −gkB T
Gω(0) (r, y)G̃ω(0) (y, r),

(2.24)

ω

Kb (r, {y}3 ) = −gkB T

∑

Gω(0) (r, y1 )G̃ω(0) (y1 , y2 )Gω(0) (y2 , y3 )G̃ω(0) (y3 , r),

ω

Kc (r, {y}5 ) = −gkB T
×

∑

(2.25)
Gω(0) (r, y1 )G̃ω(0) (y1 , y2 )Gω(0) (y2 , y3 )G̃ω(0) (y3 , y4 )

ω
(0)
Gω (y4 , y5 )G̃ω(0) (y5 , r).

(2.26)
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Then, the nonlinear integral form of the self-consistency equation is transformed into the diﬀerential form by introducing the gradient expansion:
∞
∑
1
∆(yj ) = ∆(r + zj ) =
(zj · ∇r )n ∆(r).
n!
n=0

(2.27)

By doing this one may in principle introduce a second expansion parameter
1/l∆ , inverse length scale of the typical order parameter variations, because
the relation between the order parameter and its gradient is not known beforehand (see full discussion in Ref. [51]). Fortunately from the standard
single-band GL theory it turns out that as one approaches Tc not only the
order parameter behaves as ∆ ∝ τ 1/2 , but also its spatial variations occur on
the length scale ξ ∝ τ −1/2 (henceforth called GL coherence length). Therefore ∇∆ ∝ τ and symbolically we can write ∇ ∝ τ 1/2 , meaning the τ -order
of each term in the GL expansion can be found by counting one power τ 1/2
for each occurence of the order parameter or its gradient.
The coeﬃcients of the partial diﬀerential equation governing ∆ still have
to be calculated by explicitly evaluating integrals in Eq. (2.23) to desired
precision. The details of this lengthy calculation go beyond the scope of this
thesis and can be found in Ref. [51], here we only quote the results. The ﬁrst
term in Eq. (2.23) evaluates to:
∫
d3 yKa (r, y)∆(y) ≈ (1 + gN (0)τ + gN (0)

τ2
)∆(x)
2

gN (0) 2 2 2
~ vF W3 (1 + 2τ )∇2 ∆(x)
6
gN (0) 4 4 4 2 2
+
~ vF W5 ∇ (∇ ∆(x)),
24

(2.28)

+

(2.29)

where vF is Fermi velocity, N (0) total density of states at Fermi energy,
93ζ(5)
4
W32 = 8π7ζ(3)
2 k 2 T 2 , and W5 = 128π 4 k 4 T 4 , with ζ(. . .) the Riemann zeta-function.
B c

B c

Similarly from the second term of Eq. (2.23) we get:
∫ ∏
3

d3 yj Kb (r, {y}3 )∆(y1 )∆∗ (y2 )∆(y3 )

(2.30)

j=1

≈ −gN (0)W32 (1 + 2τ )∆|∆|2
[
]
5
− gN (0)~2 vF2 W54 ∇2 (∆|∆|2 ) − 2∇∆ · (∆∗ ∇∆ − ∆∇∆∗ ) .
36

(2.31)
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Finally the last term contributes in the order τ 5/2 only as:
∫ ∏
5

d3 yj Kc (r, {y}5 )∆(y1 )∆∗ (y2 )∆(y3 )∆∗ (y4 )∆(y5 )

(2.32)

j=1

5
≈ gN (0)W54 ∆|∆|4 .
4

(2.33)

In total we have:
∆ = (1 + gN (0)τ + gN (0)

τ2
gN (0) 2 2 2
)∆ +
~ vF W3 (1 + 2τ )∇2 ∆
2
6

gN (0) 4 4 4 2 2
~ vF W5 ∇ (∇ ∆) − gN (0)W32 (1 + 2τ )∆|∆|2
24
[
]
5
− gN (0)~2 vF2 W54 ∇2 (∆|∆|2 ) − 2∇∆ · (∆∗ ∇∆ − ∆∇∆∗ )
36
5
+ gN (0)W54 ∆|∆|4 ,
(2.34)
4
+

where it is understood that ∆ = ∆(x), i.e., the gap is spatially dependent.
Now, we introduce ∆(x) = ∆0 (x) + ∆1 (x), with ∆0 (x) ∝ τ 1/2 and ∆0 (x) ∝
τ 3/2 . Then to order τ 1/2 Eq. (2.34) gives just the identity ∆0 = ∆0 . At the
order τ 3/2 one gets the GL equation:
τ ∆0 +

W32 2 2 2
~ vF ∇ (∆0 ) − W32 ∆0 |∆0 |2 = 0.
6

(2.35)

Finally, at order τ 5/2 one gets
(τ − 2W32 |∆0 |2 )∆1 +

W32 2 2 2
~ vF ∇ (∆1 ) + F(τ, ∆0 , ∆∗0 ) = 0,
6

(2.36)

where
F(τ, ∆0 , ∆∗0 )

3 2
W54 4 4
= − τ ∆0 +
~ vF
2
24

(2.37)

10 2
[∇ (∆0 |∆0 |2 )
3
− 2∇∆0 (∆∗0 ∇∆0 − ∆0 ∇∆∗0 )]}.

× {∇2 (∇2 ∆0 ) + 6∆0 |∆0 |4 −

2.4.5

Two-gap EGL formalism

The derivation of the two-gap EGL is very similar to the single-gap case, the
only diﬀerence comes with the self-consistency equation, which now reads
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∆ = gR, where g is a two-by-two matrix of coupling coeﬃcients, and the
band components of R are
∫
Rν = d3 yKνa (r, y)∆ν (y)
(2.38)
+

∫ ∏
3

d3 yj Kνb (r, {y}3 )∆ν (y1 )∆∗ν (y2 )∆ν (y3 )

j=1

+

∫ ∏
5

d3 yj Kνc (r, {y}5 )∆ν (y1 )∆∗ν (y2 )∆ν (y3 )∆∗ν (y4 )∆ν (y5 ),

j=1

where the kernels are exactly the same as in the single band case only their
deﬁnition does not include the coupling constant g (one should take the
formulas with g ≡ 1). All the Green functions acquire the band index ν,
meaning the single-particle energy becomes ξνk = ~2 k 2 /(2mν ) − µν . For
details of the calculation as well as the extended GL theory for nonzero ﬁeld
one is referred to Refs. [3, 51, 52]. The resulting two-band extended GL
equations without the applied ﬁeld can be found in Chapter 5, where we
apply them to calculate the healing lengths of two condensates.

2.4.6

Two-gap BCS

The two-gap BCS theory is useful, because it is simple and valid for all
temperatures between T = 0 and T = Tc . However, similarly as in the
single-gap case, it describes only spatially independent situation.
It is straightforward to generalize the single-gap BCS equation Eq. (1.51)
to the multigap case:
1∑
∆j
Ejk
∆i =
gij
tanh
,
(2.39)
Ω jk
2Ejk
2T
where gij are the coupling constants. In Eq. (1.51) the interaction was taken
in general form Vkk′ , now we assume it constant within two bands i and
j. Similarly we assume that the gap value ∆i has constant value for any
particular band i (full s-wave gap). Therefore for example for the two-gap
case we have:
∆1 = g11 A1 ∆1 + g12 A2 ∆2 ,
∆2 = g21 A1 ∆1 + g22 A2 ∆2 ,

(2.40)
(2.41)

Eik
1∑ 1
tanh
.
Ω k 2Eik
2T

(2.42)

where
Ai =
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This system of equations is easily solved numerically (e.g, in Matlab) for any
values of parameters.

2.4.7

Two-gap BCS for only interband pairing

Let us now consider a special case when we have two superconducting bands
with no intraband pairing, but with ﬁnite and symmetric interband pairing.
This model is relevant for pnictide superconductors, which are characterized
by being multiband systems with predominantly interband repulsive pairing
interaction. The appropriate coupling matrix g has diagonal elements g11 =
g22 = 0, while the coupling interaction is provided by g12 = g21 = g. We can
write the Hamiltonian as follows
∑
g ∑ † †
Ĥ =
ξk,j c†j,kσ cj,kσ +
(c1,k↑ c1,−k↓ c2,−k′ ↓ c2,k′ ↑ + h.c.),
(2.43)
Ω
′
k,σ,j
k,k
where ξk,j = ϵk,j − µ is the electron energy in the band j measured from the
chemical potential µ. We then deﬁne the expectation value of the anomalous average b†j = ⟨c†j,k↑ c†j,−k↓ ⟩, so that the real value becomes c†j,k↑ c†j,−k↓ =
b†jk + (c†j,k↑ c†j,−k↓ − b†jk ), where the last term is small. We then express the
Hamiltonian up to ∑
ﬁrst order in this correction, while using the shorthand
†
g
notation ∆3−j = Ω k b†jk . This is the deﬁnition of ∆†3−j rather than ∆†j to
be consistent with the full case where all the coupling constants are nonzero.
We get
Ĥint =

g ∑ †
2∆1 ∆2 Ω
(∆2 c2,−k↓ c2,k↑ + c†1,k↑ c†1,−k↓ ∆1 + h.c.) −
.
Ω k
g

(2.44)

(
)
By introducing Ψj,k = cj,k↑ cj,−k↓ we can rewrite the Hamiltonian as
H=

∑

Ψj,k Aj,k Ψj,k +

j,k

∑

ξj,k 1 −

j,k

where
Aj,k

)
(
ξj,k ∆j
.
=
∆j −ξj,k

The quadratic part has eigenvalues Ejα,k = (−1)

α

2∆1 ∆2 Ω
,
g

(2.45)

(2.46)
√

2
ξj,k
+ ∆2j with the mean-

ing of energy of the hole-like and particle-like excitations (α = 1, 2). These
excitations (as before in the single-band case) obey fermionic anticommutation rules; therefore there can be only zero or one particle in any particular
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state. This allows us to write the grand thermodynamic potential of the
system as
∑
2∆1 ∆2 Ω
− µN.
(2.47)
F (T, Ω, µ) = −T
ln(1 + e−βEjα,k ) −
g
j,k,α
The actual equilibrium gap values are the saddle-point of the free energy
function, so we get
∑
∆1 Ω
eβE2,k
∂F
e−βE2,k
∆2
∆2
=−
−T
−
+
=
−βE
βE
2,k T E
2,k T E
∂∆2
g
1
+
e
1
+
e
2,k
2,k
k
∑ f (−E2,k ) − f (E2,k )
∆1 Ω
−
= 0. (2.48)
− ∆2
g
E
2,k
k
This can be rewritten using
Πj =

1 ∑ f (−E2,k ) − f (E2,k )
Ω k
E2,k

(2.49)

∆1 = −g∆2 Π2 ,
∆2 = −g∆1 Π1 ,

(2.50)
(2.51)

and we ﬁnd

and the gap equation is now g12 = Π1 Π2 . We see that when g < 0, ∆1 and ∆2
have the same sign, while for g > 0 they have opposite sign (Πj are positively
deﬁnite).

2.4.8

Two-gap Bogoliubov-de Gennes equations

The two-gap (multigap) generalization of the Bogoliubov-de Gennes equations is also straightforward. The Eq. (1.74) only acquires band index:
)(
)
(
)
(
uin (r)
uin (r)
Hei (r) + Ui (r)
∆i (r)
= Ein
,(2.52)
vin (r)
vin (r)
−Hei∗ (r) − Ui (r)
∆∗i (r)
while the self-consistency equation Eq. (1.81) is now summed over diﬀerent
bands
∑
(jn)
∗
∆i (r) =
gij ujn (r)vjn
(r)(1 − 2fF D ).
(2.53)
n;j=1,2

The Bogoliubov-de Gennes approach is valid at all temperatures, but it
is still a mean-ﬁeld approach; some of the beyond mean-ﬁeld phenomena
(ﬂuctuations) were studied, e.g., in Refs. [57, 58].

Chapter 3
Numerical methods
In this chapter I describe diﬀerent approaches which we have used in this
thesis to numerically solve the Ginzburg-Landau equations. The numerical
approach used to solve the Bogoliubov-de Gennes equations is described in
detail in the PhD thesis of Yajiang Chen [25] and is therefore omitted here.
First, the solution of 1D problems using Matlab is described. Next I describe
the method used for 2D and 3D problems [59–61], where GL equations are
discretized on a regular lattice using the link variables [62] for the vector
potential and then solved iteratively. In any numerical approach the preliminary step is to introduce some appropriate units reﬂecting the typical
values of the variables and rewrite equations in the dimensionless form. This
is necessary because in the CGS units the values of diﬀerent GL coeﬃcients
can vary easily between 10−20 and 1050 and therefore intermediate results
of calculation could exceed the double precision used for the ﬂoating-point
representation of real numbers in most software/hardware.

3.1

The GL equations in one dimension

We solved the dimensionless form of the (extended) GL equations in one
dimension (the normal metal-superconductor interface or the vortex core
proﬁle) using MATLAB software. One can use bvp4c, which is a generic
boundary value problem solver for systems of ordinary diﬀerential equations.
The standard form of the problem is y′ = Ay, where y is a vector composed
of unknown functions and A is a matrix of coeﬃcients, possibly depending
on x. Additional unknown functions have to be introduced that represent
the ﬁrst derivatives of the wave functions which we are solving for (because
GL equations contain second derivatives rather than only ﬁrst). The diﬀerential equations are supplemented by specifying the boundary values y(a)
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and y(b) and then solved on the interval [a, b]. For the vortex problem, one
cannot use r = 0 as the boundary, because some of the coeﬃcients in the
equations are divergent. The equations are then solved starting from some
small r0 ≪ 1 instead. For the extended GL theory additional problem arises,
because after one has solved the ﬁrst equation for ∆0 (r) one needs to use
it to evaluate the right side of the second EGL equation. However doing so
involves computing up to fourth order derivatives, which is numerically very
unstable. We therefore used the expression for the second derivative from the
ﬁrst EGL equation and diﬀerentiated that term twice to obtain the fourth
order term. This stabilized the convergence of our calculation.

3.2

Generic approach to solve GL equations

The Ginzburg-Landau equations are a set of nonlinear partial diﬀerential
equations that need to be solved self-consistently. We proceed by ﬁrst calculating the order parameter from the ﬁrst GL equation with the ﬁeld equal to
the homogeneous applied ﬁeld. From this order parameter we evaluate the
supercurrent using the second GL equation. Then we calculate the change in
the vector potential due to this current using the Fourier transform. Finally
we use the new magnetic ﬁeld distribution in the ﬁrst GL equation and repeat
the procedure iteratively until we ﬁnd a self-consistent solution with required
accuracy. In the following paragraphs we describe this process explicitly for
the single-gap Ginzburg-Landau theory and then give some comments about
the implementation in the two-gap case.

3.2.1

Solving the ﬁrst GL equation

We use the ﬁnite-diﬀerence representation of the GL equations, i.e., we solve
them on a regular two-dimensional Cartesian space grid (x, y). This is sufﬁcient because all the problems which we solved numerically in this thesis
are eﬀectively two-dimensional.1 We ﬁrst make the equations dimensionless
by introducing dimensional units. We measure the distance in units of the
zero-temperature coherence length ξ(0), the temperature in units√of the critical temperature Tc , the order parameter Ψ in units of Ψ∞ = −α(0)/β,
the vector potential in A0 = c~/2eξ(0) and the magnetic ﬁeld in units of
the upper critical ﬁeld Hc2 = c~/2eξ(0)2 . Then the two dimensionless GL
1

The generalization to three-dimensional problems is straightforward and can be found,
e.g., in the PhD thesis of Ben Xu [63].
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equations (Eqs. (1.13) and (1.14)) become:
(−i∇ − A)2 Ψ = (1 − T )Ψ − |Ψ|2 Ψ,
1
j = −κ2 ∇2 A = (Ψ∗ ∇Ψ − Ψ∇Ψ∗ ) − |Ψ|2 A,
2i

(3.1)
(3.2)

where in the second equation we recognized the magnetic ﬁeld penetration
depth
√
m∗ c 2
λ=
,
(3.3)
16πe2 Ψ2∞
and wrote κ instead of ratio λ/ξ as usual.
We solve the ﬁrst equation iteratively. We know that for any solution of
the Ginzburg-Landau equations, the expression (−i∇ − A)2 Ψ − (1 − T )Ψ +
|Ψ|2 Ψ will be exactly zero, while it gives a ﬁnite value if we are away from
the solution. Therefore we can use it to guide the iterative process in this
way:
[
]
η(Ψ − Ψ0 ) = − (−i∇ − A)2 Ψ0 − (1 − T )Ψ0 + |Ψ0 |2 Ψ0 ,
(3.4)
where Ψ0 is the currently found best approximation to the solution of the
GL equations, and we are looking for the improved estimate Ψ in the next
iteration. It should be noted that the form of Eq. (3.4) mimics the one of the
time-dependent single-gap GL theory. η is in our case an arbitrary real coefﬁcient useful to improve the numerical stability of the iterative procedure, in
the case of time-dependent GL it would be given by microscopic parameters,
see e.g. Refs. [64, 65]. All the terms on the right hand side should in principle be evaluated with the current approximation to the solution Ψ0 , save for
the cubic term which requires appropriate linearization, as will be explained
below.
∫r
In the next step complex link variables Uµr1 ,r2 = exp(−i r12 Aµ (r)dµ),
µ = x, y are introduced. We use them to rewrite the terms with the covariant
derivative
1
∇µ (Uµ Ψ),
Uµ
1
(−i∇µ − Aµ )2 Ψ = − ∇µ (∇µ (Uµ Ψ)).
Uµ
(−i∇µ − Aµ )Ψ = −i

(3.5)
(3.6)

We divide our simulation region of size Lx × Ly into a discrete lattice with
spacings ax ≡ Lx /M and ay ≡ Ly /N , where M (N ) are the number of points
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in the x (y) direction. We can then write (for example for µ = x)
1
(−i∇x − Ax )2 Ψ(x0 , y0 ) = − ∇x (∇x (Ux Ψ))
(3.7)
Ux
[ x0 +1,y0
]
Ux
Ψ(x0 + 1, y0 ) − Uxx0 ,y0 Ψ(x0 , y0 )
1
= − ∇x
Ux
ax
]
1 [ x0 +1,y0
x0 ,y0
x0 −1,y0
=−
U
Ψ(x
+
1,
y
)
−
2U
Ψ(x
,
y
)
+
U
Ψ(x
−
1,
y
)
0
0
0
0
0
0
x
x
x
Ux a2x
1
= − 2 [U Ej ΨE − 2Ψj + U W j ΨW ].
ax
This is written for the lattice point j = (x0 , y0 ) and the neighboring lattice
points are referred to by the corresponding cardinal direction denoted by
its initial: (N)orth, (E)ast, (S)outh, (W)est. We also introduced U Ej ≡
∫ (x +1,y )
Uxx0 +1,y0 /Uxx0 ,y0 = exp(−i (x00,y0 ) 0 Ax (r)dx) ≈ exp(−iAx ax ) and analogous
expressions for U W j , U N j , U Sj in other directions.
With this discretization the ﬁrst GL equation becomes:
η(Ψj − Ψj0 ) =

[ U Ej Ψ
a2x

E

+

U W j ΨW
U N j ΨN
U Sj ΨS
2Ψj
2Ψj
+
+
− 2 − 2
2
2
2
ax
ay
ay
ax
ay
]
+ (1 − T )Ψj − |Ψj |2 Ψj .
(3.8)

The key numerical trick is to choose terms to associate with the new
solution for Ψ and ones to evaluate based on Ψ0 . Moreover, the nonlinear
term can be linearized as follows, to facilitate the convergence:
|Ψ|2 Ψ = Ψ2 Ψ∗ = [Ψ0 + (Ψ − Ψ0 )]2 [Ψ∗0 + (Ψ∗ − Ψ∗0 )]
≈ |Ψ0 |2 Ψ0 + 2|Ψ0 |2 (Ψ − Ψ0 ) + Ψ20 (Ψ∗ − Ψ∗0 )
= 2|Ψ0 |2 Ψ − 2|Ψ0 |2 Ψ0 + Ψ20 Ψ∗ .

(3.9)

With our assignment of diﬀerent terms to Ψ or Ψ0 and the above expansion of the cubic term, Eq. (3.8) can be rewritten as:
η(Ψ − Ψ0 ) = Ũ Ψ0 −

4
Ψ + (1 − T )Ψ − 2|Ψ0 |2 Ψ + 2|Ψ0 |2 Ψ0 − Ψ20 Ψ∗ , (3.10)
2
a

where Ũ Ψ0 is a shorthand notation for the ﬁrst four terms on the right side
of Eq. (3.8), and ax = ay = a was taken for simplicity. This choice of terms
containing Ψ0 vs. terms containing Ψ is not unique, but the shown one has
demonstrated stability in a vast number of simulations.
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We rearrange the ﬁrst GL equation by conveniently grouping the terms
multiplying the Ψ, Ψ∗ and constant terms, as:
[η − (1 − T ) + 4/a2 + 2|Ψ0 |2 ]Ψ = Ũ Ψ0 + ηΨ0 + 2Ψ0 |Ψ0 |2 − Ψ20 Ψ∗ . (3.11)
Equation (3.11) is of the form
cΨ − a + eΨ∗ = 0,

(3.12)

c = η − (1 − T ) + 4/a2 + 2|Ψ0 |2 ,
e = Ψ20 ,

(3.13)
(3.14)

a = Ũ Ψ0 + ηΨ0 + 2Ψ0 |Ψ0 |2 ,

(3.15)

with

and solution
Ψ=

a∗ e − ac∗
,
|e|2 − |c|2

(3.16)

where right side depends only on Ψ0 . After going through several hundred
iterations of the ﬁrst GL equation in the above form, we use its (approximate)
solution Ψ to compute the supercurrent given by
[ (
)
(
)∗ ]
1
1 ∂
1 ∂
∗
jx =
Ψ
− Ax Ψ + Ψ
− Ax Ψ∗ ,
(3.17)
2
i ∂x
i ∂x
with the same expression for y component with x replaced by y. These
expressions are again easy to express using the link variables:
(
)
1 ∂
UxEj ΨE − Ψj
− Ax Ψj = −i
,
(3.18)
i ∂x
ax
and

(

)
UyN j ΨN − Ψj
1 ∂
− Ay Ψj = −i
.
i ∂y
ay

(3.19)

Subsequently one uses the Maxwell equation to calculate the new value of the
vector potential as explained in the next section and the process is iteratively
repeated until convergence is reached.
Periodic boundary conditions In practice it is numerically extremely
demanding to ﬁnd a solution of the Ginzburg-Landau equations for a thin
ﬁlm with very large lateral sizes. We therefore only solve them in some ﬁnite
region and make our sample “quasi-inﬁnite” by demanding periodic boundary
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conditions. Thus the value of any physical (gauge-invariant) variable at the
right (upper) end of our grid must be the same as the value of the same
variable at the left (lower) end.
The problem arises when we want to use the periodic boundary conditions
in the presence of the magnetic ﬁeld. Speciﬁcally, the problem is to correctly
treat the vector potential A, which even for the homogeneous magnetic ﬁeld
grows linearly with the distance and thus has necessarily diﬀerent values at
the ends of the grid. Fortunately by using a special gauge transformation
this can be accounted for, as explained in Ref. [66]. The boundary conditions
then have the form
A(x + bν ) = A(x) + ∇χν (x),
(
)
2e
Ψ(x + bν ) = Ψ(x) exp i χν (x) ,
~c

(3.20)
(3.21)

where bx = (Lx , 0) and by = (0, Ly ) are lattice vectors, and χν (x) are the
gauge potentials associated with each bν . This type of boundary conditions
is sometimes referred to as twisted boundary conditions in the literature, see,
e.g., Ref. [67].
From the practical point of view, we use Eq. (3.20) to ﬁnd the gauge
potentials and then use these when evaluating the order parameters with
Eq. (3.21) as additional condition. To be speciﬁc, let us assume that we use
the Landau gauge and the applied ﬁeld is B = (0, 0, B). Then we have
Ax = 0,
Ay = Bx.

(3.22)
(3.23)

It follows that the boundary gauge will be
χx = BLx y,
χy = 0.

(3.24)
(3.25)

Then one needs to change all the expressions involving the link variables
going “over the edge” as follows (exempliﬁed on Eq. (3.18)):
)
(
U 0j Ψ0 exp(iBLx y) − Ψj
1 ∂
− Ax Ψj = −i x
,
(3.26)
i ∂x
ax
i.e., to multiply Ψ0 by exp(iχx ), if the point “to the east” is out of the lattice.2
On the other hand, if one runs out of the lattice in the vertical direction, the
expression in Eq. (3.19) is only modiﬁed to
(
)
Uy0j Ψ0 − Ψj
1 ∂
− Ay Ψj = −i
,
(3.27)
i ∂y
ay
2

The factor

2e
~c

= 1/(A0 ξ(0)) from Eq. (3.21) disappears in our units.
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because χy = 0.

3.2.2

Solving the second GL equation with periodic
boundary conditions

We need to solve the equation j = −κ2 ∇2 A for the unknown vector potential
A. As we will see below, solution of this type of partial diﬀerential equation
is especially simple in the reciprocal space, i.e., using the Fourier transform.
Afterwards we use the inverse Fourier transform to get the real space solution
in which we are actually interested.
We shall neglect the variation of the current in the z direction, which
is justiﬁed, e.g., for very thin ﬁlms with thickness d < λ, ξ, but also in
the bulk limit. This approximation allows us to use the continuous Fourier
transform in the z direction, while in the x and y directions we have to do the
expansion into the discrete Fourier series. We chose the exponential Fourier
series, because this guaranties to satisfy the periodic boundary conditions in
the x and y directions for the vector potential ∀x, y, z : A(x + Lx , y, z) =
A(x, y + Ly , z) = A(x, y, z). The A here is the vector potential which is
only due to the magnetic ﬁeld induced by the superconductor, i.e., does not
include the applied ﬁeld. As before ax ≡ Lx /M , ay ≡ Ly /N are the numerical
grid spacings and ﬁnally Amn (z) ≡ A(max , nay , z). The latter we can express
as
∫ ∞
M
−1 N
−1
∑
∑
nβ
mα
1
Âαβ (k)e−2πizk e−2πi M e−2πi N .
Amn (z) =
dk
(3.28)
M N −∞
α=0 β=0
Inverse Fourier transform reads:
∫ ∞ M
−1 N
−1
∑
∑
nβ
mα
Âαβ (k) =
dz
Amn (z)e2πizk e2πi M e2πi N .
−∞

(3.29)

m=0 n=0

Taking into account that
max α

e−2πi M = e−2πi ax M = e−2πi Lx ,
mα

xα

(3.30)

it is evident that taking the derivative with respect to x will just pull out
a factor −2πiα/Lx . An analogue expression can be derived also for the
derivative with respect to y. Using this we ﬁnd that the Laplacian of the
2
2
2
vector potential ∇2 A ≡ ∂∂xA2 + ∂∂yA2 + ∂∂zA2 is equal to
∫ ∞
M
−1 N
−1
∑
∑
]
[
1
2
∇ Amn (z) =
dk
−(2πk)2 − (2πα/Lx )2 − (2πβ/Ly )2
M N −∞
α=0 β=0
nβ

× Âαβ (k)e−2πizk e−2πi M e−2πi N ,
mα

(3.31)
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Figure 3.1: The step function Π(z, −d/2, d/2) used to deﬁne the current
distribution in the z-direction.
The current density can be also expressed as a Fourier series
1
jmn (z) =
MN

∫

∞

dk
−∞

M
−1 N
−1
∑
∑

nβ

ĵαβ (k)e−2πizk e−2πi M e−2πi N ,
mα

(3.32)

α=0 β=0

with coeﬃcients
∫
ĵαβ (k) =

∞

dz
−∞

M
−1 N
−1
∑
∑

mα

nβ

jmn (z)e2πizk e2πi M e2πi N .

(3.33)

m=0 n=0

As was already mentioned we assume the uniform current density in the zdirection jmn (z) = jmn Π(z, −d/2, d/2), where Π is a steplike function equal
to 1 inside the interval (−d/2, d/2), zero outside, see also Fig. 3.1. The
Fourier transform of Π function is simply
∫ ∞
∫ d/2
sin(πkd)
2πizk
Π(z, −d/2, d/2)e
dz =
.
(3.34)
e2πizk dz =
πk
−∞
−d/2
This simpliﬁes Eq. (3.33) to
ĵαβ (k) = ĵαβ

sin(πkd)
.
πk

(3.35)

We subsequently substitute Eqs. (3.31) and (3.32) into the equation
j = −κ2 ∇2 A, to obtain
Âαβ (k) =

1
ĵαβ (k)
,
2
2
κ (2πk)2 + qαβ

(3.36)
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2
where qαβ
= ( 2πα
)2 + ( 2πβ
)2 . Notice that this qαβ is twice the corresponding
Lx
Ly
variable in the ﬁnite sample calculation, where the sine Fourier transform is
needed (as the vector potential contribution due to superconductor goes to
zero at the far boundaries of the simulation, away from the sample).
Having the formula for the vector potential in the reciprocal space Âαβ (k)
we can Fourier transform it back to the real space using Eq. (3.28):

1
Amn (z) =
MN
×
The integral over k,

∫

∫

∞

dk
−∞

M
−1 N
−1
∑
∑
α=0 β=0

ĵαβ
1
2
2
κ (2πk)2 + qαβ

(3.37)

sin(πkd) −2πizk −2πi mα −2πi nβ
M e
N .
e
e
πk
∞

I=
−∞

1
(2πk)2

+

2
qαβ

sin(πkd) −2πizk
e
dk,
πk

can be done analytically with the result
{
2
[1 − cosh(qαβ z) exp(−dqαβ /2)]/qαβ
I=
2
sinh(dqαβ /2) exp(−qαβ z)/qαβ

z < d/2,
z > d/2.

(3.38)

(3.39)

We are interested mainly in the ﬁeld behavior in the z = 0 plane (special
2
case of z < d/2), where I = [1 − exp(−dqαβ /2)]/qαβ
. Finally we have
Amn (0) =

M −1 N −1
nβ
mα
1 ∑ ∑ ĵαβ
[1 − exp(−dqαβ /2)]e−2πi M e−2πi N ,
2
2
M N α=0 β=0 κ qαβ

(3.40)

that is we can calculate the vector potential by ﬁrst Fourier transforming the
current density in the xy plane to obtain the set of coeﬃcients ĵαβ , and then
by evaluating the Eq. (3.40) which is again doable by Fourier transformation.

3.3
3.3.1

Generalization to two-gap systems
Dimensionless two-gap GL equations

The parameters αi , βi etc. of the two-gap GL theory are obtained/ from
the microscopic theory [2]: α/j = −N (0)nj χj = −N (0)n/j (τ − Sj nj η),
βj = N (0)nj /W 2 , mj = 3W 2 N (0)nj vj2 and Γ = N (0)λ12 η, where Λ =
λ11
λ12
is the coupling matrix with determinant η; nj (N (0)) deλ21 = λ12 λ22
notes partial (total) density of states, vj are the Fermi velocities in the two
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/
bands, and W 2 = 8π 2 Tc2 7ζ(3). For details on constants Sj we refer to
√
Ref. [2]. We can formally√
deﬁne the coherence lengths ξj = ~vj /( 6W ) and

penetration depths λj = 3c2 /(16πN (0)e2 nj vj2 ), as well as the GL parameters κj = λj /ξj of the two condensates, as if they were independent. The
temperature dependence enters the formalism only through the parameters
αj (T ).
We chose to express all distances in the formalism in units of ξ1 , which is
the zero-temperature coherence length of the ﬁrst condensate. Correspondingly, we measure the vector potential A in units of c~/2eξ1 , the magnetic
2
ﬁeld H in units of the second critical ﬁeld of the ﬁrst band
√ Hc2 =/c~/2eξ1 .
2 2
Both order parameters are measured in the units of W = 8π 2 kB
Tc 7ζ(3) ∝
Tc which deﬁnes our energy scale. All these units are temperature independent.
We then obtain the following dimensionless equations to solve:
(−i∇ − A)2 Ψ1 − (χ1 − |Ψ1 |2 )Ψ1 − γΨ2 = 0,
(−i∇ − A)2 Ψ2 − α(χ2 − |Ψ2 |2 )Ψ2 −

γκ22
Ψ1 = 0,
κ21 α

−2
−∇2 A = κ−2
1 j1 + ακ2 j2 ,
[
]
/
where jj = ℜ Ψ∗j (−i∇ − A)Ψj , α = (v1 /v2 )2 , γ = Γ n1 N (0).

3.3.2

(3.41a)
(3.41b)
(3.41c)

Numerical implementation of two-gap GL equations

The implementation of the two-gap equations is very similar to the singlegap case as the structure of the equations stays the same. The temperature
independent units have to be used as we described above, in contrast to the
single-gap case where one could hide temperature by using, e.g., ξ(T ) as
a length unit. In two-gap case however this would cause our length unit to
diverge at some temperature Tcj below Tc . The discretization scheme remains
the same, as well as the use of link variables. The second GL equation has
still the form of a Poisson equation and is solved by the Fourier transform in x
and y directions and analytically in the z direction, the only diﬀerence being
that the supercurrent has weighted contributions from both gaps now. For
the bilayer system in Chapter 7, we use the Eq. (3.39) (case when z > d/2) to
calculate the vector potential from the other layer in the middle of the layer
under consideration. Due to linearity of the Maxwell equations superposition
principle applies and we are indeed allowed to add up the vector potentials
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from the supercurrents ﬂowing inside that layer and inside the other layer
(for more details, see Chapter 7).

62

Numerical methods

Chapter 4
Conditions for non-monotonic
vortex interaction

In this chapter we describe a semi-analytic approach to the standard two-band
Ginzburg-Landau theory, which predicts the magnetic behavior of vortices in
two-band superconductors. We show that the character of the short-range
vortex-vortex interaction is determined by the sign of the normal domain superconductor interface energy, in analogy with the conventional diﬀerentiation between type-I and type-II superconductors. However, we also show
that the long-range interaction is determined by a modiﬁed Ginzburg-Landau
parameter κ∗ , diﬀerent from the standard κ of a bulk superconductor. This
opens the possibility for non-monotonic vortex-vortex interaction, which is
temperature-dependent, and can be further tuned by alterations of the material on the microscopic scale.

4.1

Introduction

Multigap superconductivity arises when the gap amplitudes on diﬀerent sheets
of the Fermi surface are radically disparate, e.g. due to diﬀerent dimensionality of the bands for the usual phonon-mediated pairing, as is the case in
MgB2 [68, 69], or due to the repulsive pairing interaction, as it appears to be
the case in recently discovered iron-pnictides [70, 71]. The other examples
of multigap materials include OsB2 , iron silicides such as Lu2 Fe3 Si5 , chalcogenides (NbSe2 ), but also the conventional superconductors such as Pb when
reduced to nanoscale [72, 73].
In a strong magnetic ﬁeld all superconducting condensates form normal-
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metal voids, as an intermediate state before superconductivity is fully destroyed. These normal domains tend to merge in type-I superconductors in
order to minimize their positive surface energy, whereas in type-II superconductors they have negative surface energy and split into quantized vortices.
However, in 2005 Babaev and Speight predicted the so-called semi-Meissner
state in two-band superconductors [74], the state with localized regions of
high and low vortex densities, arising from short-range repulsive while longrange attractive vortex-vortex interaction. This vortex behavior was recently
visualized by Moshchalkov et al. [1], in the form of stripes and clusters of
vortices in a single-crystal MgB2 . Such vortex conﬁgurations stemming from
the long-range attractive vortex behavior (see also Ref. [15] for review) are
clearly very important in the ﬁeld of superconductivity, but they also present
a bridge between solid-state physics and soft condensed matter, where systems with competing interactions are of abiding interest [75, 76].
To date the matter of competing vortex interactions in two-band superconductors has not been conclusively settled although recent years saw a
surge of activities in this ﬁeld. The original prediction in Ref. [74] concerns
only the case when one band is type-I and the other type-II, although it is
unclear how diﬀerent types of behavior between bands in k-space (not real
space) can be discerned. Ref. [77] demonstrated such vortex behavior in
systems where just one band is fully superconducting, and the other superconducts only due to direct coupling. Dao et al. found diﬀerent types of
possible vortex-vortex interactions and several resulting exciting vortex conﬁgurations, but did not provide a universal criterion to a priori determine
the type of vortex interaction [78]. Finally some authors expressed scepticism to nonmonotonic vortex interaction; Geyer et al. showed that the
normal metal/two-gap superconductor surface energy close to Tc depends
just on a single Ginzburg-Landau (GL) parameter κ, and thus only either
repulsive (type-II) or attractive (type-I) vortex-vortex interaction is possible
[79]. This point was later reenforced by Kogan and Schmalian [2].

4.2
4.2.1

Methods and derivations
Two component Ginzburg-Landau formalism

In this chapter we derive criteria for the appearance of non-monotonic interaction of vortices in two-gap systems described by the standard GL model.
Our analysis is based on the two-band GL theory, with all coeﬃcients expressed using the microscopic parameters obtained either from theoretical
band structure calculations or by ﬁtting the experimental penetration depth
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or speciﬁc heat data by the so-called γ-model [80]. We begin from the GL
energy functional (as explained in Chapter 2), which comprises single-band
contributions from both condensates, the coupling term, and the energy of
the magnetic ﬁeld in and around the sample:
∑

1
1
αj |Ψj | + βj |Ψj |4 +
F =
2
2mj
j=1,2

(

2

−Γ(Ψ∗1 Ψ2 + Ψ1 Ψ∗2 ) +

(h − H)2
.
8π

)
~
2e
∇ − A Ψj
i
c

2

(4.1)

Here the two Cooper-pair condensates are described by the order parameters Ψ1 and Ψ2 , H is the applied magnetic ﬁeld and h the net one. The
Josephson coupling term provides the ‘minimal coupling’, well described in
literature. The temperature enters the energy expression through αj=1,2 [49].
The expansion leading to the GL theory is strictly valid only in the immediate vicinity of the critical temperature Tc , but we use this theory at
somewhat lower temperatures as well, arguing that GL theory qualitatively
well describes important physics away from Tc (as was demonstrated at many
prior instances). Finally, it was shown in Ref. [2], that standard two-band
GL theory contains incomplete terms that estimate ψ with precision to τ 3/2 .
The authors reduce the theory by eliminating latter terms, which results in
a single coherence length for both order parameters of a two-band superconductor. This is however not a correct physical picture at low temperatures,
and two coherence lengths for the two-band superconductors can be recovered even in the GL domain in the extended model of Ref. [3]. Unfortunately,
the latter model was at the time presented only in the absence of magnetic
ﬁeld. To be able to capture all the essential physics, at least qualitatively,
we based our study on the compromise - the standard GL model. Note however that our further explained semi-analytic approach can be applied to any
improved form of the energy functional for two-band superconductors.
We calculate the vortex-vortex interaction in a similar fashion to Ref. [74]
but within a microscopic framework. The parameters
/ in Eq. (4.1) can then be
expressed as: αj = −N (0)nj χj = −N (0)nj (τ − Sj nj η), βj = N (0)nj /W 2 ,
/
/
λ11
λ12
mj = 3W 2 N (0)nj vj2 and Γ = N (0)λ12 η, where Λ =
λ21 = λ12 λ22
is the coupling matrix with determinant η; nj (N (0)) denotes partial (total) density of states,
vj are the Fermi velocities in the two bands, and
/
2 2
W 2 = 8π 2 kB
Tc 7ζ(3). For details on the constants Sj we refer to Ref.
√
[2]. We formally deﬁne
the
coherence
lengths
ξ
=
~v
/(
6W ) and penej
j
√
tration depths λj =

3c2 /(16πN (0)e2 nj vj2 ), as well as the GL parameters
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κj = λj /ξj of the two condensates, as if they were independent. These are of
course just parameters of the model, and are related only indirectly to the
resulting penetration depth and the healing lengths of the two order parameters in the two-band material. Notice also that α1 and α2 change sign at
diﬀerent temperatures. In particular, close to Tc both αj are positive but the
coupled system is still superconducting. Such situation is already diﬀerent
from the one studied in Ref. [77], where at least one αj was negative. The
Ginzburg-Landau equations minimize the functional from Eq. (4.1), and read
(in dimensionless form)
(−i∇ − A)2 Ψ1 − (χ1 − |Ψ1 |2 )Ψ1 − γΨ2 = 0,

(4.2a)

γκ22
(−i∇ − A) Ψ2 − α(χ2 − |Ψ2 | )Ψ2 − 2 Ψ1 = 0,
κ1 α

(4.2b)

2

2

−2
−∇2 A = κ−2
(4.2c)
1 j1 + ακ2 j2 ,
[ ∗
]
/
where jj = ℜ Ψj (−i∇ − A)Ψj , α = (v1 /v2 )2 , γ = Γ n1 N (0), both order
/
parameters are scaled to W , distances to ξ1 , and vector potential to hc 4eπξ1 .

4.2.2

Long-range vortex interaction

In what follows, we demonstrate the method to determine the asymptotic
long-range interaction of vortices, before going into ﬁne details at short
vortex-vortex distances. In cylindrical coordinates, considering the ansatz
for one circular symmetric vortex Ψj = eiθ fj (r), and substituting the gauge
A = a(r)θ̂/r, we rewrite Ginzburg-Landau Eqs. (4.2a-c) as

and

d2 f1 1 df1 (a − 1)2
+
−
f1 + (χ1 − f12 )f1 + γf2 = 0,
dr2
r dr
r2

(4.3a)

d2 f2 1 df2 (a − 1)2
γ κ22
2
+
−
f
+
α(χ
−
f
)f
+
f1 = 0,
2
2
2
2
dr2
r dr
r2
α κ21

(4.3b)

d2 a 1 da
−
− (a − 1)
dr2 r dr

(

f12
f22
+
α
κ21
κ22

)
= 0.

(4.3c)

For r → ∞, a converges to 1 and fj to a constant wj . The limit r → ∞
leads to the set of non-linear coupled equations for wj :
(χ1 − w12 )w1 + γw2 = 0,
α(χ2 − w22 )w2 +

γ κ22
w1 = 0.
α κ21

(4.4a)
(4.4b)
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These can be decoupled by deﬁning the ratio ρ = w1 /w2 , which then obeys
the fourth order equation
γ κ22 4
ρ + χ2 ρ3 − χ1 ρ − γ = 0.
α2 κ21

(4.5)

Such an equation has a laborious analytical solution known as Ferrari’s
method, which will not be presented here, but can be found in Ref. [81].
From Eq. (4.4), one obtains the dependence of the constants wj on the ratio
ρ as
√
γ
w1 =
+ χ1 ,
(4.6a)
ρ
√
γ κ22
w2 =
ρ + χ2 .
(4.6b)
α2 κ21
In order to eliminate high order terms for large distances, we must use
auxiliary functions that approach zero as r → ∞, namely, Q(r) = a(r) − 1
and σj (r) = fj (r) − wj . Keeping only ﬁrst order terms in these functions,
Eqs. (4.3) become

and

)
d2 σ1 1 dσ1 (
2
+
+
χ
−
3w
σ1 + γσ2 = 0,
1
1
dr2
r dr

(4.7a)

(
)
d2 σ2 1 dσ2
γ κ22
2
+
+
α
χ
−
3w
σ
+
σ1 = 0,
2
2
2
dr2
r dr
α κ21

(4.7b)

d2
dr2

( )
( ) ( 2
)( )
Q
1 d Q
ξ1
1
Q
+
−
+ 2
= 0,
2
r
r dr r
λ
r
r

(4.7c)

where we deﬁned λ−2 = (w1 /λ1 )2 + (w2 /λ2 )2 . The solution of Eq. (4.7c)
is the Modiﬁed Bessel function Q(r) = δ3 rK1 (rξ1 /λ). Similarly, if γ =
0, Eqs. (4.7a) and (4.7b) are decoupled and easily identiﬁed
as Modiﬁed
√
Bessel√equations, whose solutions are σ1 (r) = η1 K0 ( 2χ1 r) and σ2 (r) =
η2 K0 ( 2αχ2 r). On the other hand, if γ ̸= 0, the equations for σj are still
coupled and, in order to decouple them,/one must deﬁne the operator L̂2 =
∇2 +α (χ2 − 3w22 ), so that L̂2 σ2 = −(γκ22 ακ21 )σ1 , and apply it on Eq. (4.7a),
obtaining
∇2 ∇2 σ1 + C1 ∇2 σ1 + C2 σ1 = 0.
(4.8)
Here/C1 = (χ1 − 3w12 ) + α (χ2 − 3w22 ) and C2 = α (χ2 − 3w22 ) (χ1 − 3w12 ) −
γ 2 κ22 ακ21 . The operator ∇2 for axially symmetric solutions has eigenfunctions given by Bessel functions J0 (βr) and Y0 (βr), with eigenvalue −β 2 , or
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modiﬁed Bessel functions I0 (βr) and K0 (βr), with eigenvalue β 2 . From these
four eigenfunctions, only the latter satisﬁes the condition that σj must decay
monotonically with r. Substituting ∇2 K0 (βr) = β 2 K0 (βr) in Eq. (4.8), one
obtains
(4.9)
β 4 + C1 β 2 + C2 = 0,
and
σ1 (r) = δ1 cos(ω)K0 (β− r) − δ2 sin(ω)K0 (β+ r),

(4.10a)

σ2 (r) = δ1 sin(ω)K0 (β− r) + δ2 cos(ω)K0 (β+ r),

(4.10b)

√

where
β± =

−C1 ±

√

C12 − 4C2
.
2

(4.10c)

Notice that in Eqs. (4.10), each σj must contain the Bessel functions for both
β± , in a combination that is conveniently written√in the form of a √
mixing
angle ω [77]. In the γ → 0 limit, one has β− → 2χ1 and β+ → 2αχ2 .
Moreover, substituting Eqs. (4.10) in the diﬀerential equation (4.7a), one
obtains
γ
tan(ω) = 2
,
(4.11)
β+ + (χ1 − 3w12 )
√
so that γ → 0 leads
√ to ω → 0 and, consequently, to σ1 (r) → η1 K0 ( 2χ1 r)
and σ2 (r) → η2 K0 ( 2αχ2 r), as expected.
The parameters δk (ηk ) in the expressions for Q(r), σ1 (r) and σ2 (r) are
unknown real constants that can only be determined by ﬁtting numerical
solutions for Eqs. (4.3) in analogy to what is done in Ref. [82].
Having the asymptotic form of the order parameters and the vector potential, we now follow the standard procedure [83] for ﬁnding the vortex-vortex
interaction in the r → ∞ limit, obtaining
)
)
(
(
(r)
β− r
β+ r
2
2
2
E2B (r) = δ3 K0
− δ 1 K0
− δ 2 K0
,
(4.12)
λ
ξ1
ξ1
where the units are now explicitly shown. Here, we list the consequences of
the above asymptotics. i) Comparing Eq. (4.12) to the one-band case [84],
where
)
(√
(4.13)
2r/ξ1B ,
E1B (r) = δ42 K0 (r/λ1B ) − δ52 K0
shows that the lengthscale λ−2 = (w1 /λ1 )2 +(w2 /λ2 )2 is playing the role of an
eﬀective penetration depth for the two-band superconductor in accordance
with Eq. (60) in Ref. [85], contrary to λ−2 = (1/λ1 )2 + (1/λ2 )2 used in Refs.
[74] and [86, 87] which holds only in the (unrealistic) absence of coupling.
ii) The parameters δk are in general diﬀerent from each other, but can be
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calculated exactly in the Bogomol’nyi point for the two band system as δ12 =
δ22 = 2δ32 . For γ = 0, the choice of ξ1 = ξ2 = 1 and κ1 = κ2 = 1 √
in the
two-band case is thus analogous to the Bogomol’nyi point κ1B = 1/ 2 for
the single band case and, accordingly, the long-range interaction must vanish
(and change sign for κ1 = κ2 < 1). This directly illustrates that coupling
of two (nominally) type-II condensates may lead to a type-I behavior of the
coupled system! iii) In Eq. (4.13)
for single
√
√ band superconductors, it is clear
that if κ1B = λ1B /ξ1B > 1/ 2 (< 1/ 2), the interaction potential E1B (r)
will be repulsive (attractive). For two-band superconductors, Eq. (4.12)
shows that the relevant parameters are κ∗± = √β2± λξ , rather than the nominal
1
√
GL parameters κj for each condensate. If either κ∗+ or κ∗− are below 1/ 2,
the long-range vortex interaction is attractive (type-I like). Eqs. (4.4) and
(4.10c) provide simple means to evaluate this condition. iv) In the presence
of coupling, the long-range behavior of both σj depends exponentially on the
smallest of β− and β+ . Therefore, in the coupled case, we can deﬁne not only
a single penetration depth for both bands, but also the order parameters for
both condensates exhibit the same decay at large distances which implies a
joint coherence length ξ ∗ = ξ1 / min(β+ , β− ).

4.2.3

Surface energy and the short-range vortex interaction

The analysis in the previous subsection brings us to the discussion of the real
criterion for the attractive/repulsive nature of the vortex interaction. In the
single-band case, the changing sign of the normal domain - superconductor
surface energy ES at the Bogomol’nyi point is a correct criterion. However,
in the two-band case and for large vortex-vortex distance, the Bogomol’nyi
√
point is determined by a single valued κ∗ = min(κ∗+ , κ∗− ) = 1/ 2, which
is not necessarily where the surface energy of the normal domain (vortex)
changes sign!
The sign of the energy of the interfaces between normal-metal domains
and the superconductor determines whether merging of those domains is
energetically favorable or not (i.e. if the superconductor is type-I or type-II).
For the vortices (the smallest possible normal domains) the negative vortexsuperconductor surface energy therefore means that the vortices should repel
(at least at short distances) in order to avoid the formation of a giant vortex.
We here show how to calculate the normal-superconducting interface energy
and by that predict the type of the short-range vortex-vortex interaction.
We follow a similar approach to that of Refs. [86, 87], but we take
into account the Josephson coupling and the temperature dependence of
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the Ginzburg-Landau (GL) parameters, within a microscopic framework.
Namely, we consider the interface between normal and superconducting region as the yz-plane at x = 0 and calculate the surface energy ES using the
one-dimensional GL functional at the thermodynamic critical ﬁeld Hc , which
reads
∫ ∞ {
2 2
2
2
ES =
dx 2(Ψ′2
1 + A Ψ1 ) + (2χ1 − Ψ1 )Ψ1
−∞
κ2
+α 12
κ2

[
]
2 2
2
2
2(Ψ′2
2 + A Ψ2 ) + α(2χ2 − Ψ2 )Ψ2
(
)2 }
√
−2γΨ1 Ψ2 + Hc − 2κ1 A′
,

(4.14)

where the gauge potential is chosen as A = (0, A(x), 0) and Ψj=1,2 are taken
real. The thermodynamic critical ﬁeld of the coupled system Hc is obtained
from the condition that the GL functional in Eq. (4.1) converges to zero for
H = Hc , leading to
2
2
2
Hc2 = Hc(1)
w12 (2χ1 − w12 ) + Hc(2)
w22 (2χ2 − w22 ) + 4γHc(1)
w1 w2 ,

(4.15)

where the formally
critical ﬁeld of each condensate
√
√ deﬁned thermodynamic
is Hc(j) = hc/(4e 2πλj ξj ) = 2W πN (0)nj . We then ﬁnd Ψj and A that
minimize ES by numerically solving the set of Euler-Lagrange equations for
the functional in Eq. (4.14), which are exactly the one-dimensional versions
of Eqs. (4.2a-c):
Ψ′′1 =
Ψ′′2

(
)
A2
Ψ1 − χ1 − Ψ21 Ψ1 − γΨ2 ,
2

(
)
A2
γκ22
2
=
Ψ2 − α χ2 − Ψ2 Ψ2 −
Ψ1 ,
2
ακ21
( 2
)
Ψ1
Ψ22
′′
A =
+ α 2 A.
κ21
κ2

(4.16a)
(4.16b)
(4.16c)

The boundary conditions in the normal state (x → −∞) and deep in the
superconducting state (x → ∞) are ψj (x → −∞) = 0, A′ (x → −∞) = 1,
ψj′ (x → ∞) = 0 and A′ (x → ∞) = 0.

4.2.4

Constrained GL equations for ﬁxed vortices

We supplement our argumentation by numerically obtained vortex-vortex
interaction potentials (in a similar fashion as in Ref. [88]). Since the problem
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of two vortices does not have circular symmetry, we now consider the ﬁxedvortex ansatz in Cartesian coordinates Ψj = eiℓ1 θ1 eiℓ2 θ2 fj (x, y), describing
two ﬁxed vortices with winding numbers ℓ1 and ℓ2 , where eiℓk θk is written in
Cartesian coordinates as
(
)ℓ /2
xk + iyk k
iℓk θk
e
=
,
(4.17)
xk − iyk
and rk = (xk , yk , 0) is the in-plane position vector with origin at the center
of the vortex k. For the case of two vortices separated by a distance d, we
take r1 = (x − d/2, y, 0) and r2 = (x + d/2, y, 0). With this ansatz, the EulerLagrange equations for the energy functional in Eq. (4.1) read (see also Ref.
[98])
[ 2
]
2
∇2 f1 − X + Y + 2(Ax Y − Ay X) + A2 f1
+(χ1 − f12 )f1 + γf2 = 0,
[

2

2

∇ f2 − X + Y + 2(Ax Y − Ay X) + A
2

2

(4.18a)

]
f2

(
)
γκ2
+α χ2 − f22 f2 + 22 f1 = 0,
ακ1
[

and

ℓ1 θ̂1 ℓ2 θ̂2
∇×∇×A=− A−
−
r1
r2
where
X=

ℓ1 x1 ℓ2 x2
+ 2 ,
r12
r2

](

Y =

f12
f22
+
α
κ21
κ22

(4.18b)

)
,

(4.18c)

ℓ1 y1 ℓ2 y2
+ 2 ,
r12
r2

and the angular unit vectors around each vortex are written as
θbk = (−yk /rk , xk /rk , 0).

(4.19)

In the following we consider only the case ℓ1 = ℓ2 = 1, i.e., the most usual
single ﬂux quantum composite vortex.
Eqs. (4.18a-c) are thus the GL equations for the two ﬁxed vortices, and we
solve them numerically by a relaxation method. The obtained order parameter and vector potential are then substituted back in the energy functional,
yielding the energy E(d) for the vortex pair at distance d. Repeating this
procedure for diﬀerent vortex-vortex separation, we obtain the interaction
potential ∆E = E(d) − E(0) between vortices in the two-gap superconductor, as shown in Fig. 4.1(b-d).
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Figure 4.1: The normal domain - superconductor surface energy ES as a
function of the ratio of the density of states in the two bands (a) and the
corresponding vortex-vortex interaction energies (b-d) for indicated parameters. The short-range interaction force changes sign when the surface energy
changes sign.

4.3

Results and discussion

We now apply the techniques described in the previous sections to calculate
(i) the asymptotic long-range GL parameter κ∗ , (ii) the normal domain superconductor surface energy ES , and (iii) the full vortex-vortex potential
(using the constrained GL equations (4.18)(a-c)).
As a ﬁrst example, Fig. 4.1 shows the surface energy ES and the numerically obtained vortex-vortex interaction potentials for a set of parameters
corresponding (arguably) to MgB2 : κ1 = 3.71 and ξ1 /ξ2 = v1 /v2 = 0.255 are
taken from Ref. [1], the coupling matrix is obtained from Ref. [89], the temperature is ﬁxed at T = 0.82Tc , while we vary the density
√ of states in the two
bands. We note that in all considered cases κ∗ < 1/ 2 and the long-range
interaction is always attractive, whereas short-range interaction changes to
repulsive exactly when the surface energy ES changes sign with increasing
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Figure 4.2: The long-range interaction phase diagram for a MgB2 crystal, at
diﬀerent temperatures and for varied values of the ratio between (a) the Fermi
velocities, and (b) the partial density of states, of the two bands. In each
panel, the black line separates the regions of long-range attraction and longrange repulsion (left to right). The white lines indicate where ES changes
sign and the short-range interaction changes from attractive to repulsive (left
to right).
n1 /n2 . To conclude, the long-range
√ vortex-vortex interaction is determined by κ∗ with respect to 1/ 2, while the short-range behavior
is determined by the sign of the surface energy ES . This also proves
√
insuﬃcient the√initial premise in Ref. [1] that if the system has λ/ξ1 > 1/ 2
and λ/ξ2 < 1/ 2, the vortex interaction should be long-range attractive and
short-range repulsive. The actual behavior is far more complex, and can be
exactly determined as explained above.
Recent calculations have shown that as T → Tc , only type-I or type-II
vortex behavior can be observed [79]. Indeed, by analyzing κ∗ and the sign
of ES at T → Tc as explained above, we always found the same type of
interaction in either long- or short-range limit. However, for T immediately
√
∗
2 to κ∗ <
below
T
the
sign
change
of
E
and
the
transition
from
κ
>
1/
c
S
√
1/ 2 occur for diﬀerent sets of parameters, opening up the parameter space
for observation of the non-monotonic vortex interaction. This is shown in
Fig. 4.2, where we plot κ∗ as a function of temperature and also the ratios
between the Fermi velocities (Fig. 4.2(a)) and the partial density of states√of
each condensate (Fig. 4.2(b)). The black line in Fig. 4.2 denotes κ∗ = 1/ 2
and the white line indicates where ES = 0. At T = Tc these lines coincide, in
agreement with Ref. [79], but as T decreases, the lines separate, bordering the
region where the system exhibits
short-range repulsion (ES < 0) and long√
range attraction (κ∗ < 1/ 2), i.e., non-monotonic vortex interaction. This
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ﬁnding further creates a new possibility of tuning the magnetic interactions
in two-band superconductors by changing temperature. For example, for the
parameters of MgB2 given in Ref. [1] (Fig. 4.2(a) for v1 /v2 = 0.255), we ﬁnd
that non-monotonic vortex interactions occur only for T . 0.49 Tc ,1 whereas
pure type-II behavior is expected at higher temperatures. The experiment
in Ref. [1] was done at T ≈ 0.1 Tc , and could thus be repeated at higher
temperatures to verify our prediction.
In Fig. 4.3(a) a similar phase diagram is constructed for recently discovered, and for many reasons exciting, pnictides. In particular, we show the
results for LiFeAs, using the parameters given in Ref. [71], except for the
fact that λ12 in the Λ matrix must be taken negative due to the s± pairing.
For this material, we extract κ1 =
√2.4, n1 /n2 = 1.384 and v1 /v2 = 0.722.
Interestingly enough, as κ2 = κ1 n1 v12 /n2 v22 , √
we note
√ that both nominal
GL parameters of the bands are larger than 1/ 2 if n1 v12 /n2 v22 & 0.295.
Therefore, it can be once more veriﬁed that in a large portion of the parameter space where both bands are convincingly type-II, the coupled system
exhibits type-I behavior. In√Fig. 4.3(b), we show that for T = 0.9 Tc , the
ES = 0 (white) and κ∗ = 1/ 2 (black) curves coincide for small n1 /n2 and
large v1 /v2 . This behavior persists even at lower temperatures, as shown in
Fig. 4.3(c). However, in the opposite case (large n1 /n2 and small v1 /v2 ), the
curves separate, forming a region of non-monotonic vortex interaction in the
phase diagram which grows larger as temperature decreases (see Fig. 4.3(d)).
This broad temperature range for the observation of partial vortex attraction
is important experimentally, to discriminate the non-monotonic vortex interactions from irregular vortex lattices formed due to intrinsic defects in the
material [90, 91] (with latter being dominant only at temperatures where the
vortex core and the defects are similar in size, unless defects are of magnetic
nature).

4.4

Conclusions

In conclusion, we have demonstrated the semi-analytic method to relatively
easily determine the nature of vortex-vortex interaction in two-band superconductors. This is of signiﬁcant theoretical and experimental importance,
as Figs. 4.2, 4.3 sketch just two examples of many possibilities attainable
by two-band hybridization. Note that a plethora of transitions, even reentrant behaviors, can be found as a function of the microscopic parameters,
1

This temperature is far out of the Ginzburg-Landau domain, but is taken as an example. Our prediction can also be made at a higher temperature, but for microscopic
parameters that do not correspond to any known material at the moment.
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Figure 4.3: (a) The long-range vortex interaction (v1 /v2 , n1 /n2 , T ) phase
diagram for LiFeAs, for other parameters
taken from Ref. [71]. The shown
√
∗
isosurface corresponds to κ = 1/ 2 and the change of the long-range vortexvortex interaction. (b-d) 2D cuts of (a) in the T = 0.9 Tc , v1 /v2 = 0.722,
and n1 /n
√2 = 1.384 planes, respectively. Black (white) lines correspond to
κ∗ = 1/ 2 (ES = 0).
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which can be tuned experimentally (to some extent) by e.g. carrier injection
[92]. Finally, with appropriate modiﬁcations of the initial energy functional
our approach can also provide insight in similar situations encountered in
nanoscale superconducting ﬁlms, tailor-made two-component superconducting hybrids, and dirty two-band compounds.
Related publication
 A. Chaves, L. Komendová, M. V. Milošević, J. S. Andrade, Jr., G.
A. Farias, and F. M. Peeters: Conditions for nonmonotonic vortex
interaction in two-band superconductors, Phys. Rev. B 83, 214523
(2011).

Chapter 5
Order-parameter length scales
in the extended GL theory

Using the Ginzburg-Landau theory extended to the next-to-leading order we
determine numerically the healing lengths of the two order parameters at the
two-gap superconductor/normal metal interface. We demonstrate on several
examples that those can be diﬀerent even in the strict domain of applicability
of the Ginzburg-Landau theory. This justiﬁes the use of this theory to describe relevant physics of two-gap superconductors, distinguishing them from
their single-gap counterparts. Afterwards, we turn to the study of the vortex
proﬁles in two-gap superconductors using the extended Ginzburg-Landau theory. We compare the behavior expected from the standard Ginzburg-Landau
theory with the extended GL approach, and ﬁnd qualitative agreement in the
case of LiFeAs.

5.1

Introduction

Over the past half-century, the Ginzburg-Landau (GL) theory [4] has proven
to be a very helpful tool in studies of superconductivity, but also other systems in and out of condensed matter physics. By its construction, the formalism is only justiﬁed near the critical temperature Tc , but it typically
produces qualitatively correct results even far below Tc . Recently an exception was found to this unwritten rule, when it was shown that the standard
formulation of the GL theory is insuﬃcient for adequate description of twoband (or multiband) superconductors, because it predicts the same spatial
variation of the condensates in all bands [2] (within its range of applicability,
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i.e., very close to Tc ). This renders it unable to connect to the theoretical
results obtained by using Usadel [93, 94] or Eilenberger [95] equations in the
broader temperature range, which unambiguously show presence of two separate length scales for two gaps. Experimentally, the evidence for diﬀerent
coherence lengths in σ and π bands of MgB2 was previously found by direct
vortex imaging [42], µSR imaging of the supercarrier density [47], and in pronounced features in the ﬂux-ﬂow resistivity [96] as a function of the applied
magnetic ﬁeld.
In order to capture the important physics of diﬀerent length scales, one
needs to extend the GL formalism as realized in Ref. [3], where the two order
parameters are calculated up to order τ 3/2 in the small deviation from the
critical temperature τ = 1 − T /Tc , instead of the standard τ 1/2 as used in
Ref. [2]. In the latter article, the authors mention that the extra terms in the
next-to-leading order are by construction small corrections, not signiﬁcant
enough to alter the single coherence length controlling the spatial distribution of both condensates. First, we argue that the eﬀects of higher-order
corrections can be signiﬁcant since the above argument about small corrections applies only to the order parameter - not necessarily to its spatial
proﬁle i.e. healing lengths and other physical quantities. Second, we argue
that any (even small) diﬀerence between the characteristic length scales of
two condensates is of fundamental importance, since it may lead to other
novel phenomena related to the competition of length scales. Note that
here we do not enter the recent debate about suﬃcient discrepancy of length
scales and/or relation between them to provide ‘type-1.5’ superconductivity
[1, 97, 98]. Instead, we complement that discussion, by exactly quantifying
the diﬀerence in length scales in the domain of the extended GL theory.
The fact that the diﬀerence of characteristic length scales of two Cooper
pair condensates exists even in the strict Ginzburg-Landau domain is of great
practical importance, since the calculations based on the Ginzburg-Landau
theory are typically far less computationally demanding than the calculations
based on full microscopic theories (Bogoliubov-de Gennes, Gor’kov, Usadel
or Eilenberger equations). In microscopic formalisms, one usually has to
make clever approximations and make compromises in the calculation procedure. As a consequence, even though these approaches are valid in the whole
temperature range from absolute zero to Tc , they are limited to the simple
systems such as a single vortex or other highly symmetric or eﬀectively onedimensional cases. On the contrary, the Ginzburg-Landau equations have a
much simpler structure and therefore allow for studying of highly non-trivial
situations such as vortex lattice statics and dynamics, current driven systems,
interaction with pinning, and ﬂuxonic devices. Since the above is well established in the standard GL formalism, we emphasize here that the calculations
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become only a fraction more complicated in the extended Ginzburg-Landau
formalism. While it does contain more equations (for the order parameters
to the leading, and next-to-leading order), the coupling of those equations is
realized through the coeﬃcients and not the calculated variables - contrary
to the standard set of two-band GL equations [98–100].
Finally, the present study and its conclusions are relevant not only to
bulk multiband materials, but also to nanoscale superconductors, e.g., singlecrystalline metallic nanoﬁlms [101–105], and also pancake-shaped superﬂuid
Fermi gases in optical traps [106], where the multiband structure appears
due to quantum conﬁnement. The key mechanism there is the formation of
discrete single-particle energy levels for the motion in the strongly-conﬁned
direction (while motion is quasi-free in the other directions).

5.2

Theoretical formalism

Following Ref. [3], we evaluate the order parameters ∆j up to order τ 3/2 by
(0)
(1)
(0)
(1)
taking ∆j (x) = ∆j (x) + ∆j (x), where ∆j (x) ∝ τ 1/2 and ∆j (x) ∝ τ 3/2 ,
with j = 1, 2 indexing two coupled condensates in a two-band superconductor. Let us consider two complex order parameters at zero magnetic ﬁeld.
By the procedure described in detail in Ref. [3] we obtain in leading order
(0)

(0)

(0)

(0)

α∆j + βj ∆j |∆j |2 − K∇2 ∆j = 0.

(5.1)

In the next-to-leading order we have
(1)

(0)

(1)

(0)

∗(1)

α∆j + 2βj |∆j |2 ∆j + βj (∆j )2 ∆j

(1)

− K∇2 ∆j =
(0)

(0)

F (∆j ) + Fj (∆j ), (5.2)
where
F (Ψ) = σΨ + S∇2 Ψ + Y ∇2 (∇2 Ψ),

(5.3)

and
Uj
[2Ψ|∇Ψ|2 + 3Ψ∗ (∇Ψ)2 + Ψ2 ∇2 Ψ∗ +
5
]
Zj [
+ 4|Ψ|2 ∇2 Ψ] + Vj ∇2 (Ψ|Ψ|2 ) +
2|Ψ|2 ∇2 Ψ + Ψ2 ∇2 Ψ∗ . (5.4)
3

Fj (Ψ) = ρj |Ψ|2 Ψ + χj |Ψ|4 Ψ +

The formal deﬁnitions of the coeﬃcients α, βj , K, σ, S, Y , ρj , χj , Uj , Vj and
Zj are given in Ref. [3] and their explicit form we give below. Parameters
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entering the zeroth order are
N (0)τ
(A2 n1 + A1 n2 ),
λ12
N (0)W32
β1 =
(A2 n1 λ212 + n2 A31 ),
λ312
~2 N (0)W32
(A2 n1 v12 + A1 n2 v22 ),
K=
6λ12
α=−

(5.5)
(5.6)
(5.7)

while parameters entering the ﬁrst order are
N (0)τ 2
[A2 n1 + A1 n2 − 2ηn1 n2 ],
2λ12
N (0)W32 τ
=−
[2n1 λ212 A2 + 2n2 A31 − ηn1 n2 (3A21 + λ212 )],
λ312
N (0)
= 5 (n2 W54 A51 − 3ηn1 n2 λ212 W34 A21 + W54 A2 λ412 n1 ),
λ12
~2 N (0)W32 τ
=
[2n1 v12 A2 + 2n2 v22 A1 − ηn1 n2 (v12 + v22 )],
6λ12
~4 N (0)
[6W54 (A2 n1 v14 + A1 n2 v24 ) − 5ηn1 n2 v12 v22 W34 ],
=
180λ12
η~2 N (0)n1 n2 W34 2
=
v2 ,
6λ12
η~2 N (0)W34 n1 n2 2 2
A 1 v1 ,
=
2λ312
5~2 N (0)W54
=−
(n1 v12 λ212 A2 + n2 v22 A31 ),
9λ312

σ=
ρ1
χ1
S
Y
V1
Z1
U1

(5.8)
(5.9)
(5.10)
(5.11)
(5.12)
(5.13)
(5.14)
(5.15)

with A1 = λ22 − ηn1 A and A2 = λ11 − ηn2 A. Here A = ln(2eΓ ~ωD /πTc ), with
Euler constant Γ= 0.577, and η denotes the determinant of the interaction
matrix λij = N (0)gij , with gij the coupling constant, N (0) the total density
of states (DOS) and nj N (0) the band-dependent DOS. In addition, the co2 2
Tc ),
eﬃcients feature Fermi velocities vj of both bands, W32 = 7ζ(3)/(8π 2 kB
4 4 4
4
and W5 = 93ζ(5)/(128π kB Tc ), with ζ(. . .) the Riemann zeta-function. The
coeﬃcients β2 , ρ2 , χ2 , V2 , Z2 and U2 are obtained by exchanging the indices
1 and 2 throughout the respective formulas.
Since Eq. (5.1) is completely equivalent to the single-gap GL equation and
the bands share the same critical temperature Tc , we have either both bands
normal or both bands superconducting. In the ﬁrst case, Eq. (5.2) allows
(1)
only ∆j = 0 as a solution and thus superconductivity cannot be restored by

5.3 The Ginzburg-Landau domain
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corrections in the extended GL model. In the following we will consider
√ that
both bands are superconducting and their bulk amplitudes Wj = −α/βj
(k)
˜ (k) and x = ξ x̃, where
are real. We rescale the equations using ∆j = Wj ∆
j
√
ξ = −K/α is the unit of length common for both condensates, and obtain
(tildes omitted)
(0)
(0)
(0)
∆j − [∆j ]3 + ∇2 ∆j = 0,
(5.16a)
(0)

(1)
∆j (1

−

(0)
3[∆j ]2 )

+∇

2

(1)
∆j

(0)

F (∆j ) + Fj (∆j )
=
.
αWj

(5.16b)

The ﬁrst equation is the same for both bands, while the second one differs through the terms on the right hand side. This is exactly the cause
for the emergence of two diﬀerent characteristic lengths in the two bands.
From Eq. (5.16) it is also directly apparent why this does not happen in the
order parameters of order τ 1/2 , i.e., in Eq. (5.16a), but only in the higher
order considerations as in Eq. (5.16b). To evaluate the coeﬃcients entering
Eq. (5.16) one needs in principle to specify the coupling constants λ11 , λ22
and λ12 , the partial density of states in one band, e.g., n1 , (since n1 + n2 = 1
this determines n2 as well), and the ratio of the Fermi velocities v1 /v2 . All
other parameters enter units of scaling, and therefore have no impact on any
physical eﬀects.

5.3

The Ginzburg-Landau domain

Before discussing the numerical results of Eqs. (5.16), it is very important to
get a feeling about the relevant values of τ , i.e., the domain of applicability of
(0)
(1)
the extended GL model. First of all, our analysis shows that τ ∆j ∼ ∆j .
(0)
(1)
Then, by construction, ∆j > ∆j and the trivial inequality τ < 1 holds.
However, this is a necessary but not suﬃcient condition justifying Eqs. (5.16),
as one also needs to keep in mind the justiﬁcation for the use of the gradient
expansion in the derivation of Eqs. (5.16). This expansion requires the GL
coherence length ξ to be larger than the band-dependent correlation length
ζj = ~vj /(2πT ) that controls the spatial variations of the relevant kernels in
the integral expansion of the anomalous (Gor’kov) Green function in powers
of the band-dependent order parameters (in the clean limit), i.e.,
ζ1 , ζ2 < ξ.

(5.17)

It is important to note here that for a two-band superconductor ζj is not
necessarily close to the band-dependent generalization of the Pippard length,
i.e., ~vj /(π∆j )|T =0 , often used as an estimate of the coherence lengths of two
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bands [1, 2]. Using deﬁnitions of α, K and βj , we obtain from Eq. (5.17) the
following estimate for the GL domain τ . τ ∗ with
τ∗
v12 /v22 − 1
=
1
+
(1 − τ ∗ )2
1 + n2 A1 /(n1 A2 )

(v1 < v2 ).

(5.18)

If v1 ≥ v2 , the replacement 1 ↔ 2 should be made. Equation (5.18) shows
that the extent of the Ginzburg-Landau domain for speciﬁc multigap superconductor depends on its material parameters, as was ﬁrst pointed out
in Ref. [94]. Equation (5.18) is most sensitive to the ratio of the Fermi
velocities v1 /v2 . In particular, when v1 /v2 = 1, the above inequality simply implies τ . 0.38, i.e., the same as in the one-band case, regardless of
the particular values of the other parameters, i.e., n2 /n1 and A2 /A1 (where
(0)
(0)
A2 /A1 = [∆1 /∆2 ]2 ). For n1 ≈ n2 and A1 ≈ A2 , we typically obtain
0.27 < τ ∗ < 0.38, thus the temperature domain of GL theory is still very
large. The GL domain shrinks signiﬁcantly only when the ratio n2 A1 /(n1 A2 )
acquires either extremely large or very small values, which, e.g., can occur
when the two energy gaps diﬀer more than an order of magnitude and at
the same time v1 is very diﬀerent from v2 . For example, for the magnesium
diboride parameters (as elaborated further below) one ﬁnds from Eq. (5.18)
τ ∗ = 0.08 − 0.32 depending on the relevant ratio of the Fermi velocities, i.e.,
on the direction considered, because σ band of magnesium diboride is highly
anisotropic. The threshold temperature for the applicability of the GL theory (τ ∗ ) for a broader range of parameters (i.e., other materials) is plotted in
(1)
(0)
Fig. 5.1. Additionally, we demand that bulk solutions satisfy |∆j | ≪ ∆j ,
i.e., the ‘correction’ must be smaller than the main part of the wave function.

5.4

Diﬀerent length scales in selected multigap materials

To evaluate and compare the spatial distribution of the two order parameters
in a two-band superconductor, we study the simple case of a superconductor/normal metal (S/N) interface in the absence of any applied magnetic
ﬁeld. It then suﬃces to consider the one-dimensional version of Eqs. (5.16),
along the x-axis perpendicular to the S/N interface, with both gaps taken
(k=0,1)
to be real. The appropriate boundary conditions are ∆j
(x = 0) = 0,
(k)
and ∇∆j (x → ∞) = 0, where thus x = 0 lies at the interface, with superconductivity fully suppressed there. The second boundary condition ensures
unperturbed two-gap superconductivity away from the S/N interface. In Fig.

5.4 Diﬀerent length scales in selected multigap materials

83

Figure 5.1: The estimated temperature range τ < τ ∗ of the validity of the GL
theory based on Eq. (5.18). The gradient expansion made in the derivation
of the GL equations (both standard and extended) is fully justiﬁed below the
plotted 3D-surface.
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5.2(a) we show the results for ∆j (x) in MgB2 (normalized to bulk values, at
temperature T = 0.95Tc , and with other parameters taken from Refs. [1]
and [89]), obtained within standard [98], extended [3], and reduced [2] GL
formalism. In the case of MgB2 , the extended GL model clearly gives two
length scales for two order parameters ∆j=1,2 , smaller than those obtained
in the standard GL theory (with incomplete higher-order terms).
For correct comparison one must deﬁne a measure for the spatial variations of ∆j . From the numerical solution of Eq. (5.16a) we found that at the
(0)
characteristic distance ξ the single-gap-like order parameter ∆j increases
from zero to 0.6089 of its bulk value ∆j0 . Therefore we deﬁne the healing
lengths ξj for the two condensates in a two-gap superconductor using the
criterion ∆j (ξj ) ≡ 0.6089∆j0 , as depicted in Fig. 5.2(b). The diﬀerence between the characteristic length scales in two bands is clear already from their
deﬁnition in Fig. 5.2(b), but we emphasize this point in Figs. 5.2(c,d), where
the ratio of the healing lengths of the two order parameters is plotted as a
function of temperature [Fig. 5.2(c)] and ratio of Fermi velocities v1 /v2 [Fig.
5.2(d)]. At the lowest temperature shown in (c), T = 0.92Tc , the disparity
between the healing lengths is already over 25%, and the diﬀerence increases
as the ratio of the Fermi velocities is taken smaller [see (d)].
In the analysis of the above phenomenon we noticed that only the coeﬃ(0)
(0)
cient S (Eq. (5.11)) in front of the term ∇2 ∆j in F (∆j ) depends both on
τ and v1 /v2 . We can rewrite it as follows:
S=

~2 N (0)W32 τ ∑ 2
vj (2nj λjj − ηn1 n2 (1 + 2A)).
6λ12
j=1,2

(5.19)

Due to this special form, for particular values of nj and λij the term in
brackets can be positive for one band, but negative for the other. In such a
case it is possible to change the sign of S term by varying the ratio of the
Fermi velocities v1 /v2 around its threshold value
( )∗ (
)1/2
v1
2n2 λ22 − ηn1 n2 (1 + 2A)
= −
,
(5.20)
v2
2n1 λ11 − ηn1 n2 (1 + 2A)
which equals 0.46 for the parameters of Fig. 5.2. Therefore, two cases with
v1 /v2 signiﬁcantly larger and smaller than 0.46 will show very diﬀerent behavior with respect to the disparity of the healing lengths of the two condensates,
as is visible in Fig. 5.2(d). For v1 /v2 ≈ 0.46, the term with coeﬃcient S has
no inﬂuence and other terms determine the spatial behavior of the order
parameters.
Besides the diﬀerence in the healing lengths of the two condensates, the
extended GL model provides insight also in a more accurate temperature
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Figure 5.2: (a) The spatial proﬁle of the order parameters at the S/N interface
at T = 0.95Tc , for microscopic parameters of MgB2 (ξ1 /ξ2 = v1 /v2 = 0.255
[1]; λ11 = 1.88, λ22 = 0.5, λ12 = 0.21, n1 = 0.43 [89]), compared in three
versions of the two-band GL theory. The ratio of the healing lengths of the
two coupled condensates ξ1 /ξ2 calculated in extended GL theory [with ξ1,2
determined as illustrated in (b)] is shown in (c) as a function of temperature
for ﬁxed v1 /v2 = 0.255, and in (d) as a function of the ratio v1 /v2 at T =
0.95Tc .
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Figure 5.3: The healing lengths of the two order parameters in MgB2 [Fig.
5.2(a)] scaled to the standard GL length scale ξ as a function of temperature.
The lines show the ﬁtting functions of the data.
dependence of the order parameters. Namely, standard GL theory leaves one
with simply ∆ ∝ τ 1/2 , which is shown in Fig. 5.3 to be clearly inadequate
for our calculations. Speciﬁcally, in Fig. 5.3 we show two healing lengths
as a function of temperature, both already normalized to the temperaturedependent length ξ ∝ τ −1/2 . It is directly obvious that we are left with a
non-constant value, and we ﬁtted the general temperature-dependence of the
residue to a quadratic form ξj /ξ = 1 + Aτ + Bτ 2 , as shown in Fig. 5.3.1
In what follows, we extend our analysis to materials other than MgB2 . We
ﬁrst address the recently discovered iron-pnictides, more speciﬁcally LiFeAs
[107]. Interestingly enough, several existing experimental works on this material provide us with radically diﬀerent microscopic parameters obtained from
the ﬁt of the superﬂuid density data in the self-consistent γ-model [71, 80] and
from two-band ﬁtting of the upper critical ﬁeld [108, 109]. In Fig. 5.4(a), we
show the GL-calculated ratio of the healing lengths of two bands in LiFeAs,
for the parameters taken from latter two references. Although diﬀerent, both
curves in Fig. 5.4 clearly show a discrepancy between the healing lengths,
1

Accurate ﬁtting of our data requires a quadratic function, although the terms of order
O(τ 2 ) are not included in the extended GL theory. Therefore the obtained coeﬃcient B
should be taken with reservations.
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Figure 5.4: The temperature dependence of the ratio of the healing lengths
ξ1 /ξ2 in LiFeAs, for parameters from Ref. [71] and Ref. [108].
up to 20% at temperatures above 0.8Tc .
Speciﬁc bulk superconductors are not the only possible multiband system.
As already mentioned in introduction, other interesting examples are singlecrystalline superconducting nanoﬁlms and quasi-1D/2D optically trapped
fermionic condensates. An advantage of such multiband systems is that
the band Fermi velocities can be widely tailored here by simply changing
the quantum-conﬁnement dimensions (through a change in the energetic positions of the discrete levels, see details in Ref. [101]). In particular, the
Pb(111) nanoﬁlms with thickness four and ﬁve monolayers (ML) are twoband superconductors due to the presence of only two perpendicular singleelectron levels below the Fermi energy [104]. In this case, the ratio of the
band Fermi velocities can be estimated on the basis of the available tunneling data in Ref. [104], i.e., the energetic positions of single-electron levels.
This results in v1 /v2 ≈ 3 or v1 /v2 ≈ 2.5 for 4 ML and 5 ML, respectively
(when assuming the parabolic band approximation for each band with the
same band mass). In addition, we have the constraint λ11 = λ22 = 1.5λ12 ,
the ratio between the interband and intraband coupling which is typical for
the ﬁlm geometry [110, 111]. The thickness-dependent Tc can then be taken
to adjust λ11 , which is expected to be close to its bulk value 0.39. For the
band-dependent dimensionless DOS it is reasonable to take n1 = n2 , which
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Figure 5.5: The temperature dependence of the ratio of the healing lengths
ξ1 /ξ2 in 4 and 5 monolayers thick Pb(111) nanoﬁlms.
follows from the well-known expression for the two-dimensional DOS. We inserted such estimated parameters in the extended GL formalism, and again
obtained a non-zero diﬀerence between the spatial scales of the two order
parameters (∼ 5%), as shown in Fig. 5.5. Here, contrary to the case of
MgB2 , both healing lengths decrease with respect to the standard GL ξ, and
therefore the ratio ξ1 /ξ2 is smaller than in MgB2 . However, since in quantum
conﬁned systems, either nanoﬁlms or pancake fermionic condensates, the exact position of the bands with respect to the Fermi level (and therefore the
v1 /v2 ratio) can be tuned the discrepancy between the corresponding healing
lengths can be further enlarged.

5.5

Vortex proﬁles in the extended GL theory

We next apply the extended Ginzburg-Landau (EGL) formalism to study
a single vortex, i.e., a point singularity around which the phases of order
parameters change by 2πn where n is an integer number. We rewrite Eqs.
(5.1) and (5.2) in the cylindrical coordinates, so that the nabla operator
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becomes
∇ = ρ̂

∂
1 ∂
∂
+ ϕ̂
+ ẑ ,
∂ρ ρ ∂ϕ
∂z
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(5.21)

where ρ is the radial coordinate and ϕ the radial angle in the cylindric coordinates and ρ̂, ϕ̂ and ẑ are the usual unit vectors. It follows that Laplace
operator is
∂ 2 u 1 ∂u
1 ∂ 2u ∂ 2u
∇2 = 2 +
(5.22)
+ 2 2 + 2.
∂ρ
ρ ∂ρ ρ ∂ϕ
∂z
We use the ansatz for composite vortex with the winding number n, namely
(0)

(5.23a)

(1)

(5.23b)

∆j (ρ, ϕ, z) = Ψj (ρ)einϕ ,
∆j (ρ, ϕ, z) = gj (ρ)einϕ .

√
(k=0,1)
Finally we scale the distance to ξ = −K/α and the gap functions ∆j
√
(0)
to Wj = −α/βj , i.e., the equilibrium value of ∆j . Equation (5.1) then
gives
∂ 2 Ψj 1 ∂Ψj
n2
+
−
Ψj = Ψ3j − Ψj .
(5.24)
∂ρ2
ρ ∂ρ
ρ2
Similarly, from Eq. (5.2) we get for the correction gj
∂ 2 gj 1 ∂gj
n2
+
− 2 gj = (3Ψ2j − 1)gj + F̃ + F̃j ,
2
∂ρ
ρ ∂ρ
ρ

(5.25)

where
[
)2
(
σ
S 3
αY
∂Ψj
F̃ = Ψj − (Ψj − Ψj ) + 2 6Ψj
+
α
K
K
∂ρ
]
)
( 2
∂ Ψj 1 ∂Ψj
n2 3
2
(3Ψj − 1)
+
− 2 (Ψj − Ψj ) , (5.26)
∂ρ2
ρ ∂ρ
ρ
and
F̃j =

ρj Wj2 3 χj Wj4 5 Zj Wj2 3
Ψj +
Ψj +
(Ψj − Ψ5j ) −
α
α
K
[ (
]
)2
2
6n2 Ψ3j
Ψ2j ∂Ψj
Uj Wj2
∂Ψj
2 ∂ Ψj
Ψj
−
+ Ψj
+
−
−
K
∂ρ
5ρ2
∂ρ2
ρ ∂ρ
]
[
(
)2
2
Vj Wj2
3Ψ2j ∂Ψj
n2 Ψ3j
∂Ψj
2 ∂ Ψj
−
6Ψj
+ 3Ψj
+
− 2 . (5.27)
K
∂ρ
∂ρ2
ρ ∂ρ
ρ
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In derivation of the above expressions for F̃ and F̃j we already made use
of Eq. (5.24) to avoid calculating high order derivatives of Ψj in later numerical evaluations. The appropriate boundary conditions for the vortex are
(k)
(k)
∆j (ρ → 0) → 0 and ∂ρ ∆j (ρ → ∞) → 0, i.e., the amplitude of each
condensate disappears in the centre of the vortex and rises to its (constant)
equilibrium value far from it.
Extended GL analysis of LiFeAs In what follows, we focus on a particular iron pnictide superconductor, LiFeAs. The intention is to compare the
characteristic features of the extended GL results with the analysis within
the standard GL theory from Chapter 4. To facilitate this comparison, the
plots are made in the same parameter ranges as in Chapter 4. This occasionally means going beyond the GL validity region, as determined by Eq. (5.18).
Where this is the case, we indicate the border of the GL validity region directly in the plot by a dashed line. The results shown were calculated for
a single n = 1 vortex using the parameters appropriate for LiFeAs. Speciﬁcally, we used the coupling constants λ11 = 0.63, λ22 = 0.642, λ12 = −0.061
[71] (λ12 taken negative to get the s± gap symmetry), Debye temperature
TD = 240 K, density of states N (0) = 2.7 × 1034 states/erg/cm3 (determined
from N (0) value from Ref. [112] using the cell volume at T = 6.5 K from
Ref. [113]) and v1 = 3 × 107 cm/s (estimate based on Ref. [29]). Data from
Ref. [71] also allow one to determine n1 /n2 = 1.384 and v1 /v2 = 0.722.
In Fig. 5.6(a) we show the calculated ratio of healing lengths ξ1 /ξ2 as a
function of the ratio of Fermi velocities and the ratio of partial densities of
states of two bands. Most importantly, the region with great disparity of
the healing lengths matches very well with the expected position of the nonmonotonic intervortex interaction in the standard GL theory, as displayed in
Fig. 4.3.
Note that the information about the magnetic ﬁeld and thus about the
penetration depth is absent in the used EGL formalism.2 Despite that, it is
possible to estimate λ using formula
)2
∑ 16πN (0)e2 nj vj2 ( (0)
1
(1)
,
+
∆
≈
∆
j
j
λ2 j=1,2
3c2 W 2

(5.28)

√
where W = 8π 2 Tc2 /7ζ(3) is a convenient energy unit. This formula coin(1)
cides with Eq. (43) from Ref. [2] for the case when ∆j is set to zero.
In Fig. 5.6(b) we show the (estimate of) magnetic penetration depth λ
divided by the length unit ξ to get some information about the expected value
2

The complete EGL formalism only became available after completion of this study.
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Figure 5.6: (a) The ratio of the healing lengths ξ1 /ξ2 for LiFeAs as a function
of ratios n1 /n2 and v1 /v2 at ﬁxed temperature T = 0.9Tc . (b) The estimate
of ratio λ/ξ for the same situation. The dashed red line shows the boundary
of the strict validity region of the GL theory. The corresponding results
obtained in the standard two-gap GL theory can be found in Fig. 4.3(b).
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of the GL parameter κ, i.e., about preference for type-I or type-II behavior.
Since the region with the great disparity of the coherence lengths in low v1 /v2
and high n1 /n2 sector of Fig. 5.6(a) overlaps with the region with low λ/ξ
values, we conclude that this indeed could support the competition between
the type-I and type-II behavior. Similar conclusions hold for the Fig. 5.7,
which shows the ratios ξ1 /ξ2 and λ/ξ as a function of temperature and v1 /v2
for ﬁxed partial densities of states n1 /n2 = 1.384. Unfortunately, in this
case the most interesting portion of the parameter space is well below the
expected validity region of the GL theory.
In Fig. 5.8 similar diagrams are constructed as a function of temperature
and n1 /n2 for ﬁxed v1 /v2 = 0.722. Here, according to the extended GL
results the disparity of the healing lengths is expected to be quite large in
the dome around n1 /n2 ≈ 1.1 at lower temperatures. However, the ratio λ/ξ
stays ﬁrmly in type-II values, its minimum value being 1.03. Surprisingly, the
type-I region for low n1 /n2 from the standard GL theory is not reproduced.
This discrepancy is due to the diﬀerent calculational procedure employed
in Chapter 4 and Ref. [98], where the nominal GL parameter κ1 has been
ﬁxed for the ﬁrst band and the ratio n1 /n2 was only considered to aﬀect the
properties of the second band. When both κ1 and κ2 are allowed to change,
the type-II region for low n1 /n2 ratio is present also in the standard GL
calculation, consistently with the results in this section.

5.6

Conclusions

To summarize, we demonstrated on examples of several relevant superconducting materials that characteristic length scales of coupled condensates in
two-band or multiband samples are in general diﬀerent from each other in the
domain of the extended Ginzburg-Landau (EGL) theory. Although we do not
show it explicitly, we mention here again that the extended model is not more
complicated than its standard predecessor - it does contain more equations,
but the coupling of those equations is realized in a computationally-friendly
manner. This makes EGL model an excellent tool for further studies of twoband systems, where one expects a plethora of novel physical eﬀects emerging
from the competition of diﬀerent characteristic length scales.
Further, we have calculated the vortex core proﬁles in the extended
Ginzburg-Landau theory for two gap superconductors. We compared the
predictions of the standard and extended GL theory for LiFeAs, and found
a good qualitative agreement. In particular, we identiﬁed the regions with
great disparity between the coherence lengths and at the same time the ratio λ/ξ ≈ 1, which are of special interest because the competition between
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Figure 5.7: (a) The ratio of the healing lengths ξ1 /ξ2 for LiFeAs as a function
of temperature T /Tc and v1 /v2 ratio at ﬁxed n1 /n2 = 1.384. Minimal value of
ξ1 /ξ2 inside the GL validity region is about 0.5. (b) The estimate of ratio λ/ξ
for the same situation. The dashed red line shows the boundary of the GL
validity region. The corresponding results obtained in the standard two-gap
GL theory can be found in Fig. 4.3(d).
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Figure 5.8: (a) The ratio of the healing lengths ξ1 /ξ2 for LiFeAs as a function
of temperature T /Tc and n1 /n2 ratio at ﬁxed v1 /v2 = 0.722. (b) The estimate
of ratio λ/ξ for the same situation. Most importantly, the ratio λ/ξ is always
larger than 1 in the displayed region, thus preferring type-II-like behavior.
The dashed red line shows the boundary of the GL validity region. The
corresponding results obtained in the standard two-gap GL theory can be
found in Fig. 4.3(c).

5.6 Conclusions

95

type-I and type-II behavior might occur there. These results are reasonably
well matched by the standard GL theory.
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Chapter 6
Hidden criticality deep in the
superconducting state

We show that two-band superconductors harbor hidden criticality deep in the
superconducting state, stemming from the critical temperature of the weaker
band taken as an independent system. For suﬃciently small interband coupling γ the coherence length of the weaker band exhibits a remarkable deviation from the conventional monotonic increase with temperature, namely,
a pronounced peak close to the hidden critical point. The magnitude of the
peak scales as ∝ γ −µ , with the Landau critical exponent µ = 1/3, the same
as found for the mean-ﬁeld critical behavior with respect to the source ﬁeld
in ferromagnets and ferroelectrics. Here reported hidden criticality of multiband superconductors can be experimentally observed by, e.g., imaging of the
variations of the vortex core in a broader temperature range. Similar eﬀects
are expected for the superconducting multilayers.

6.1

Introduction

Critical phenomena [114] constitute one of the most important aspects of the
physics of complex systems. The classical scenario of both thermal and quantum criticality involves the ordered phase induced by a breakdown of a basic
symmetry and the disordered phase appearing due to the restoration of this
symmetry. These two phases are separated by a critical point, i.e., a secondorder phase transition accompanied by critical phenomena, e.g., the Curie
point, the superconducting-to-normal state transition, the metal-insulator
transition, etc., (see, e.g., [114, 115]). However, possible realizations of the
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critical behavior are not restricted to this standard picture. The present
chapter reports a fascinating example when in addition to the standard critical behavior, the system is aﬀected by hidden criticality deep in the ordered
phase. This is the case of a two-band superconductor [116] (for recent activity see, e.g., [1–3, 15, 49, 54, 74, 77, 78, 86, 87, 95, 98, 100, 117–123]) where
the interband coupling measures the proximity to the hidden critical point
and plays the role of the source ﬁeld governing the hidden criticality.
The family of multiband superconducting materials is characterized by
the presence of multiple sheets of the Fermi surface (bands). In this case the
superconducting properties are controlled by a set of diﬀerent band condensates [116]. Because of the presence of a nonzero interband coupling, such
condensates are not independent. As a result, a band order parameter, i.e.,
the measure of the condensate in a given band, is not simply proportional
to the Cooper-pair amplitude in this band but involves a sum over all band
pairing amplitudes, each multiplied by a speciﬁc coeﬃcient, i.e., the coupling
constant gij = gji . In a two-band superconductor, when pairing of electrons between bands is negligible (e.g., due to symmetry reasons), the order
parameter ∆i (x) reads
∑
∆i (x) =
gij ⟨ψ̂j↑ (x)ψ̂j↓ (x)⟩,
(6.1)
j=1,2

where i, j enumerate the two bands, and ⟨ψ̂j↑ (x)ψ̂j↓ (x)⟩ is the band-dependent
Cooper-pair amplitude (anomalous average of the ﬁeld operators with the
spin projection up and down for the singlet s-wave pairing). The system
described by Eq. (6.1) has a unique critical temperature Tc for any nonzero
interband coupling g12 . However, when g12 = 0, one deals theoretically with
two independent superconducting condensates with two diﬀerent critical temperatures Tc1 (for the stronger band) and Tc2 (for the weaker band), and the
basic symmetry changes from U(1) to U(1) × U(1). Here the question arises
whether or not the behavior of the more realistic, weakly coupled system is
aﬀected by the proximity of decoupled bands.

6.2

Analytical results

The initial step in our study is to get analytical information about a twogap system with weakly coupled components. With this in mind, we examine
Eq. (6.1) at T = Tc2 by developing a Ginzburg-Landau (GL) type of approach
for g12 → 0. Actually, instead of g12 it is more convenient to deal with the
dimensionless parameter γ = λ12 /(λ11 λ22 ), where λij = gij N (0), and
∑ N (0)
is the total density of states at the Fermi energy, i.e., N (0) =
i Ni (0).

6.2 Analytical results
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The GL approach invokes an expansion in powers of the order parameter
and its spatial derivatives. Such an expansion for the Cooper-pair amplitude
(anomalous Green’s function) in a two-band superconductor reads [2, 3, 49]
⟨ψ̂i↑ (x)ψ̂i↓ (x)⟩
= αi ∆i − βi ∆i |∆i |2 + Ki D2 ∆i + . . . ,
N (0)

(6.2)

with the gauge-invariant gradient D = ∇ − 2ie
A and the parameters (in the
~c
clean limit)
( 2eΓ ~ω )
7ζ(3)
βi
c
αi = ni ln
, βi = ni 2 2 , Ki = ~2 vi2 .
(6.3)
πT
8π T
6
Here ~ωc is the cut-oﬀ energy, ζ(x) is the Riemann zeta-function, Γ = 0.577
is the Euler constant, ni = Ni (0)/N (0), and vi is the band-dependent Fermi
velocity. Note however that at T = Tc2 the expansion given by Eq. (6.2)
holds only for the weaker band in the limit γ → 0, while it is inappropriate
for the stronger band where the order parameter does not vanish in this limit.
Nevertheless, Eq. (6.2) provides plenty of information about the weaker band.
Using Eq. (6.1) and invoking the expansion of Eq. (6.2) for the weaker band,
we ﬁnd 1 the following γGL equation for ∆2 at T = Tc2 :
β2 ∆2 |∆2 |2 − K2 D2 ∆2 − γ∆1,γ→0 = 0,

(6.4)

with ∆1,γ→0 being the order parameter of the strong band in the limit γ → 0,
and β2 and K2 given by Eq. (6.3) at T = Tc2 . We stress that Eq. (6.4) is exact
for ∆2 in the leading order in γ at T = Tc2 . Note that due to T = Tc2 there
is no linear term in ∆2 in Eq. (6.4), in contrast to the ordinary GL theory.
Despite the absence of the linear term in ∆2 , a stable solution to Eq. (6.4)
exists due to the presence of the source term γ∆1,γ→0 , which reﬂects the
Josephson-like coupling between the bands. This solution can be obtained
only after solving the proper formalism for the stronger band at γ = 0.
Nevertheless, qualitative information about ∆2 as a function of γ can be
found from a general analysis of Eq. (6.4). In the simplest case of a spatially
uniform system we obtain for γ → 0 and T = Tc2
( γ∆
)1/3 ∂∆
γ −2/3 ( ∆1,γ→0 )1/3
2
1,γ→0
∆2 =
,
=
.
(6.5)
β2
∂γ
3
β2
Based on Eq. (6.5) and assuming a similar general dependence of ∆2 on γ, we
can analyze the solution of Eq. (6.4) in the presence of a spatially nonuniform
condensate. We ﬁnd for γ → 0 and T = Tc2
∂∆2
∝ γ −2/3 , ξ2 ∝ γ −1/3 ,
(6.6)
∆2 ∝ γ 1/3 ,
∂γ
1

See also the Appendix to this chapter.
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where ξi denotes the band-dependent healing (coherence) length and the
asymptotic behavior for ξ2 is found from ∇2 ∆2 ∝ ξ2−2 ∆2 ∝ γ. Equations (6.5)
and (6.6) therefore reveal the critical behavior (see, e.g., Ref. [114]) of the
order parameter in the weaker band ∝ γ 1/δ , the corresponding susceptibility
∝ γ 1/δ−1 and the healing length (proportional to the correlation radius of
ﬂuctuations rc ) ∝ γ −µ , with the Landau mean-ﬁeld critical exponents δ = 3
and µ = 13 . As seen, the interband coupling γ can be interpreted as a source
ﬁeld governing the hidden criticality in two-band superconductors 2 . This is
analogous to the source ﬁelds in criticality of e.g. ferromagnets (magnetic
ﬁeld) or ferroelectrics (electric ﬁeld), where the same Landau exponents are
found within the mean ﬁeld. Here we note that λ12 is not easily tunable in
two-band superconductors, which is diﬀerent as compared to the source ﬁeld
in ferromagnets and ferroelectrics. However, the coexistence of two weakly
coupled order parameters was also achieved in layered mesoscopic rings [124],
where the interlayer coupling can be varied by changing the distance between
two participating layers. The physics of the coherent phenomena in such a
two-layer system is essentially the same as in two-band superconductors [124,
125].
Equation (6.2) enables us to further examine the dependence of ∆2 on
γ for T > Tc2 . When γ → 0 and Tc2 < T < Tc1 we ﬁnd (for bulk, see the
Appendix to this chapter)
[
]−1
∆2 = γ∆1,γ→0 n2 ln(T /Tc2 ) ,

(6.7)

where Tc1 is the critical temperature of the stronger band for γ = 0. The
behavior of ∆2 changes dramatically as compared to Eq. (6.5). The hidden
[
]−1
critical point manifests here in the fact that the factor n2 ln(T /Tc2 )
diverges when T → Tc2 .3 We should note the existence of another (analogous)
hidden criticality at Tc1 , which is the reason why Eq. (6.7) is not valid for
T = Tc1 . However, for γ → 0 this point is in close vicinity to the overall
critical temperature Tc and, as a result, it is always strongly overshadowed
by the usual critical behavior close to Tc .
2
When keeping the direct analogy to, e.g., ferromagnet materials or ferroelectrics, the
product γ∆1,γ→0 must be viewed as the source ﬁeld. Then, as ∆1,γ→0 does not depend
on γ (we keep the intraband couplings constant), it is possible to treat γ as a source ﬁeld
measured in units of ∆1,γ→0 .
3
Note that similar arguments do not hold for T < Tc2 because ∆2,γ→0 is nonzero in this
case, and the expansion given by Eq. (6.2) is no longer valid. However, it is reasonable
to expect that ∆2 − ∆2,γ→0 is linear in γ for γ → 0 with a slope that increases when
approaching Tc2 . See also the Appendix to this chapter.
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Figure 6.1: (a) The weaker-band order parameter ∆2 versus the temperature
T and the interband coupling γ as calculated from the BdG equations for
bulk. (b) ∆2 as function of γ for temperatures T = 2.64, 2.65, 2.7 and 2.8 K
from the BdG equations (solid curves); the dashed curve shows the results
of Eq. (6.5) for ∆2 at T ≈ Tc2 ; the dotted curve is the dependence given by
2
as a function of T and
Eq. (6.7) at T = 2.7 K. (c) The γ-susceptibility ∂∆
∂γ
γ, that diverges at the critical point (T, γ) = (Tc2 , 0).
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Numerical results

In what follows, we perform a full numerical study within a microscopic
formalism, in a broader range of temperatures and interband couplings. In
addition, we need to conﬁrm the above analytical results since Eq. (6.2)
assumes the validity of the gradient expansion - which is only correct when
the corresponding healing length goes to inﬁnity when γ → 0. In other
words, the important limitation of our γGL-analysis is that we ﬁrst assumed
ξ2 → ∞ (γ → 0) in order to subsequently obtain the diverging behavior of
ξ2 with the critical exponent µ, which may be misleading.
As an appropriate theoretical formalism, we choose the Bogoliubov-de
Gennes (BdG) equations [12]. We emphasize that the standard two-band
GL formalism cannot be used for our purpose, being well justiﬁed only near
Tc . In the present case, the BdG equations read
(
)
)
)(
(
Ti (x) ∆i (x)
uiν (x)
uiν (x)
= Eiν
,
(6.8)
∆∗i (x) −Ti∗ (x)
viν (x)
viν (x)
where uiν (x), viν (x) and Eiν are the particle-like and hole-like wave functions
and the quasiparticle energy, with the subscript i enumerating the band and
ν the set of relevant quantum numbers. The single-electron energy reads
~2
Ti (x) = − 2m
D2 − µi , with mi the band mass (set to the free electron
i
mass) and µi the chemical potential measured from the lower edge of the
corresponding band. Formally, the BdG equations for diﬀerent band order
parameters look decoupled but, in fact, they are connected through Eq. (6.1)
taken with
∑
[
]
∗
⟨ψ̂i↑ (x)ψ̂i↓ (x)⟩ =
uiν (x)viν
(x) 1 − 2f (Eiν ) ,
(6.9)
ν

where f (Eiν ) is the Fermi distribution of quasiparticles. Inserting Eq. (6.9)
into Eq. (6.1), one needs to remedy the ultraviolet divergence: though the
∗
(x) vanishes for large energies, its decay is not suﬃciently
product uiν (x)viν
fast to provide convergence of the sum over the relevant quantum numbers
given by Eq. (6.9). Following the standard cut-oﬀ procedure as implemented
in other papers on two-band superconductors [2, 49, 116]), the cut-oﬀ energy
~ωc is used.
We ﬁrst investigate a numerical solution of Eqs. (6.8) and (6.9) for a bulk
superconductor for small γ. Figure 6.1 shows calculated results for the weaker
band in a bulk superconductor, for the set of parameters given in the ﬁgure.
Note that this particular choice of the parameters is not decisive for our conclusions - similar results are found for µi up to ∼ 10 eV, typical of metals.
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Our choice of µi ∼ 10 meV is justiﬁed by recent angle-resolved photoemission experiments (ARPES) on FeSex Te1−x , which revealed the presence of
multiple bands with extremely small Fermi energies (∼ 5 meV) [126].
Figure 6.1(a) shows that the increase in ∆2 with γ becomes faster as T
approaches Tc2 ≈ 2.645 K, which supports our expectations. ∆2 versus γ in
the uniform system is plotted in Fig. 6.1(b) for selected temperatures, where
a comparison is made with our analytical results, Eqs. (6.5) and (6.7). As
seen, for T > Tc2 and γ → 0 the weaker-band order parameter ∆2 is indeed a
linear function of γ. However, when T approaches Tc2 , this linear dependence
is replaced by ∝ γ 1/3 , as conﬁrmed by the very good agreement between the
numerically obtained curves for T = 2.64 and 2.65 K and the analytic curve
for T ≈ Tc2 in Fig. 6.1(b). At T = Tc2 the critical behavior of ∆2 as a function
of γ leads to a diverging γ-susceptibility, as shown numerically in Fig. 6.1(c).
Because of the well-known interrelation between the susceptibility and the
coherence length, one expects that ξ2 is also a divergent function of γ at
T = Tc2 . However, to study this feature and check the scaling ξ2 ∝ γ −1/3
found in the γGL model, we need to abandon the uniform case and study a
spatially varying two-band condensate.
We chose to investigate the single-vortex solution in a superconducting
cylinder (with radius R = 300 nm) by numerically solving Eq. (6.8), and
extract the band-dependent healing lengths ξi from the size of the vortex
core. When numerically studying a single-vortex solution in the cylinder, we
follow a procedure similar to that of Ref. [127]. We neglect the screening
of the magnetic ﬁeld, which is justiﬁed for extreme type-II superconductors.
The spatial variation of the order parameters in two bands ∆i (ρ) are shown
around a vortex in Fig. 6.2(a) in units of their bulk zero-temperature values ∆i,bulk , for γ = 0.0002 and T = 0. We deﬁned the healing lengths by
∆i (ρ = ξi ) = 0.8∆i,bulk , i.e., ξ1 = 14 nm and ξ2 = 74 nm for this particular
case 4 . Figure 6.2(b) shows the temperature dependence of ξ2 for diﬀerent
γ as extracted from our numerical results. We point out our main ﬁnding: the existence of a clear peak in ξ2 at temperatures close to Tc2 . Its
peak value increases with decreasing γ and almost ideally follows the scaling
γ −1/3 found within the γGL model. For suﬃciently small interband couplings, ξ2 approaches its independent-band limit shown by the dashed curve
4
Our choice of the threshold ∆i = 0.8∆i,bulk for the deﬁnition of ξi is not essential for
our conclusions. For example, when choosing ∆i (ρ = ξi ) = 0.9∆i,bulk , we ﬁnd ξ1 = 22 nm
and ξ2 = 116 nm, i.e. ξi is simply rescaled by a factor of 1.56-1.57. Note that the Friedellike oscillations (see, e.g., Ref. [128]) of ∆1 and ∆2 inside the vortex core [see Fig. 6.2(a)]
may cause more disperse values of the rescaling factor when decreasing the threshold down
to 0.5∆i,bulk . However, such oscillations are rapidly washed out at higher temperatures,
see, e.g., [128].
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Material λ11
MgB2
1.88
OsB2
0.39
LiFeAs
0.63
V3 Si
0.566
FeSe1−x 0.482
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λ22
0.5
0.29
0.642
0.472
0.39

λ12
Tc1 (K)
0.21
38
0.0084
2.1
0.061
17.7
0.0074
16.4
0.001
8.3

Tc2 (K)
3.9
1.2
6.7
8.1
3.1

T ∗ (K)
14
1.5
(14)
9
3.2

Tc (K)
39
2.1
18
16.5
8.3

γ
0.22
0.074
0.15
0.03
0.005

Ref.
[89]
[129–131]
[132]
[133]
[134]

Table 6.1: The coupling constants, calculated nominal critical temperatures
Tc1 and Tc2 of the separate bands, the approximate crossover temperature T ∗ ,
the critical temperature Tc and the interband coupling γ for selected two-gap
materials. The coupling constants are taken from the references in the last
column of the table.

in Fig. 6.2(b). The peak in ξ2 (T ) also marks the temperature range where
the most pronounced diﬀerence is found between the two healing lengths in
the two bands [shown in Fig. 6.2(c) for γ < 0.2]. When approaching Tc ,
the diﬀerence between the spatial proﬁles of the band-dependent condensates disappears, i.e., ξ2 /ξ1 → 1, in agreement with Refs. [2, 3]. The present
study shows that the eﬀect of the hidden criticality on the vortex core is
very pronounced for Tc2 < 0.8Tc . At higher temperatures the peak in ξ2 is
overshadowed by the usual critical behavior around Tc , unless the coupling
γ is extremely weak.
As seen in Figs. 6.2(b,c), with increasing coupling γ the temperature
where ξ2 peaks, labeled T ∗ , increases while the peak itself decreases (for the
chosen parameters, the peak is washed out for γ > 0.2). Regarding the
maximal peak magnitude, it is limited by the taken sample radius (0.3 µm).
The largest value of ξ2 in Fig. 6.2(b) is well below this limit and ﬁnite size
eﬀects do not alter our conclusions. It is interesting that T ∗ can be evaluated
without a time-consuming numerical study of the vortex solution, being very
close to the temperature at which ∂ 2 ∆2 /∂T 2 = 0 for a bulk superconductor.
This is illustrated in Fig. 6.2(d) for γ = 0.02, where the inﬂection point of
∆2 (T ) at T = 0.33 Tc matches well with T ∗ = 0.31 Tc found from the peak
position in panel (b). In either case, T ∗ should be seen as the crossover
temperature between the two regimes: lower temperatures - where ∆2 is
governed by the properties of the weaker band (for suﬃciently small γ),
and higher temperatures - where ∆2 is controlled by the tunneling from the
stronger band.
Finally, we brieﬂy discuss available two-gap materials from the point of
view of the hidden criticality. Based on the coupling constants available
from Refs. [89, 129–134], we estimate the dimensionless coupling strength
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Figure 6.2: (a) ∆i (ρ) in the vortex core as calculated for T = 0 and γ =
0.0002 and the deﬁnition of the healing lengths ξi . (b) The numerically
extracted healing length of the weaker band ξ2 as a function of T /Tc for
diﬀerent γ. The dashed curve represents ξ2 in the independent-band limit
γ → 0, and the dotted line marks Tc2 = 2.645 K (for comparison, they
are shown versus T /Tc with Tc calculated for γ = 0.02). (c) The ratio
of the healing lengths ξ2 /ξ1 versus temperature. (d) The bandgaps versus
temperature and the deﬁnition of the crossover temperature T ∗ (where ξ2
2
peaks) extracted from the condition ∂∂T∆22 = 0.
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γ for various two-gap superconductors in Table 6.1 5 . According to our
calculations the best candidates to observe the eﬀects associated with the
hidden criticality seem to be V3 Si and FeSe1−x due to their particularly low
values of coupling γ and low T ∗ and Tc2 in comparison with the bulk Tc . This
is supported by the experimentally observed anomalies close to T ∗ in these
two materials, see Refs. [133, 134].

6.4

Conclusions

In summary, we demonstrated that the properties of a two-band superconductor are aﬀected by two critical points. In addition to the ordinary critical
temperature Tc , there exists a hidden critical point - at the critical temperature of the weaker band in the absence of coupling. Interband coupling γ
controls the proximity to this hidden critical point and governs the criticality
similarly to an external magnetic ﬁeld for ferromagnetic materials or an external electric ﬁeld for ferroelectric systems. For weak coupling, the weakerband healing length exhibits an atypical temperature dependence, with the
well pronounced peak close to the hidden critical point. This gives rise to a
large disparity of healing lengths of the two condensates in this temperature
region.6 Such a competition of length scales in a single material can lead to
signiﬁcant new physics, and may be closely related to the recently observed
exotic behavior of vortex matter [1, 15, 74, 77, 78, 86, 87, 95, 98, 100, 117–
121]. Direct measurement of the weaker-band coherence length can be realized experimentally, as was demonstrated for π band in MgB2 [42]. We
suggest that more experimental work should be done on recent multiband
materials close to their hidden critical point, where evidence for criticality
can be found through unusual thermal properties [135], resurgence of ﬂuctuations deep in the superconducting state or anomalous cusps in superﬂuid
density as a function of temperature [133, 134]. Further experimental advancements are facilitated by direct similarities of two-band superconductors
with superconducting bilayers, where the atypical temperature behavior of
5
The crossover temperature T ∗ for MgB2 , OsB2 and LiFeAs was estimated in a simpliﬁed model with two-spherical Fermi surfaces, taking into account realistic values of ratios
of Fermi velocities and densities of states but otherwise neglecting subtle properties of the
band structure. ∆2 (T ) for LiFeAs is a concave function of temperature at all temperatures therefore the value of T ∗ is not deﬁned. However, its second derivative narrowly
approaches zero at 14 K, a value quoted in Table 6.1. The T ∗ for V3 Si and FeSe1−x is
obtained from the weak gap proﬁles in Refs. [133, 134] respectively.
6
Note that for the parameters chosen for our calculation the coherence lengths are
indeed very diﬀerent, however the material is nevertheless deep in the type-II regime,
since one can estimate κ1 ≈ 46 and κ2 ≈ 13.5.
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the coherence length can be observed as a function of an alterable interlayer
coupling. Some signatures of such behavior are already visible in Ref. [124].

6.5
6.5.1

Appendix
Derivation of the γGL equation (Eq. (6.4))

It is convenient to recast the self-consistency equation Eq. (6.1) for a twoband superconductor in the form
)(
)
(
) (
∆1 (x)
λ11
λ12
R1 [∆1 (x)]
=
,
(6.10)
λ21 = λ12 λ22
R2 [∆2 (x)]
∆2 (x)
where Ri [∆i (x)] is a functional of ∆i (x) related to the anomalous Green
function as [see Eq. (6.2)]
Ri [∆i (x)] =

⟨ψ̂i↑ (x)ψ̂i↓ (x)⟩
N (0)

(6.11)

and λij = λji = N (0)gij , with N (0) the total density of states. Then,
Eq. (6.10) can further be rearranged as
)
(
(
)
)(
1
R1 [∆1 (x)]
λ22 −λ12
∆1 (x)
=
,
(6.12)
R2 [∆2 (x)]
∆2 (x)
η −λ12 λ11
with η = λ11 λ22 − λ212 . Based on Eq. (6.2) and Eq. (6.12) given above, one
ﬁnds
(λ
)
λ12
11
− α2 ∆2 + β2 ∆2 |∆2 |2 − K2 D2 ∆2 −
∆1 = 0,
(6.13)
η
η
where α2 , β2 and K2 are deﬁned in Eq. (6.3). Now, assuming that
T = Tc2 =

2eΓ
~ωc e−1/(n2 λ22 ) ,
π

with ni = Ni (0)/N (0) the partial density of states, and keeping only the
terms linear in λ12 , Eq. (6.13) yields
β2 ∆2 |∆2 |2 − K2 D2 ∆2 −

λ12
∆1,λ12 →0 = 0,
λ11 λ22

(6.14)

with β2 and K2 taken at T = Tc2 , which is the γGL equation [γ = λ12 /(λ11 λ22 )]
given by Eq. (6.4).
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Derivation of Eq. (6.7)

Let us again consider Eq. (6.13) but now for Tc2 < T < Tc1 and in the
homogeneous case. In this temperature domain ∆2 → 0 for λ12 → 0 and
∆1,λ12 →0 ̸= 0. From Eq. (6.13) we have
[λ

11

η

− n2 ln

( 2eΓ ~ω )]
λ12
7ζ(3)
c
∆2 + n2 2 2 ∆2 |∆2 |2 =
∆1 .
πT
8π T
η

(6.15)

Note that the expansion given by Eq. (6.2) and therefore also Eq. (6.13) given
above is not justiﬁed for a spatially nonuniform solution at Tc2 < T < Tc1
because the coherence length ξ2 associated with a spatial variation of the
condensate in a weaker band does not diverge as λ12 goes to zero. In other
words, one cannot invoke the gradient expansion in the Gor’kov derivation of
Eq. (6.2). However, for homogeneous case Eq. (6.2) is simply an expansion
in powers of the order parameter ∆2 and, so, is fully correct. Keeping only
terms linear in λ12 , from Eq. (6.15) one ﬁnds
n2 ln(T /Tc2 )∆2 =

λ12
∆1,λ12 →0 ,
λ11 λ22

(6.16)

which is Eq. (6.7).
We remark that at ﬁrst sight Eq. (6.16) prescribes that ∆2 is inﬁnite
when T → Tc2 and λ12 = const. This is not true because the validity of the
(lim)
expansion in powers of λ12 given in Eq. (6.16) requires that λ12 . λ12 (T ),
(lim)
and λ12 (T ) → 0 for T → Tc2 . Hence, λ12 can not be considered as constant
when using Eq. (6.16) for T → Tc2 . In particular, during the derivation of
Eq. (6.16) we ﬁrst assumed that
( 2eΓ ~ω )
(
)
λ11
λ212
c
− n2 ln
= n2 ln T /Tc2 +
+ O(λ412 )
η
πT
λ11 λ222

(6.17)

and, then, we ignored contributions of the order λ212 and higher. However,
when the ﬁrst and second terms in the right-hand-side of Eq. (6.17) become
of the same order of magnitude, then the contributions ∝ λ212 can not be
(lim)
neglected any more. This makes it possible to estimate λ12 (T ) as
[
(
)]1/2
(lim)
,
λ12 (T ) ∼ λ22 λ11 n2 ln T /Tc2
(lim)

(6.18)

which proves that λ12 (T ) → 0 when T → Tc2 . Notice that Eq. (6.16)
does not hold for T ≥ Tc1 , where ∆1,λ12 →0 = 0. Formally, it gives ∆2 = 0
which means that ∆2 is no longer linear in λ12 for small interband couplings.
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This is directly related to the fact that T = Tc1 is one more hidden critical
point for the system of interest, however it is now associated with a stronger
band. As pointed out in Sec. 6.2, the hidden criticality associated with Tc1
is overshadowed by the usual critical behavior around Tc .
Related publication
 L. Komendová, Yajiang Chen, A. A. Shanenko, M. V. Milošević, and
F. M. Peeters: Two-band superconductors: Hidden criticality deep in
the superconducting state, Phys. Rev. Lett. 108, 207002 (2012).
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Chapter 7
Soft vortex matter in a
type-I/type-II bilayer

Magnetic ﬂux patterns are known to strongly diﬀer in the intermediate state
of type-I and type-II superconductors. Using a type-I/type-II bilayer we
demonstrate hybridization of these ﬂux phases into a plethora of unique new
ones. Owing to a complicated multibody interaction between individual ﬂuxoids, many diﬀerent intriguing patterns are possible under applied magnetic
ﬁeld, such as few-vortex clusters, vortex chains, mazes, or labyrinthal structures resembling the phenomena readily encountered in soft-matter physics.
However, in our system the patterns are tunable by sample parameters, magnetic ﬁeld, current and temperature, which reveals transitions from shortrange clustering to long-range ordered phases such as parallel chains, gels,
glasses, and crystalline vortex lattices, or phases where lamellar type-I ﬂux
domains in one layer serve as a bedding potential for type-II vortices in the
other, conﬁgurations clearly beyond the soft-matter analogy.

7.1

Introduction

Soft-matter physics deals with systems as diﬀerent as colloids, polymers, gels,
glasses, liquid crystals, and others, where one common feature is their selforganization into very rich mesoscopic phases [136]. To model this behavior,
one often uses a pairwise interparticle interaction possessing several length
scales and/or mixture of attraction and repulsion [137–144]. Such interaction
potential, as a function of the particle density, indeed leads to the formation
of clusters, particle chains, labyrinthal gel-like structures, and (almost) reg-
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Figure 7.1: The oblique view of the considered bilayer sample. The two
superconducting layers are separated by an ultrathin oxide/insulating layer.
The magnetic ﬁeld is applied in the direction perpendicular to the layers
(along the z axis).
ular lattices. This in turn questions the known analogy between charged
colloids and vortices in superconductors, since the latter typically repel and
form a triangular (Abrikosov) lattice. On the other hand, type-I superconductors are known to exhibit lamellar and labyrinthal ﬂux patterns, which
lose distinction of individual vortices but resemble the soft-matter structures
in their macroscopic shape [8, 145, 146].
With this in mind, we here investigate magnetic ﬂux patterns in a coupled bilayer of two superconducting ﬁlms - one type-I and one type-II - under
perpendicular magnetic ﬁeld (see Fig. 7.1), in an attempt to reveal unique
vortex phases. In addition to the crystalline vortex lattice, one now envisages
vortex ﬂocculation, gelation, and glassy phases, some similar to vortex matter encountered in high-temperature [147], multiband [1, 34, 35], and other
unconventional superconducting [148] and superﬂuid systems [149]. The ﬁlm
geometry is chosen for an easy realization in experiment, but also in order
to have asymptotic long-range 1/r repulsion between vortices [150], similar
to the electrostatic Coulomb interaction in charged colloids. We will show
that the complexity of the obtained patterns stems from the changes in the
short- and midrange interaction between vortices, whose relative strength
depends on the parameters of the layers, especially their coherence length ξ
and penetration depth λ, but also their thicknesses, electronic coupling between them, and chosen temperature with respect to their individual critical
temperatures.

7.2

Theoretical formalism

Most of earlier works on vortex structures and their dynamics employed
molecular dynamics with pairwise vortex interactions. This is truly valid
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only for vortices in extreme type-II superconductors, where vortex cores are
pointlike small. However, overlapping vortex cores do not interact pairwise,
and the interaction potentials are highly nontrivial [88, 151]. This turns
out to be even more complex for our bilayer system, where vortices are extended objects with diﬀerent size of the core in two layers. We therefore
opt for full numerical simulation within the Ginzburg-Landau (GL) theory,
supplemented by the Lawrence-Doniach (LD) coupling between the layers
[19, 152–155]. The appropriate free energy functional then consists of the individual contributions from each layer, the LD coupling term, and the energy
of the magnetic ﬁeld in and around the sample:
[
]
(
)
2
∑ ∫
1
1
~
2e
dj
αj |Ψj |2 + βj |Ψj |4 +
F=
∇ − A Ψj
dS
2
2m
i
c
j
j=1,2
∫
∫
(h − H)2
2
+ s η|pΨ2 − Ψ1 | dS +
dV.
(7.1)
8π
Here Cooper-pair condensates in the two layers are indexed by j = 1, 2
and described by the order parameters Ψj (r), assumed to be uniform over
the layer thickness dj . H is the applied magnetic ﬁeld and h = curl A
is the ﬁeld including the magnetic response of the layers. The coeﬃcients
αj (T ) = −αj0 (1 − T /Tcj ) are temperature dependent (where Tcj are the critical temperatures of the individual layers) and connected with √
the nominal
1/2
coherence lengths of the layers ξj (T ) = ~/|2mj αj (T )| = ξj0 / 1 − T /Tcj ,
where mj denotes Cooper-pair masses in the layers. The LD coupling coefﬁcient is η = ~2 /(2m⊥ s2 ), where m⊥ is the eﬀective Cooper pair mass for
tunneling between the layers and s is the vertical∫distance between the layers
s
(see Fig. 7.1). The phase factor p = exp(−i 2e
Az dz) ensures the gauge
~c 0
invariance.
In what follows, we work in the London gauge ∇ · A = 0; therefore the
Maxwell equation is just
4π
−∇2 A =
j.
(7.2)
c
Further we make approximation Az = 0, so that the phase factor p in the
LD coupling term is unity (a similar model was also employed in Ref. [124]).
Since Az = 0, Eq. (7.2) implies also jz = 0. On the other hand, in the full
model the current between the layers is
ie~
[ψ ∗ pψ2 − p∗ ψ2∗ ψ1 ]
m⊥ s 1
2e~
=
|ψ1 ||ψ2 | sin(φ1 − φ2 ),
m⊥ s

jz =

(7.3)
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where we used p = 1 and ψj = |ψj |eiφj . The current between the layers jz
can be neglected if it is much smaller than the currents within the superconducting layers
jj = −

4e2 2
ie~ ∗
(Ψj ∇Ψj − Ψj ∇Ψ∗j ) −
|Ψ |A.
mj
mj c j

(7.4)

which leads to the condition
mj ξj (T )
sin(ϕ1 − ϕ2 ) ≪ 1,
m⊥ s

(7.5)

if we assume that the amplitudes of the wave functions in two layers are not
too diﬀerent from each other. Assuming Az = 0 is thus well justiﬁed for
m⊥ ≫ mj or very distant layers s ≫ ξj (T ), i.e., in the case of very weakly
coupled layers, but also in the opposite case m⊥ ≈ mj where the phases of
the two order parameters are almost the same, so that the term sin(ϕ1 − ϕ2 )
vanishes. Therefore, for the parameters of the sample chosen in the present
work jz is always much smaller than the current within the superconducting
layers and one can safely neglect it.
The variational minimization of the functional (7.1) (with p = 1) with
respect to Ψ∗j leads to the GLLD equations
1
2m1
1
2m2

(
(

)2
~
2e
s
∇ − A Ψ1 + α̃1 Ψ1 + β1 |Ψ1 |2 Ψ1 − η Ψ2 = 0,
i
c
d1
~
2e
∇− A
i
c

)2
Ψ2 + α̃2 Ψ2 + β2 |Ψ2 |2 Ψ2 − η

s
Ψ1 = 0,
d2

(7.6a)

(7.6b)

where α̃j = αj + ηs/dj . We solve this system of equations numerically, selfconsistently with the equations for the supercurrent density per unit volume
in each layer given by Eq. (7.4). Note that the supercurrents only ﬂow inside the respective layers and therefore are spatially separated. Substituting
Eq. (7.4) into Eq. (7.2) with j = j1 + j2 provides the total 3D vector potential
A, which we calculated in the middle of each layer and used iteratively in
respective Eqs. (7.6a) and (7.6b) to compute Ψ1 and Ψ2 (for details of the
procedure, see Ref. [61]).
We performed
√ the numerical simulations on a rectangular region, with
aspect ratio 2 : 3 and periodic boundary conditions. We chose the parameter values close to a clean Nb ﬁlm as the type-II layer (with GL parameter
κ1 = 1.03, Tc1 = 9.2 K) and Sn as the type-I layer (κ2 = 0.15, Tc2 = 3.7 K).
The lowest considered temperature was 1 K, which was necessary to be deep
in the superconducting state of the type-I layer. Zero-temperature coherence
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length of the type-II layer (ξ10 ) was then taken as unit of distance in all
calculations, while ξ20 was swept between 2 and 10 ξ10 . Since this variation
had only minor qualitative inﬂuence on the observed vortex structures, we
ﬁxed the parameter ζ = (ξ10 /ξ20 )2 to 0.2,
√ for computational convenience.
Order parameters were scaled to Ψj0 = −αj (0)/βj , and magnetic ﬁeld to
2
B0 = Φ0 /(2πξ10
), where Φ0 is the ﬂux quantum.

7.3

Phase diagram as a function of applied
magnetic ﬁeld and coupling between the
layers

In Fig. 7.2, we show the key result of this chapter, the vortex phase diagram
of the described bilayer at T = 1 K as a function of the applied magnetic
ﬁeld and the eﬀective mass in the spacer layer, which controls the strength
of the coupling between the superconducting layers. The ﬁeld is expressed
through the number of vortices in the simulation region. We revealed a series
of nonuniform vortex phases, with phase transitions between them indicated
by dashed curves in the diagram. In what follows, we discuss these transitions
by showing exemplary vortex conﬁgurations.
Figure 7.3 shows obtained vortex conﬁgurations for very strongly coupled
layers (m⊥ = 5m1 ). At low ﬁelds we observe a quasihomogeneous distribution of vortices, indicative of long-range repulsion between them, reminiscent of Wigner glass in soft-matter physics (see, e.g., Ref. [142]). However,
with increasing ﬁeld, after reaching some threshold vortex density, vortex
dimers, short individual chains, and then long-ordered parallel chains are
formed, in complete analogy to what was seen in Ref. [137] (reproduced here
in Fig. 7.4) for particle systems with purely repulsive interactions but two
governing length scales [i.e., a potential with very strong repulsion at short
range (“hard core”), ﬂattening at midrange (“soft core”), and then abruptly
weaker repulsion at long range]. The half-distance between the parallel vortex chains in Fig. 7.3(c) then gives an estimate of the “soft core”. As the
vortex density is further increased, the chains interconnect into a glassy disordered structure, and ﬁnally form the crystalline (Abrikosov) lattice. The
intervortex distance at the latter glass-solid transition then provides an estimate of the “hard core” of the repulsive vortex interaction. In Fig. 7.5,
we reduced the coupling between the layers with a factor 2 as compared to
Fig. 7.3 (i. e., we increased m⊥ to 10m1 ). The found vortex conﬁgurations
are very diﬀerent, starting at low ﬁelds from small clusters of 2-4 vortices,
combined with short chains. With further increase of the magnetic ﬁeld the
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Figure 7.2: The equilibrium phase diagram of a Nb/Sn bilayer calculated at
T = 1 K, for both layers 5ξ10 thick and spacer layer of 0.05ξ10 in between, as a
function of the applied ﬁeld (expressed through the number of ﬂux quanta N
2
) and eﬀective mass m⊥ of the Cooper
in the simulation region 55 × 47.6 ξ10
pairs in the spacer layer. When other parameters are ﬁxed, the electronic
coupling between the superconducting layers is inversely proportional to m⊥ .
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Figure 7.3: Very strongly coupled layers. Vortex structure shown via normalized magnetic ﬁeld proﬁle in the type-II layer (identical vortex structure
is found in the type-I layer), corresponding to Fig. 7.2 for m⊥ = 5m1 . In
panels (a)-(f) there are 16, 32, 48, 64, 80, and 96 vortices in the simulation
region, respectively.
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Figure 7.4: Molecular dynamics results from Ref. [137] for particles interacting purely repulsively with two characteristic length scales. Each particle
has an inpenetrable hard core of radius σ0 and a soft shoulder with energy
ε between σ0 and σ1 = 2.5σ0 . Beyond the distance σ1 the particles do not
interact. Shown are structures at temperature T = 0.1ε/kB (NVT simulation) at densities (a) ρ = 0.1σ0−2 , (b) 0.15σ0−2 , (c) 0.227σ0−2 , (d) 0.291σ0−2 , (e)
0.38σ0−2 . Filled circles represent the hard core of each particle.
chains establish long-range order, then curve, recombine, and ﬁnally interconnect into a low-density network ﬁlling the entire simulation region. Such
a network, that spans the volume of the medium while at low particle density, is typical for gels. This gel-like structure is retained in Fig. 7.5 until
the newly added vortices ﬁll all the voids in the gel and form a disordered
(glassy) lattice, similarly to the case of Fig. 7.3, followed by crystallization
at high vortex density.
In Fig. 7.6, the states are shown for m⊥ = 15m1 , which is still a relatively
strong coupling. For low ﬁelds tiny clusters are formed, which then give way
to prolonged chains, gel states, and ﬁnally a (quasi-)crystalline lattice for 128
vortices in the simulation box (not shown). One can see that m⊥ = 15m1
lies on the crossover of stability regions of spatial structures with lateral extent one and two vortices, i.e., at the transition from chains to curvilinear
domains in Fig. 7.2. In Fig. 7.7, the electronic coupling between superconducting layers is further decreased (m⊥ = 20m1 ), and the qualitative trend
of Fig. 7.6 is maintained. With increasing ﬁeld, a transition from a solution
of clusters to short-range mazes and then long-range gel is found, followed
by crystallization of the vortex lattice. However, the superconducting typeI behavior of the type-I layer becomes more apparent, as vortices become
less distinct from each other, and occupy increasingly wider domains. This
is more clearly demonstrated in Fig. 7.8, where we gradually increased the
coupling between the layers for a ﬁxed number of vortices in the simulation.
Notice that the lateral extent of the vortex stripes varies from just one vortex
for strong coupling, to four vortices for weak coupling. This behavior is reminiscent of the colloidal structures studied in Ref. [138] (reproduced also here
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Figure 7.5: Strongly coupled layers. Same as Fig. 7.3, but for twice weaker
coupling between the layers; i.e., m⊥ = 10m1 . In panels (a)-(e) there are 16,
32, 48, 64, 80, and 96 vortices in the simulation region, respectively.

120

Soft vortex matter in a type-I/type-II bilayer

Figure 7.6: Evolution of the states with applied magnetic ﬂux, at coupling
m⊥ /m1 = 15 (c.f. Fig. 7.2). The spatial proﬁle of the magnetic ﬁeld is
shown for (a)-(f) 16, 32, 48, 56, 80, and 96 vortices, respectively. In this
sequence of images, we sample the found phases in the busiest region of the
phase diagram shown in Fig. 7.2. Transitions between clusters and chains,
to mazes and gel are shown.

7.3 Phase diagram as a function of applied magnetic ﬁeld and
coupling between the layers
121

Figure 7.7: Intermediately strongly coupled layers. Same as Figs. 7.3-7.6 but
for further weakened coupling between layers, i.e., for m⊥ = 20m1 . In panels
(a)-(f) there are 16, 64, 72, 80, 96, and 112 vortices in the simulation region,
respectively.
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Figure 7.8: The evolution of the vortex structure with decreasing m⊥ , i. e.,
with increasing strength of the electronic coupling between the layers, for 48
vortices in the simulation region. In panels (a)-(f), the normalized Cooperpair density in the type-II layer is shown for m⊥ /m1 = 160, 120, 60, 30, 20,
and 10, respectively.
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Figure 7.9: Molecular dynamics results from Ref. [138] for particles interacting through an interaction potential V (Rij ) = 1/Rij − Be−κRij , taken with
κ = 1 and B = 2. Rij is the distance between two particles. Shown are
structures obtained by simulated annealing of 380 particles to T = 0 at densities (a) ρ = 0.27, (b) 0.28, (c) 0.46, respectively (d) 0.6. The densities are
given in number of particles per unit area. Diﬀerent densities are achieved
by changing the size of the simulation region. Please consult the original
reference [138] for details and more states.
in Fig. 7.9), where particles interacted via Coulomb-like repulsion combined
with a midrange attraction, and where the widening of the stripe phases was
directly linked to the increasing strength and range of the attractive part of
the interaction.
For even smaller values of interlayer coupling one can no longer rely on
a two-body vortex-vortex interaction, since the type-I layer exhibits laminar
domains, and the notion of individual vortices is completely lost. In Fig. 7.10
we depict the changes in vortex patterns in a broad range of m⊥ values, where
formation of type-I domains is visible for m⊥ > 20m1 . Those domains act as
potential wells for vortices in the type-II layer, as exempliﬁed in Fig. 7.11,
which shows states for m⊥ = 1000m1 . Because of this, the structural phase
transitions become diﬀerent from the m⊥ < 20m1 cases. This is clearly seen
in the change of curvature of the sol-gel and the gel-glass transition lines in
Fig. 7.2. With decreasing coupling, due to the easier formation of type-I
domains, vortices in the type-II layer connect into mazes at lower densities.
On the other hand, they also crystallize at lower densities than for strong
coupling, which is due to the practically destroyed superconductivity in the
type-I layer at such a large magnetic ﬁeld. The formation of domains in the
type-I layer as a trapping potential for vortices is interesting because of their
sensitivity to applied in-plane magnetic ﬁeld [156], or current [157]. Therefore
one can easily manipulate externally the domain structure in the type-I layer
(e.g., straighten/relax the domains), and thereby dynamically change and
restore the vortex patterns in the type-II layer, similarly to the controllability
achieved in the superconductor-ferromagnet bilayers [158, 159].
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Figure 7.10: Evolution of the vortex states with decreasing coupling, at ﬁxed magnetic ﬂux (96 vortices; c.f. Fig. 7.2).
The spatial proﬁle of |Ψ1 |2 and |Ψ2 |2 is shown. Calculated for m⊥ /m1 = (a) 5, (b) 10, (c) 15, (d) 20, (e) 40, (f) 200,
and (g) 300.
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Figure 7.11: Weakly coupled layers. Flux patterns shown in the typeII layer (left) and the type-I layer (right), corresponding to Fig. 7.2 for
m⊥ = 1000m1 . In panels (a)-(c) there are 32, 48, and 64 ﬂux quanta in the
simulation region, respectively.
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Radial distribution functions of observed
conﬁgurations

In this section we present the radial distribution functions g(r) of diﬀerent
vortex phases observed in the superconducting type-I/type-II bilayer, which
can in some cases serve to distinguish particular vortex conﬁgurations in,
e.g., small-angle neutron scattering (SANS) measurements.
The radial distribution function g(r) characterizes the particle distribution. It gives clear signatures of the crystalline order and can be also experimentally determined, e.g., by neutron scattering. It is deﬁned as
g(r) =

1 ρ(r)
,
N ρ

(7.7)

where ρ(r) is the density of particles at some distance r from the origin, while
ρ = N/A, with N the total number of particles and A the total area, is the
average density. The density ρ(r) is in practice computed from the histogram
of all distances between the pairs of particles, where the number of particles
Ni in each bin [ri − dr/2; ri + dr/2] is divided by the area corresponding to
that bin Ai = π [(ri + dr/2)2 − (ri − dr/2)2 ]. Note that each pair counts for
two particles. Taking this into account, we calculated g(r) using the formula
g(r) =

2Ni
.
N ρπ [(ri + dr/2)2 − (ri − dr/2)2 ]

(7.8)

In Figs. 7.12 and 7.13 we show the radial distribution function for the states
displayed in Figs. 7.3 and 7.7, respectively. In each case we use the total
number of bins equal to half of the total number of vortices. The distance
between any two vortices is determined as the distance to the nearest periodic
image. In order not to account the interaction of vortex with its own periodic
image, we only show g(r) for r up to 23 ξ10 , i.e., approximately half of the
shorter side of our simulation region.
The g(r) functions for smaller densities, i.e., for 16 and 32 vortices in
the simulation region, are too coarse to be useful; however in the radial
distribution functions for our simulations for larger applied magnetic ﬁelds
we can see important signatures of the order. For example in Fig. 7.13
in panels (e) and (f) for 96 respectively 112 vortices, one can see that the
second peak splits into two, which is a well-known eﬀect due to the formation
of the regular triangular (Abrikosov) lattice (in the ﬁrst case with holes of
the Meissner state still present). One can also see in Fig. 7.12 that the
chain phase for m⊥ /m1 = 5 and intermediate densities (48 and 64 vortices)
can be distinguished by having the second peak of g(r) higher than the ﬁrst
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 7.12: The radial distribution function g(r) for m⊥ = 5m1 . Panels
(a)-(f) correspond to states with 16, 32, 48, 64, 80 and 96 vortices in the
simulation region, respectively.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 7.13: The radial distribution function g(r) for m⊥ = 20m1 . Panels
(a)-(f) correspond to states with 16, 64, 72, 80, 96, and 112 vortices in the
simulation region, respectively.
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one. Similar signature was also observed in Ref. [137], but there it was found
for the structure factor S(k), i.e., in the k space. This signature disappears
when a gel state is formed.

7.5

Phase transitions of soft vortex matter
with increasing/decreasing temperature

Another degree of controllability of the ﬂux patterns in our system is provided by temperature, due to the diﬀerent critical temperatures Tcj of the
layers. For the considered parameters, elevated temperature will swiftly deplete superconductivity in the type-I layer, and will also interconnect the ﬂux
patterns in that layer due to the increasing coherence length. Both these features will inﬂuence the observed vortex conﬁgurations in the type-II layer.
Hence, one is able to control and monitor the phase transitions of soft vortex
matter in our bilayer system simply by changing temperature. We illustrate
this in Fig. 7.14, where we start from a rather disordered gel-like state from
Fig. 7.5(d) and gradually increase temperature. After a transition to a honeycomb (or ﬁshing net) structure at T = 1.25 K, a transition to a glassy phase
was found at 1.8 K, followed by crystallization into the Abrikosov lattice at
2.1 K (where the magnetic inﬂuence of the type-I layer became negligible).
It is therefore interesting to note that contrary to most natural structures,
including soft matter, the vortex conﬁgurations in our system become more
ordered with increasing temperatures. Similarly, in Fig. 7.15 one can see how
increasing the temperature transforms the chain state of Fig. 7.8(f) to the
gel phase.
To gain insight into the nature of the phase transitions between diﬀerent
spatial arrangements of vortices, we show one particular example calculated
for 16 vortices, thickness of the coupling layer s = 2ξ10 and eﬀective mass
for tunneling of the Cooper pairs between the layers m⊥ = 40m1 . We found
that for these parameters the stable phase at low temperature is small vortex
clusters. These for intermediate temperatures coalesce into a single stripe
which at higher temperature spreads over the entire simulation region and
interconnects with adjacent stripes into the Abrikosov lattice. However, we
found that there is considerable hysteretic behavior, since Fig. 7.16 shows the
transition from several clusters to a stripe between 3.1 K and 3.15 K with
increasing temperature, while on cooling (Fig. 7.17) the stripe is stable down
to a much lower temperature of 0.85 K. In order to characterize this phase
transition, we calculate the free energy and heat capacity. The free energy
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Figure 7.14: The evolution of the gel-like phase of Fig. 7.5(d) with increasing
temperature. The vortex structure in the type-II layer is shown for (a) T = 1
K (original state) and the ﬁeld-heated states (b) T = 1.1 K, (c) 1.25 K, (d)
1.45 K, (e) 1.85 K, and (f) 2.2 K.
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Figure 7.15: Evolution of the state shown in Fig. 7.8(f), with increasing
temperature. The spatial proﬁle of the magnetic ﬁeld is shown. In this
sequence of images, we show the transition from the chain phase to the gel
phase by gradual increase of temperature. (a)-(f) T = 1 K, 1.5 K, 1.75 K,
1.85 K, 1.9 K, and 2 K.
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Figure 7.16: The transition from the cluster phase through stripe phase to
the Abrikosov lattice on heating, shown as Cooper-pair density plots in the
type-II layer at (a) T = 3.1 K (clusters), (b) T = 3.15 K, (c) T = 3.25 K
(stripe), and (d) T = 3.3 K (Abrikosov lattice).

Figure 7.17: The transition from the Abrikosov lattice through stripe phase
to the cluster phase on cooling, shown as Cooper-pair density plots in the
type-II layer at (a) T = 3.15 K (Abrikosov lattice), (b) T = 3.1 K, (c)
T = 0.85 K (stripe), and (d) T = 0.84 K (clusters).
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is given by Eq. (7.1) which in dimensionless form reads
]
∫ [
F
1
2
2
4
= d1
−χ1 |Ψ1 | + |Ψ1 | + |(−i∇ − A) Ψ1 | dS
F0
2
]
∫ [
1
1
2
2
4
+ C1 d2
−χ2 |Ψ2 | + |Ψ2 | + |(−i∇ − A) Ψ2 | dS
2
ζ
∫
∫
+ C2 |Ψ1 − C3 Ψ2 |2 dS + κ21 (A − A0 ) · jdV,
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3 2
where F0 = ξ10
α10 /β1 = Φ20 /(32π 3 κ21 ξ10 ) is our unit of energy (F0 ≈ 1.07 ×
−18
10
J for Niobium with ξ10 = 38 nm), χj = 1 − T /Tcj , A0 is the vector
κ2
m1
potential of the applied ﬁeld, j the supercurrent, and C1 = ζ 2 κ21 , C2 = sm
⊥
2
√
κ1
m2
and C3 = κ2 ζ m1 .

In Fig. 7.18(a) we show the speciﬁc heat capacity vs. temperature, com2
puted as cv = − VT ∂∂TF2 . We convert the speciﬁc heat capacity from the units
of F0 /(V K) (free energy per volume per kelvin) to its equivalent SI value
which is in our case 6.2 × 10−7 J · K−1 · cm−3 (using volume of the simulation
3
region V = 31416 ξ10
≈ 1.72 × 10−12 cm3 ). The most pronounced feature in
the speciﬁc heat capacity curve is a jump ∆cv of approximately 109 nJ · K−1 ·
cm−3 , where on heating the transition from small clusters to a single stripe is
immediately followed by the rapid transition of the type-I layer through its
own Tc to only proximity-induced superconductivity. After that transition
the vortices occupy the entire sample evenly, forming an Abrikosov lattice.
Therefore we can associate the onset of the attraction between vortices directly with the onset of superconductivity in the type-I layer. This implies
that for considered parameters the type-I layer must be below its own critical
temperature in order to observe any unusual clustering of vortices.
On cooling the heat capacity shows a similar jump, but associated only
with the transition from Abrikosov lattice to the stripe phase. The subsequent transition at 0.85 K corresponds to the rearrangement of the vortices
from the stripe into clusters, it is of ﬁrst order, and associated with latent
heat L ≈ 150 µJ · cm−3 . The described features in the heat capacity are ideal
for observing the phase transitions of soft vortex matter by calorimetry, similarly to what is proposed for detection of ﬂux phases inside the 3D samples
and distinction of giant vortex to multivortex transitions in Refs. [160, 161].
The experimental realization of the required high-precision calorimetry is
feasible, and has already been reported in Ref. [162].
In Fig. 7.18(b) we then show the diﬀerence in the free energies Fc − Fh
between the states found on cooling and heating, respectively. The sign of
this quantity determines which of the possible states is energetically favorable
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(a)

(b)

Figure 7.18: (a) The hysteretic behavior between the cluster phase, the stripe
phase, and the Abrikosov lattice, shown via calculated heat capacity cv on
heating and cooling. The top (bottom) banner labels the states found on
heating (cooling). The major diﬀerence is that on heating the stripes are
only found in a narrow temperature region close to T = 3.1 K, while on
cooling they are stable down to 0.85 K. (b) The diﬀerence in the free energy
F between the states found on cooling (Fc ) and on heating (Fh ).
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and details the energy cost of the metastable states. For example, one can
directly see from Fig. 7.18(b) that the transition between the stripe and
clusters in the equilibrium should occur at T ≈ 2.8 K.

7.6

Conclusions

We presented novel and rich vortex phases and phase transitions in a typeI/type-II superconducting bilayer, resembling known phenomena in softmatter physics. The solution-gel-glass-crystal transitions of vortex matter
can be induced in our system by an external magnetic ﬁeld, current, or temperature, but can be also engineered by a proper choice of the constituent
materials, thinning the type-I layer to eﬀective type-II behavior, or changing the spacer material to inﬂuence the coupling strength. The proposed
superconducting system is in many ways peculiar and diﬀerent from any
soft-matter system, but similarities arise from the competing interactions
with diﬀerent length scales, present in both systems. Our superconducting
system is controllable, relatively easy to fabricate, and allows for convenient
vortex imaging or detection of transitions between phases using neutron scattering or calorimetric measurements. Moreover, this system opens a further
research direction, leaning upon the early discovery of Giaver that it is possible to make a dc transformer by using applied current in one superconductor
to drag vortices through another and induce voltage there [163–165]. The
inability to ad hoc predict what would happen to soft vortex matter phases
in that case, as well as the links to related studies of Coulomb drag in semiconductor heterostructures [166, 167] and bilayer graphene [168], makes our
system a very interesting testbed for a plethora of new phenomena.
Related publication
 L. Komendová, M. V. Milošević, and F. M. Peeters: Soft vortex matter
in a type-I/type-II superconducting bilayer, Phys. Rev. B 88, 094515
(2013).
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Chapter 8
Summary
Two-gap and multi-gap superconductivity is at the forefront of current research thanks to the recently discovered materials such as magnesium diboride (MgB2 ) and dozens of new iron-based superconductors. In these materials one can talk about several coexisting and coupled condensates. Those
give rise to novel competing and collective phenomena unattainable in conventional one-gap superconductors. Arguably the most direct testbed for
those phenomena is the vortex matter. In that respect, particularly motivating for this thesis was the paper of Moshchalkov et al. [1] on “Type-1.5”
superconductivity which has shown unusual behavior of the vortex matter in
the prototypical two-gap superconductor MgB2 .
In the introductory chapters of this thesis, I ﬁrst reviewed the phenomenology of conventional single-gap superconductors and the theoretical
approaches used to describe them (London theory, Ginzburg-Landau theory,
BCS theory and Bogoliubov-de Gennes equations) in Chapter 1. I turned
to two-gap superconductivity in Chapter 2, to ﬁrst discuss in depth the
available data from various direct vortex imaging experiments, confronting
the sometimes observed unusual clustering and stripe phases with the more
commonly observed Abrikosov lattices. Subsequently I reviewed the theories of two-gap superconductors, i.e., the two-gap cousins of the previously named single-gap theories, but also the recently developed Extended
Ginzburg-Landau theory (which we used later in Chapter 5). In Chapter 3
I described the basic numerical approaches that I have used to solve the
two-gap Ginzburg-Landau equations in their diﬀerent ﬂavors. In particular I discussed the solution of the 1D Extended GL equations using Matlab
and the solution of the two-gap Ginzburg-Landau theory in periodic systems
using the method of ﬁnite diﬀerences.
In the rest of this thesis I described the results of our investigations in
various superconducting systems with two components. Motivated by the
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“type-1.5” vortex structures, we ﬁrst studied the vortex states and interaction of vortices within the “standard” two-gap GL theory. We found previously unquantiﬁed conditions for nonmonotonic intervortex interaction. We
established that the character of the short-range interaction is determined by
the sign of the surface energy of the normal metal-superconductor interface.
Meanwhile, essentially independently, the long-range vortex proﬁle asymptotics enabled us to deﬁne new eﬀective GL parameter κ∗ which determines
the long-range interaction. Note that for the single-band superconductors
the two√criteria are practically equivalent except for very tiny region close to
κ = 1/ 2. We determined for several known multigap materials how likely
they are to exhibit the nonmonotonic interaction between vortices (leading to
the formation of vortex clusters). These results were discussed in Chapter 4.
About the time we were ﬁnishing this work several related papers appeared on the Arxiv, two of which from the Ames lab in USA. The main
point was that once there is a ﬁnite Josephson coupling between the gaps
so that the gaps have a common Tc , the material can only have a single
coherence length and therefore single κ, which would prohibit the appearance of the long-range vortex attraction. These arguments are however valid
only at Tc . Shanenko et al. [3] were able to show that if one derives the
GL equations to the next-to-leading order, one obtains a diﬀerence in the
characteristic lengths of the two condensates immediately below Tc (later
on a complete theory was derived, the aforementioned Extended GinzburgLandau theory (EGL)). After the ﬁrst proof-of-concept paper was published,
I calculated numerically the healing lengths of the two condensates using this
theory and have shown that their diﬀerence can be more than 20% for realistic material parameters even, e.g., at 0.9Tc . This was important to convince
the scientiﬁc community that the corrections are not negligible, even though
they are of subleading order. We calculated the healing lengths not only for
bulk materials, but also for nanoscale lead (Pb) as an example where multiband structure is due to conﬁnement, and for LiFeAs, where I compared the
results of the standard two-band GL theory (early one, which mixes orders
of expansion in the small parameter τ = 1 − T /Tc ) and the results of the
theory correct to the next-to-leading order. These studies were discussed in
detail in Chapter 5.
Next, we wanted to compare my results in these various GL-type theories
with the microscopic theory, so we set up the calculation for a single vortex
in the two-gap Bogoliubov-de Gennes formalism. We found something much
more dramatic and originally unexpected and that is a peak in the temperature dependence of the weak-gap coherence length in case when the gaps
are very weakly coupled. This is actually a consequence of the bare Tc of
the weak gap, which is for nonzero coupling no longer the point where the

8.1 Outlook & future directions
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superconductivity in the weak gap completely disappears, however it still has
measurable eﬀects. We named this hidden critical point, because it will never
be an actual critical point of any real two-band superconductor due to the
ﬁnite coupling, but nevertheless it is a true critical point in the sense that one
can deﬁne a parameter measuring the proximity to it (namely the Josephson
coupling γ, but taken only in the leading order in the interband coupling
constant λ12 ) and furthermore it deﬁnitely has manifestations in measurable
quantities close to Tc2 . At the hidden critical point, one gets power laws with
critical exponents for various thermodynamic properties, and may even construct a complete analytical theory at Tc2 to ﬁrst order in γ. These ﬁndings
are discussed in every detail in Chapter 6.
Last but not least, in Chapter 7 we reverted our attention again to vortex
matter in two gap samples, this time by studying the artiﬁcial analogue of a
two-gap system - a type-I/type-II bilayer. Although no strict analogy can be
made between the two systems, the vortex matter in a bilayer has proven to
be an exciting study object, comprising structures as rich as parallel chains,
gels, glasses, and crystalline vortex lattices, or phases where lamellar type-I
ﬂux domains in one layer trap the type-II vortices in the other. These vortex structures are very similar to the ones commonly observed in soft-matter
systems. The similarity stems from the similar form of the interaction potentials comprising several length scales and/or mixture of attraction and
repulsion. To enable easier identiﬁcation of these novel vortex states in the
experiments we calculated their radial distribution functions. We also followed in detail the phase transition between the vortex clusters through the
stripe phase to the Abrikosov lattice on increasing the temperature and the
opposite sequence of states on cooling. We found a considerable hysteresis,
where the stripe phase on cooling survives to much lower temperature and
only then rearranges in clusters in a ﬁrst order phase transition. The associated latent heat and also the speciﬁc heat jump associated with the onset
of vortex attraction, when the type-I layer switches to bulk as opposed to
proximity induced superconductivity, should be experimentally observable
by high-precision calorimetry.

8.1

Outlook & future directions

The topic of multigap superconductivity is still at the stage where we have
considerable voids in our understanding, and therefore every further research
and systematic analysis can reveal a new surprise. In this spirit, I name a
few of the possible future directions related to this thesis:
- Multigap type-I superconductivity, which is largely unexplored and
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may be relevant to low-Tc two-gap superconductors, such as OsB2 ;

- (Fractional) vortices in bilayers and multilayers, and to calculate interaction potential between vortices in a superconducting bilayer such as
the one studied in Chapter 7;
- Magnetic properties of multilayers with large number of alternating
layers of two superconducting compounds (such samples are relatively
easy to fabricate);
- Vortex matter in multigap superconductors with artiﬁcial pinning centra, where it should be possible to take advantage of diﬀerent healing
lengths of two condensates and therefore their diﬀerent interaction with
the same pinning potential may be exploited for ﬂuxonic applications;
- Numerical implementation of two-gap Extended Ginzburg-Landau model with magnetic ﬁeld, to fully characterize the intermediate state of
(mesoscopic) two-gap superconductors;
- Behavior of newly found vortex states (clusters, chains, gel) present
in the two-gap superconductors and/or bilayers when current is applied through the sample, in search of the new ﬂux ﬂow and other new
resistive regimes;
- Signatures of the hidden criticality (the remnants of the weak-gap bare
critical temperature) in the thermodynamic properties and studies of
the emerging ﬂuctuations phenomena in two-gap superconductors, deep
in the superconducting state;
- Development of the GL theory for two-band superconductors valid at
all temperatures in analogy to what was recently achieved in Ref. [169]
for two-band superﬂuid Fermi gases.

Chapter 9
Samenvatting
Twee-kloof en multi-kloof supergeleiding staat aan de spits van het huidige
onderzoek dankzij de recent ontdekte materialen zoals magnesium diboride
(MgB2 ) en tientallen nieuwe ijzer gebaseerde supergeleiders. In deze materialen kan men spreken van een aantal naast elkaar bestaande en gekoppelde
condensaten. Deze leiden tot nieuwe concurrerende en collectieve fenomenen, onbereikbaar in conventionele één-kloof supergeleiders. Misschien wel
de meest directe testomgeving voor die verschijnselen is vortex materie. In
dat opzicht bijzonder motiverend voor dit proefschrift, was het artikel van
Moshchalkov et al. [1] over “Type-1.5”-supergeleiding, dat ongewoon gedrag
van de vortex materie heeft aangetoond in de prototypische twee-kloof supergeleider MgB2 .
In de inleidende hoofdstukken van dit proefschrift behandel ik eerst de
fenomenologie van conventionele één-kloof supergeleiders en de theoretische
benaderingen die worden gebruikt om hen te beschrijven (London theorie,
Ginzburg-Landau theorie, BCS theorie en Bogoliubov-de Gennes vergelijkingen komen aan bod) in Hoofdstuk 1. In Hoofdstuk 2 beschrijf ik
twee-kloof supergeleiding. Eerst bespreek ik grondig de beschikbare gegevens
uit verschillende directe vortex beeldvormingsexperimenten: ik confronteer
de soms waargenomen, ongebruikelijke clustering en streepfases met de vaker
waargenomen Abrikosov roosters. Vervolgens behandel ik de theorieën van
twee-kloof supergeleiders (de twee-kloof varianten van de eerder genoemde
één-kloof theorieën), maar ook de recent ontwikkelde Uitgebreide GinzburgLandau theorie (Extended Ginzburg-Landau theory (EGL)) die we later in
Hoofdstuk 5 gebruiken. In Hoofdstuk 3 beschrijf ik de numerieke benaderingen die ik gebruikt heb om de twee-kloof Ginzburg-Landau vergelijkingen in
hun verschillende variaties op te lossen. Met name behandel ik de oplossing
van de 1D Uitgebreide GL vergelijkingen in Matlab en de oplossing van de
twee-kloof Ginzburg-Landau theorie in periodieke systemen met de eindige-
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diﬀerentiemethode.
In de rest van dit proefschrift beschrijf ik de resultaten van mijn onderzoek in diverse supergeleidende systemen met twee componenten. Gemotiveerd door de “type-1.5” vortex structuren, bestuderen we eerst de vortextoestanden en interactie van vortices binnen de “standaard” twee-kloof GL
theorie. We hebben de eerder niet gekwantiﬁceerde voorwaarden voor nietmonotone intervortex interactie gevonden. Wij hebben namelijk vastgesteld
dat het karakter van de korte afstands interactie wordt bepaald door het teken
van de oppervlakte-energie van het metaal-supergeleider grensvlak. Aan de
andere kant, het lange afstands vortex proﬁel laat ons toe een nieuwe eﬀectieve GL parameter κ∗ te deﬁniëren die de lange afstands interactie bepaalt.
Merk op dat voor de één-kloof supergeleiders de twee criteria
√ nagenoeg gelijk
zijn, behalve voor een zeer kleine gebied dicht bij κ = 1/ 2. We bepaalden
voor verschillende bekende multikloof materialen hoe groot de kans is dat ze
de niet-monotone interactie tussen vortices (die tot de vorming van vortexclusters leidt) vertonen. Deze resultaten worden besproken in Hoofdstuk 4.
Tijdens de afronding van dit werk, verschenen diverse, gerelateerde artikels op het arXiv, waarvan twee uit het Ames laboratorium in de VS. Hun
belangrijkste conclusie was dat zodra er een eindige Josephson koppeling
tussen de kloven is, zodat ze een gemeenschappelijke Tc hebben, het materiaal slechts een enkele coherentielengte en dus een enkele κ kan hebben, dus
lange afstands vortex attractie zou onmogelijk zijn. Deze argumenten zijn
echter alleen geldig exact op Tc . Shanenko et al. [3] konden aantonen dat
in de op-een-na-grootste orde men een verschil krijgt in de karakteristieke
lengten van de twee condensaten juist onder Tc (later werd een volledige
theorie afgeleid, de voornoemde Uitgebreide Ginzburg-Landau theorie). Ik
heb de herstellengtes van de twee condensaten met behulp van deze theorie
numeriek berekend. Het verschil tussen de lengtes kan meer dan 20% worden
voor realistische materiaal parameters, ook dichtbij de kritische temperatuur.
Dit resultaat was belangrijk om de wetenschappelijke gemeenschap ervan te
overtuigen dat de correcties niet verwaarloosbaar zijn, ook al zijn ze niet van
leidende orde. We berekenden de herstellengtes niet alleen voor grote supergeleidende structuren, maar ook voor nanoschaal lood (Pb) als voorbeeld
waar een multiband structuur ontstaat door opsluiting. Daarnaast vergelijk
ik de resultaten van de standaard twee-kloof GL theorie (een vroegere versie
die termen in verschillende orders in de kleine parameter τ = 1 − T /Tc bevat) en de resultaten van de theorie juist in de op-een-na-grootste orde voor
LiFeAs. Deze studies worden in detail besproken in Hoofdstuk 5.
Vervolgens wilden we onze resultaten vergelijken in deze verschillende GLachtige theorieën met de microscopische theorie, dus begonnen we de berekening voor een vortex in het twee-kloof Bogoliubov-de Gennes formalisme. We
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hebben iets oorspronkelijk onverwacht gevonden: een piek in de temperatuursafhankelijkheid van de zwakke kloof coherentielengte in het geval wanneer
de kloven zeer zwak gekoppeld zijn. Dit is eigenlijk een gevolg van de intrinsieke Tc van de zwakke kloof. Zonder koppeling is Tc2 het punt waar de
supergeleiding in de zwakke kloof volledig verdwijnt, maar met eindige koppeling zijn er nog steeds meetbare eﬀecten. We noemden (γ = 0, T = Tc2 )
het verborgen kritisch punt, omdat het nooit een echt kritisch punt van een
echte twee-kloof supergeleider kan zijn vanwege de eindige koppeling. Op
het verborgen kritisch punt zijn verschillende thermodynamische grootheden
de machtsverbanden in γ. Bovendien hebben we daar zelfs een complete
analytische theorie tot eerste orde in γ geconstrueerd. De voornaamste conclusie is dat de coherentielengte daar divergeert. Deze bevindingen worden
besproken in detail in Hoofdstuk 6.

Ten slotte, in Hoofdstuk 7 vestigen we onze aandacht opnieuw op vortex materie in twee-kloof supergeleiders, dit keer door het bestuderen van
het kunstmatige equivalent van een twee-kloof-systeem - een type-I/type-II bilaag. Hoewel er geen strikte analogie kan worden gemaakt tussen de twee
systemen, heeft de vortex materie in een bilaag zich bewezen als een spannend studieobject. Het bezit vele nieuwe structuren zoals parallelle kettingen,
gels, glasachtige structuren, en Abrikosov vortex roosters, of fasen waarbij
lamellaire type-I ﬂux domeinen een val maken voor het type-II-vortices in
de andere laag. Deze vortex structuren zijn zeer vergelijkbaar met die vaak
waargenomen in zachte materie systemen. De overeenkomst komt voort uit
de soortgelijke vorm van de interactie potentiaal tussen relevante “deeltjes” in de beide gevallen, met meerdere lengteschalen en/of een mengsel van
aantrekking en afstoting. Om deze nieuwe vortextoestanden in experimenten
beter te kunnen herkennen, hebben we hun radiale distributie functies berekend. Ook hebben we de faseovergang tussen de vortex clusters doorheen de
streep-fase naar de Abrikosov rooster bij het verhogen van de temperatuur
en de omgekeerde volgorde van fasen bij afkoeling opgevolgd. We vonden een
grote hysterese, de streepfase bij afkoelen overleeft bij veel lagere temperatuur
en herschikt dan pas in clusters in een eerste orde faseovergang. De bijbehorende latente- en soortelijke warmte sprong geassocieerd met het ontstaan
van de vortex aantrekking (wanneer het type-I laag zijn eigen supegeleiding
krijgt in tegenstelling tot de geı̈nduceerde supergeleiding door koppeling aan
het type-II laag) zou experimenteel kunnen worden geobserveerd door hoge
precisie calorimetrie.
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Toekomstperspectieven

Het onderwerp van multi-kloof supergeleiding is nog steeds in het stadium
waar men aanzienlijke gaten in kennis heeft, en daarom kan elk verder onderzoek en systematische analyse een nieuwe verrassing onthullen. Daarom
noem ik hier een paar van de mogelijke toekomstige onderzoeksvragen met
betrekking tot dit proefschrift:
- Multikloof type-I supergeleiding, die grotendeels onbekend is en voor
lage-Tc twee-kloof supergeleiders, zoals OsB2 , relevant zou kunnen zijn;
- (Fractionele) vortices in bilagen en multilagen, en de interactie tussen
de vortices te berekenen in een supergeleidende bilaag zoals die in
Hoofdstuk 7;
- Magnetische eigenschappen van multilagen met een groot aantal afwisselende lagen van twee supergeleiders (dat type van structuren is relatief
eenvoudig om te produceren);
- Vortex materie in multikloof supergeleiders met kunstmatige pinningcentra, om te antwoorden op de vraag of het mogelijk is gebruik te
maken van verschillende herstellengtes van twee condensaten en dus
hun verschillende interacties met dezelfde pinning potentieel te benutten bvb. voor toepassingen in ﬂuxonica;
- Numerieke implementatie van het twee-kloof Uitgebreide GinzburgLandau model met een magnetisch veld, om de intermediaire toestand
van (mesoscopische) twee-kloof supergeleiders volledig te karakteriseren;
- Gedrag van nieuwe vortextoestanden (clusters, ketens, gel) aanwezig in
de twee-kloof supergeleiders en/of bilagen wanneer er een stroom vloeit
door de structuur, op zoek naar de nieuwe ﬂux-ﬂow en andere resistieve
regimes;
- Onderzoek naar de mogelijke signalen van de verborgen criticaliteit
(de restanten van de zwakke-kloof eigen kritische temperatuur) in de
thermodynamische eigenschappen en studies van de opkomende schommelingen in de twee-kloof supergeleiders, diep in de supergeleidende
toestand;
- Ontwikkeling van de GL theorie voor twee-kloof supergeleiders geldig
bij alle temperaturen in analogie met wat onlangs werd bereikt in
Ref. [169] voor twee-kloof superﬂuı̈de Fermi gassen.
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5. L. Komendová and R. Hlubina, Density of states in a split superconducting vortex, Phys. Rev. B 81, 012505 (2010).

Proceedings
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