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1
Introduction

Interaction between particles is the essence of all structures we can observe
nowadays, from the most large, distant and beautiful nebula in space, until the
most simple raindrop. At the same time, the interaction between particles is re-
sponsible for a large variety of different effects, one of them is the capability
to create ordered systems, which are the basis of different phenomena in con-
densed matter physics as crystallization, nucleation, glass formation and melting.
Nowadays, the inter-particle interaction can be controlled by the correct choice
of certain experimental variables, while confining the system allows to manip-
ulate the formation of different crystal structures and transitions between them.
During the last decades, many theoretical and experimental efforts have been un-
dertaken in order to understand the formation process of the different structures
and the different properties of these structures. However, even with the great
advance in the knowledge of this subject, there are still open questions about the
structural properties in different quasi-one-dimensional (Q1D), two-dimensional
(2D) and three-dimensional (3D) systems of particles.

1.1 Overview
The aim of this thesis is the study of the structural properties of Q1D systems of
particles, analyzing the effect of the confinement on the structural transitions, for
different functional forms of the inter-particle interaction, from totally repulsive
to interaction potentials with competing interaction scales. Additionally, and mo-
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tivated by experimental finding of self-assembled highly symmetrical structures
of nanoparticles, we performed a systematic study of finite size 3D systems of
particles, revealing the formation process of the ordered configurations and pre-
dicting possible structures for those clusters.

In chapter 1 we present the introduction with several historical developments
of the study on the ground state of crystalline structures. Also the state-of-the-
art of the theoretical and experimental works in this subject is presented. In this
chapter we give an overview of typical examples of experimental systems with
crystalline structures formed in the presence of a classical confinement potential
and of self-assembling processes. Chapter 2 describes in depth the theoretical
framework of my thesis, and the numerical methods used in this work to analyze
the different models studied.

In chapter 3 a theoretical analysis of the zig-zag transition (i.e. at the crit-
ical point) in a Q1D system of particles is presented for an arbitrary power-
law confinement potential (i.e. yα), and for an arbitrary inter-particle interac-
tion modeled by r−ne−r/λ, which simulates most of the relevant experimental
particle-particle interactions. The zig-zag transition can be viewed as a sponta-
neous symmetry breaking and we will cast the problem into a mean field theory
that will be based on the Landau theory of phase transitions. In this way we will
construct a Ginzburg-Landau theory, for the single to two chains transition in a
quasi-one-dimensional system of interacting particles. We obtain a Ginzburg-
Landau differential equation for the order parameter that is valid close to the
transition point, which determines all the relevant observable parameters. The
order parameter is the distance of the particles from the trap axis. By consid-
ering a large number of particles and using the local density approximation, we
can consider the crystal as a continuum, so that the order parameter becomes a
field.

In chapter 4 we investigate the effects of the confinement potential on the
chain-like phase transitions of a Q1D system of particles. With the aim to per-
form a detailed study of the ordering of the transitions, we will vary the shape of
the confining channel, in a continuous form, from a parabolic up to a hard-wall
potential. In order to understand the influence of the profile of the channel, we
will employ three different models for the confinement potential. Analytical and
numerical calculations are performed, and the results show that the type of the
ordering transition strongly depends on the profile of the channel, allowing to
use the shape parameter to control the ordering transitions.

Chapter 5 is devoted to an analysis of the phase transitions between two
identical vertically and two identical horizontally coupled Q1D channels as func-
tion of the inter-channel distance and linear particle density in each channel. A
very rich phase diagram is found for the ground state in the case of vertically
coupled systems, while a restricted number of phases is found for the horizon-
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tally coupled systems. Numerical simulations reveal that hysteresis is present for
first order transitions. Further, our simulation results for the zigzag transition of
the vertically coupled channels is compared with our analytical results obtained
from the Ginzburg-Landau approach.

Chapter 6 presents our study of the ground state configuration of a system
of magnetic particles confined by a parabolic Q1D channel on a periodic sub-
strate potential. Magnetic particles are aligned by an external tilted magnetic
field and are interacting through an anisotropic dipole-dipole potential, which
depends on the orientation of the external field. We investigate how the orien-
tation of the field allows to tune the ground state configuration of the system,
modulating the competitive interaction between each pair of particles. The ef-
fect of the modulated potential is analyzed through its strength and the degree
of commensurability of the system imposed by the periodicity of the substrate
potential and the average inter-particle distance, i.e. the density.

In chapter 7 we present our simulation study of finite size 3D clusters of
gold nanoparticles in the absence of any confinement potential. The model we
propose here is based on the competition between a long-range attractive and a
short-range repulsive interaction for each pair of particles. This competing in-
teraction model should be considered as an effective interaction between the Au
particles, which in our study will be taken as isotropic, assuming that all nanopar-
ticles are identical and spherical. The results of our numerical simulations show
an excellent agreement with the structure of the 3D gold nanoclusters experi-
mentally found by EMAT using the tomographic reconstruction technique. A
systematic study is performed, which provides a thorough understanding of the
formation of 3D assemblies from the aggregation of gold nanoparticle build-
ing blocks. The combination of electron tomography and the present theoretical
model enables us to predict the 3D configuration of the obtained Au nanoassem-
blies with high accuracy. It is however important to point out that, because of
the generality of the model, our approach can be applied to a wide variety of
nanoparticle assemblies. Additionally, in chapter 8 we develop a generaliza-
tion of this theoretical model and the analysis of the structural properties of the
ground state configurations for this kind of interaction.

A summary of the present thesis is presented in chapter 9, and its translation
into Dutch in chapter 10.

1.2 Crystalline structures
100 years ago, in 1913, W. H. Bragg and W. L. Bragg (father and son) reported
the crystal structure of sodium chloride (NaCl), potassium chloride (KCl), potas-
sium bromide (KBr) and the most expensive allotrope of carbon: diamond [1–4].
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Figure 1.1: (Left) View perpendicular to the (111) axis of the crystal structure of dia-
mond as first proposed by Bragg in Ref. [4]. (Right) Representation of the unit cell of the
diamond crystal structure, different colors are related to the organization and explained
in the text.

They were the first crystalline structures revealed by X-ray diffraction, and also,
the starting point to the understanding of the arrangement of atoms in solids. In
Fig. 1.1, the diamond structure is presented, and the unit cell is drawn highlight-
ing, with red and blue balls, the carbon atoms located in two different planes of
a face centered cubic lattice (fcc), the green balls indicate the other four carbon
atoms of that structure.

These discoveries generated several questions as, for instance: Why are atoms
arranged in different crystal structures?, What determines specific arrangement
of atoms?, How can one vary the crystal structure? and many other ones, several
of them are even today not completely answered.

A crystalline structure consists of molecules, atoms or different particles
which form a periodic arrangement. Usually, that structure is characterized by
its unit cell, which is defined as the minimum fraction of the structure that can be
used as the basis to construct the whole crystal. After the diamond structure was
reported many efforts where undertaken in order to understand the formation and
properties of the crystalline structure. However, two decades passed before the
next milestone in this field took place. This was due to Eugene Wigner [5] which,
in 1934, considered an electron gas, such that the electrons have no kinetic en-
ergy, as occurs in low density systems, and found that these electrons ”would
settle in configurations which correspond to the absolute minima of the potential
energy. These are closed-packed lattice configurations, with energies very near
to that of the body-centered lattice”. This was the first prediction about self-
organized systems of electrons and charged particles, which today are known as
Wigner crystals. This explanation, reduced the initial problem of the crystalline
structure from large atoms to its small constituents, the electrons.
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Figure 1.2: Typical Wigner crystals for 1D (evenly spaced lattice), 2D (triangular lat-
tice, also called close-packed hexagonal lattice) and 3D (bcc lattice) lattice of particles.

From its definition, Wigner crystals arrange into a body-centered cubic (bcc)
lattice in three-dimensional [6, 7] (3D) space, a triangular lattice in two-dimen-
sional [8–10] (2D) systems, while in one-dimensional [10–12] (1D) systems,
the energetically more favorable array is given by an evenly spaced lattice (see
Fig. 1.2).

During the last two decades the interest in self-organized systems has in-
creased enormously both experimentally and theoretically, due to its importance
in solid-state physics, plasma physics as well as in atomic physics, and also in
the experimental realization of different periodic structures for applications as
photonic crystals [13–15]. Wigner crystals are the most simple example of self-
organization which has been realized in very diverse systems as e.g. electrons
on liquid helium [16, 17], by using Paul and Penning traps [18, 19] to confine
ions in a limited region, in dusty plasmas [20], and more recently using static
and radio-frequency electromagnetic potentials where crystallization was real-
ized through laser cooling [21]. A recent review presents the state-of-the-art of
the experimental works in electronic crystals [22]. Additionally it has been pro-
posed that these structures can be used for possible implementation of a scalable
quantum information processor [23,24], and for an improved hard drive architec-
ture [25]. Theoretical analysis of several structural properties of Wigner crystals
have been performed previously, for 3D [6, 7, 20, 26, 27], 2D [8–10, 20, 28–32]
and Q1D [10, 33, 34] systems, also some dynamical properties have been stud-
ied [35–38]. From those studies it was shown that structural phase transitions
can be induced by varying different system parameters (e.g. strength of a con-
finement potential or a magnetic field, particle density).

1.3 Experimental systems
Crystallization of electrons into a Wigner crystal has not yet been observed in
metals. However, several experimental systems have been proposed in order to
find similar crystalline structures. Below, some of the most relevant experimental
systems are briefly introduced.
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Figure 1.3: (Left) Schematic set-up of the system of electrons trapped on LHe. (Right)
Potential profile perpendicular to the surface with the wave function of the lowest sub-
band state (in red).

1.3.1 Electrons above superfluid Helium

In 1971, by separated works, Crandall and Williams [16] and Shikin [41] pro-
posed a simple experimental system in which Wigner crystallization could be
observed experimentally. This model consists of electrons deposited on the sur-

.

Figure 1.4: (Left) Arrangement of nanoislands of electrons above LHe experimentally
found in Ref. [39]. (Rigth) Finite size Wigner crystal structures for different number (N )
of particles, numerically calculated in Ref. [40]
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Figure 1.5: Path followed by a single electron on LHe. From Ref. [44].

face of liquid Helium (LHe) by heating of a small filament. The electrons are
prevented from penetrating LHe surface due to the high energetic barrier between
the vacuum and the superfluid, as shown in Fig. 1.3 (right).

In 1979, Grimes and Adams observed Wigner crystallization of electrons
on He for the first time [42], evidencing the triangular lattice organization in a
classical 2D Coulomb system. A similar result was reported, in 1982, by Lei-
derer et al. [39], they used an electric field (E) in order to add electrons on
LHe, which distribute homogeneously above the surface when the strength of
the electric field is below a critical value (E < Ec). For larger values some
isolated islands (or dimples) are formed with electrons, that were observed ex-
perimentally as small disks (see left columns of Fig. 1.4). The different dimples
order into a finite size Wigner crystal with ring-like arrangements. This experi-
ment was performed using a cylindrical recipient, forming a circular surface to
confine the dimples (see Fig. 1.4). Numerical calculations of Coulomb particle
crystals restricted to a small circular area in space have been performed from
1990s [8,40,43], resulting in configurations similar to the experimentally found,
as shown in Fig. 1.4 (right). In those theoretical works it was evidenced that if
there is a large number of particles (typically more than 100), the Wigner crystal
is recovered in the inner part of the configuration, while at the edge the electrons
are arranged in rings.

In 2007, Guo and Maris [44] performed an experiment to observe the motion
of a single electron in LHe. A sound wave was used to explode an electron bubble
in a fraction of a microsecond. They took advantage of the deformation on the
surface of the LHe produced by the repulsion between the electron bubble and
the He atoms. That deformation, which would be imperceptible in conventional
liquids, is favored by the very small surface tension due to the superfluid state of
the LHe. The path of the electrons, reported in that work is along a straight line
and, in other cases, snakelike trajectories were observed, which was interpreted
by the authors using the surmise that ”the electron is sliding along a quantized
vortex line” of LHe. Some of those paths are shown in Fig. 1.5.
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1.3.2 Complex plasmas and trapped ions

Plasma is often called the fourth state of matter. Today it is recognized that more
than 99% of all observable matter in the universe is in the plasma state. Addi-
tionally, plasmas are found at temperatures and densities far exceeding those that
will support matter in the classical states (solid, liquid and gas). A temperature-
density diagram is shown in Fig. 1.6, indicating some examples of different kind
of plasmas, the area below the line in that figure represents a region where the
Coulomb interaction energy is larger than the thermal energy, this leads to a
small number of particles in a Debye sphere, and these systems are also called as
strongly coupled plasmas. A plasma containing micrometer and nanometer size
particles that are suspended in the plasma, is called a dusty plasma (or complex
plasma). The dust particles can be grown inside the plasma, however, in some
cases microparticles are inserted in a low temperature plasma with a low degree
of ionization.

Experimentally, it was shown that in complex plasmas it is possible to real-
ize strongly coupled dust particles forming crystalline structures when they are
confined to a cylindrical chamber [46, 47]. This experimental system consists of
a hollow outer electrode coupled to a 14 MHz rf power amplifier, a grounded

Figure 1.6: Different type of plasma systems found in nature and in the laboratory,
which are shown in the density-temperature plot. From Ref. [45].
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Figure 1.7: Schematic representation of the cylindrical discharge system to generate
dusty plasma crystals (lateral view). From Ref. [46].

center electrode with a ring shape groove on the top for lateral trapping of the
particles, and an optical microscope is located on a top glass window in order to
observe directly the particle positions. A schematic view of the experimental set-
up is presented in Fig. 1.7. Using this model, different 3D crystalline structures

Figure 1.8: (Left) Microimages and graphical representation of the 3D crystalline struc-
tures found in dusty plasmas: (a) Hexagonal lattice, (b) bcc and (c) fcc. The bars in the
pictures correspond to 200µm. From Ref. [46]. (Right) Snapshots of the observed 2D
clusters in dusty plasmas reported in Ref. [47]. The length scale is not the same for all
pictures.
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Figure 1.9: (Left) (a) Schematics of the experimental set-up to confine a dusty plasma in
a 1D channel (b) Representation of the system with the particles trapped in the channel.
(c) Reconstruction of the image of the particles experimentally found. From Ref. [48].
(Right) Sketch of the experimental system of the X-shaped linear Paul trap to confine
ions in Q1D. From Ref. [49]

were found as stable configurations as presented in Fig. 1.8.
A further modification of this model was performed in Ref. [47], where the

large groove at the bottom electrode was replaced by a hollow coaxial cylinder
with 1.5 cm of radius and 1.5 cm of height, confining the dusty plasma in a
weakly ionized glow. A few typical microimages of clusters formed by different
number of dust particles are shown at the right in Fig. 1.8.

In 1999 Killian et al. [45, 50] reported for the first time the creation of an
ultracold neutral plasma by photoionization of laser-cooled xenon atoms. The
plasma generated in that work had an electron temperature as low as Te =
100mK, an ion temperature as low as Ti = 10µK, and densities as high as
n = 2× 109cm−3. A minireview of this system is presented in Ref. [51], where
3D clusters of ions are reported. Similar structures were found latter by Block
et al. [52]. A 1D Wigner crystal formed by a dusty plasma was experimentally
found by Liu et al. [48]. They used a dusty plasma consisting of electrons,
ions, neutral atoms, and small particles of solid matter. The particles acquire
a negative charge and are confined in an external potential. Because of mutual
repulsion and external confinement, the particles can arrange themselves in a 1D
structure. The plasma had a density of 1.2× 109cm−3 and an electron tempera-
ture of T = 1.6eV ≈ 18.5MK. The model of the apparatus to confine the plasma
is shown in Fig. 1.9, together with the 1D Wigner crystal.

Recently, Ulm et al. [49] reported the zigzag transition in a Q1D system of
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Figure 1.10: (Left) CCD images of the ions position, showing the zigzag transition.
(Right) Time evolution of the one-chain deformation; the upper figure shows the incre-
ment of the confinement frequency; in the lower one the black dots indicate the moment
when the atoms move from the one-chain configuration into the two-chain configuration.
From Ref. [49].

ions, generated by using an X-shaped segmented linear Paul trap in the following
form: Ca atoms in a thermal atom beam cross the centre of the trap and are
ionized with resonantly enhanced two-photon ionization at wavelengths of 423
and 375 nm. To drive the cooling transition, they use a diode laser near 397 nm
with a power of 0.15 mW and a beam direction that has a projection on all three
trap axes. Pulses of the ionization laser is used to add ions to the sample while
diminishing the intensity of the axial trapped potential allows to reduce them, in
this way the number of atoms can be controlled by the user. Schematical drawing
of the experimental model is presented in Fig. 1.9. In that work the analysis was
performed with a sample of 16 ions, starting from a weak axial potential inducing
a 1D crystal, then by increasing the density the zigzag transition takes place, as
shown in Fig. 1.10. The zigzag transition was also found in different systems of
trapped ions [53–55].
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1.3.3 Colloidal systems
A colloid is a solution composed by microscopical solid particles, which are still
able to remain evenly distributed throughout the solution. The typical size of
the volume fraction of solids in a colloidal suspension can vary from a small
fraction of a percent to more than 60% (i.e. particle sizes from nanometers to
micrometers). Such particles are made from many different materials and can be
suspended in a wide variety of solvents. Several experimental techniques allow
the measurement of the time evolution of the position of the colloidal particles,
resulting in an increased understanding of the structural properties and behavior
of colloidal suspensions, as discussed in [56]. A brief introduction about some
experimental works, on 1D and 2D systems in this subject, is presented in this
section.

In order to study Q1D systems, Beatus et al. [57] constructed an experiment
in order to manipulate colloids present in water-in-oil droplets. the inter-colloid
interaction results in the formation of 1D and 2D Wigner crystals. For that they
created water droplets at a T-junction between water and oil channels under con-
tinuous flow, emanating at a constant rate with uniform radii R (∼ 10 − 15µm)
and fixed inter-droplet distances (10 − 200µm). The thin channel (h = 10µm)
deformed the droplets into discs, confining their motion to 2D and exerting fric-
tion with the floor and ceiling. The experimental system is shown in Fig. 1.11.
The droplets were dragged by the oil at a velocity ud (150 − 800µm/s) that was
slower than that of the oil (uoil ∼ 5ud). The interparticle distance and therefore
the particle density can be varied by small changes in water pressure keeping the
oil velocity essentially constant. By increasing the particle density, the system
goes from a one-chain to a two-chain structure through a zigzag transition (see
Fig. 1.11).

Figure 1.11: 1D Wigner crystal (Top) and the zigzag configuration (Bottom) found in
a system of colloidal particles. The length of the bar scale represents 100µm. From
Ref. [57].
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Figure 1.12: (Top) Video microscopy snapshot of colloidal particles moving along the
lithographically defined channel, evidencing the transition between the eighth- and the
seven-chain configuration. (Middle) Superimposed configuration snapshots of the ex-
periment showing the transition between six- and five-chain configurations. (Bottom)
Simulated transition between chains in the system. From Ref. [58].

For transitions in larger 2D structures, Köppl et al. [58] presented an ex-
perimental setup, where colloidal particles, interacting between them through a
dipole interaction (V (r) ∼ 1/r3), are trapped in a channel. The whole system
is tilted in order to use gravity to give the particles a velocity, producing an in-
crement in the separation between them, and therefore, inducing a reduction of
the particle density. This smart mechanism, showed a sequence of first order
transitions between eight- and seven-chain structures as well as between six- and
five-chain configurations, as shown in Fig. 1.12.

Theoretical calculations performed in that work (see Fig. 1.12(Bottom)) pre-
dicted a sequence of first order transitions from six- and until three-chain config-
uration in the system.

On the other hand, it has also been reported [59] that spherical colloidal
particles, which are superparamagnetic due to Fe2O3 doping, are confined in
a pendent water droplet. The particles are confined to the air-water interface due
to the high tension on it which does not allow the penetration of the colloidal
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Figure 1.13: (Left) Schematic view of the experimental model of confined superpara-
magnetic colloidal particles at an air–water interface in the presence of an external
magnetic field B with a tilt angle φ inducing a dipole moment in the particles. The in-
duced dipole moments and their mutual interaction are also shown for different angles
φ. (Right) Video microscopy picture of the particle configurations for different fields:
(a) φ = 0◦, liquid phase; (b) φ = 0◦, crystal phase; (c) φ = 90◦, dipolar chain phase.
From Ref. [59].

particles. The interface of the water droplet is planar on the scale of the interpar-
ticle separation, and the perpendicular fluctuations of the colloidal particles are
small, allowing this system to be an excellent realization of a two-dimensional
monolayer of particles. Interaction between particles is guided by their dipole
moments which are induced by an external magnetic field [60, 61], allowing to
manipulate the interaction strength between the particles just by a correct choice
of the magnetic field orientation, as shown in Fig. 1.13.

Latter figure also shows the structural configuration formed by the particles
in the system, where a triangular lattice or Wigner crystal is found to be a sta-

Figure 1.14: (Left) Illustration of the mechanism followed by a magnetotactic bacteria
to get aligned to the magnetic field, from Ref. [62]. (Right) A sample of the chains formed
by these organisms observed from a microscopy. From Ref. [63].
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ble configuration in the case of a perpendicular magnetic field. In the special
case when the magnetic field is parallel to the plane of confinement, the mutual
attraction leads to strong chain formation of two-dimensional dipolar spheres.
This kind of structures have also been studied theoretically [64–66], showing in-
teresting properties for this kind of crystals. The multiple crystalline structures
which can be found and the effect of external fields applied on these particles,
which have been summarized in a recent minireview [67], indicate the promising
future of these kind of systems.

However, this kind of interaction is not exclusively for magnetic colloidal
systems, but have also been found in some bacterias (also called magnetotactic
bacterias). These are organisms which have shown to be sensitive to the earth
magnetic field [62]. These organisms have the ability to move spontaneously and
are actively directed by a magnetic field [63, 69, 70]. This characteristic makes

Figure 1.15: Comparison of transmission electron micrographs and 3D projections of
clusters theoretically predicted for particles interacting via a Lennard-Jones potential.
The number of particles in the predicted cluster is indicated by n. From Ref. [68].
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possible the study of the aligning of chain structure lattices also in organic sys-
tems, which have been found forming chains, aligned along an external magnetic
field as shown in Fig. 1.14.

1.3.4 Self-assembled gold nanoclusters
Self-organization is a mechanism for building patterns and structures through
multiple interactions between its components, which interact following local
rules that are not explicitly coded for the pattern [71]. In 2010, Lacava et al. [68]
reported the grown of self-assembled 3D clusters of gold nanoparticles formed
in oil-in-water emulsions. The clusters found exhibited crystalline outer facets,
which agreed rather well with the minimum-energy structures of the theoreti-
cally predicted Lennard-Jones clusters, as shown in Fig. 1.15. In that work, the
analysis indicates that the self-assembly process, for gold particles, is governed
by a short-range attraction and a short-range repulsion.

In 2012, Sanchez-Iglesias et al. [73] tackled the problem of the interaction
between particles in this system, generalizing previous models [74, 75], where a
complex interaction involving many parameters was proposed. They showed the
effect of the hydrophobic interaction in the self-assembly process. However, the
analysis resulted in a phenomenological model of the system where the forma-

Figure 1.16: (a) A TEM image of a relatively small gold nanocluster at a 0◦ tilt angle.
(b) The same view of the cluster after 3D reconstruction. (c) Two different orthoslices
through the reconstructed volume, showing that the gray levels are the same for all
particles. From Ref. [72].
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tion process of the cluster was not addressed. Other theoretical and phenomeno-
logical models [76, 77] for these systems have been explored, but a complete
description of the self-assembly formation process and the understanding and
prediction of the final structures formed is still a challenge.

The difficulty to recover the number of particles per clusters and their posi-
tions, directly from experiment, is a big limitation to construct a more detailed
model about its structure and, therefore, the interaction between particles. How-
ever, recent works [72,78] reported an advanced experimental study that was able
to determinate quantitatively the structure of the clusters. Electron tomography
was used where 2D projection images acquired using a transmission electron
microscopy (TEM) for different angles of the perspective, are combined into a
3D reconstruction through a mathematical algorithm. Such 3D reconstructions
of gold nanoclusters are shown in Fig. 1.16.

This reconstruction method opens the door to a quantitative analysis for this
kind of 3D systems, allowing to understand a more detailed knowledge of the
real interaction between particles in the cluster.





2
Theoretical framework and numerical

methods

2.1 Phase transitions

A system of interacting particles can changes its organization, depending on sev-
eral intrinsic (e.g. particle density) or external (e.g. confinement potential) fac-
tors. In terms of the bond between particles, the state of a system can be classified
as a solid if the bonds are strong preventing the relative motion between parti-
cles, a liquid when the relative position between the particles can change due to
weaker bonds, resulting in a non-rigid structure, while the gas state is reached
when the bonds are negligible allowing the system to change its organization of
particles continually.

Latter definition implies that different configurations, or arrangement of par-
ticles, can be found in the same state. The present work is devoted to the study
of crystalline structures at low temperature, where the kinetic contribution to the
energy is extremely small for all systems studied. Our analysis will give the
transitions between different structures or phases within the solid state (i.e. or-
dered state). Therefore, the stability of the phases considered in this work, is
directly related to the lowest energy configuration of particles, so called ground
state configuration.
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2.1.1 Classification of phase transitions
Transition between phases occurs through the following process: consider a sys-
tem described by two variables P and T , which can be stable in different phases.
In each phase certain macroscopic properties can show very different values.
Fixing most of the variables in the system, allowing just one of them (e.g. T )
to be varied, one of the phases is stable for lower values of T and another one
is stable for higher T . This process implies that the energy of the system (E)
is equal for both phases at the transition point (Tc). However, transitions have
different properties depending on its order.

Ehrenfest proposed a classification of phase transitions [79], based on the
behavior of the free energy and their derivatives, with respect to all variables
which describe the system, at the transition point. In that classification, a phase
transition of n-th order takes place when all derivatives of the energy up to the
(n − 1)-th order are continuous, but one or more n-th order derivatives are dis-
continuous. In other words, the transition between phases α and β is of n-th
order if the following two conditions are satisfied:

Condition 1:
(
∂mEα

∂Tm

)
Tc

=

(
∂mEβ

∂Tm

)
Tc

for m = 1, 2, ..., n− 1, (2.1)

Condition 2:
(
∂nEα

∂Tn

)
Tc

6=
(
∂nEβ

∂Tn

)
Tc

. (2.2)

Condition 1 uses T to represent all variables that describe the system, while
condition 2 refers at least to one of those variables. Usually, most of the phase
transitions found in nature are limited up to the second order, therefore, the
present analysis will be focused on first and second order phase transitions.

2.1.2 Symmetry of crystal structures and order parameter
Structural properties of crystals are related to the symmetry of the configuration
of particles in them. Those symmetries are given by the symmetry group of the
crystal. Then, if the low-symmetry phase is described by the symmetry group
A, and the high-symmetry phase by the group B, transition between phases is of
second order if, and only if A is a subgroup of B (A ⊂ B); if this is not the case,
the transition almost always is of first order.

Usually, an order parameter is introduced to give a quantitative representation
to the symmetry of the phases. This is a quantity, which by definition is zero in
one phase and is assumed to have finite values in the other. If the change of the
order parameter in the transition point is finite, a discontinuous phase transition
occurs, this is a typical example of a first order transition. On the other hand, if
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Figure 2.1: (a), (b) Energy as a function of the order parameter and (c), (d) the order
parameter as a function of the variable of the system T, for first and second order phase
transitions, respectively.

the order parameter tends to zero or departs from it in a continuous way, then a
continuous, so called second order, phase transition takes place.

This definition of the order parameter is very general. Indeed, it can be any-
thing. For a structural phase transition, the order parameter is an atomic displace-
ment, a scalar or vector, while for a superconducting phase transition, the order
parameter is a complex scalar. In Figs. 2.1(a,b) the behavior of the energy as a
function of the order parameter, before (T < Tc) and after (T > Tc) transition
point, is sketched for typical first and second order phase transitions, respec-
tively. Fig. 2.1(c) shows the discontinuous first order transition, evidenced in the
abrupt jump of the order parameter at the transition point. A typical continuous
transition of second order is presented in Fig. 2.1(d).

Typically, in a second order transition, some symmetry (usually the highly
symmetric phase) is spontaneously broken after the transition point. The degree
of symmetry breaking may be described by an order parameter vanishing in the
symmetric phase, but finite in the ordered phase with the broken symmetry.

2.1.3 Ground state configuration at low temperature
The structural analysis of the systems studied in this thesis, are related to the
ground state (GS) configuration in each case. The GS is defined as the lowest
energy configuration which can be formed in the system, for a specif case. In or-
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der to find the GS we use the Hamiltonian to minimize the energy of the system.
In general the Hamiltonian of a system of N interacting particles can be written
as follows

H =
N∑
i=1

T (ri) +
N∑
i=1

Vconf (ri) +
N−1∑
i=1

N∑
j=i+1

Vint(ri, rj), (2.3)

where the first term is related to the kinetic energy of the particles in the system,
Vconf (r) represents the confinement potential acting on the particle at position r
and Vint(ri, rj) is the interaction potential between the i-th and the j-th particle.

Due to the fact that the present study will be focused on classical systems of
particles at low density and very low temperature, the thermal fluctuations and
the kinetic contribution to the energy can be neglected, reducing the Hamiltonian
to the following expression

H =

N∑
i=1

Vconf (ri) +

N−1∑
i=1

N∑
j=i+1

Vint(ri, rj). (2.4)

A stable configuration or metastatable state (MS) of a specific system of par-
ticles is located at a local minimum of the energy landscape formed by the Hamil-
tonian as a function of the position of the particles. However, the GS is defined
as the lowest energy configuration of the system, and therefore it is placed at
the global minimum. In order to find this global minimum for a specific system,
Monte Carlo simulations (MC) are performed.

2.1.4 Landau theory for second order phase transitions

In 1936 Landau [80] presented a phenomenological theory for a continuous sec-
ond order transition. This was expressed mathematically by the fact that the
order parameter takes arbitrary small values near the transition point [81]. Then,
the analysis of the system is restricted to the vicinity of any second-order phase
transition. Considering the neighborhood of this point, one expands the energy
in powers of the order parameter (γ):

E(P, η, γ) = E0 + αγ −A(P, η)γ2 + C(P, η)γ3 +B(P, η)γ4 + ..., (2.5)

where the coefficients (A,B,C, ...) are functions of some thermodynamic vari-
ables of the system (e.g. P, η). Taking into account that this theory is only valid
close to the transition point, where γ = 0, it is sufficient to consider the power
expansion up to fourth order.
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From Eq. (2.5) one sees that if a continuous transition takes place at γ = 0, as
we assume, the first derivative of the energy must be continuous at the transition
point, therefore, the first order term in the expansion must be identically zero
(α = 0) at this point. On the other hand, to get a stable configuration at the
transition point, it is a necessary condition that the second order term becomes
negative, i.e. A > 0. This guarantees that the minimum of Eq. (2.5) is at γ =
0, and the landscape of the energy behaves as shown in Fig. 2.1b. Finally, in
order to get a continuous solution in terms of the variables of the system (P ,η),
the condition C = 0 is required. Therefore, the second order transition will
be restricted to the intersection between the sets defined by A(P, η) = 0 and
C(P, η) = 0, which implies that the continuous transition occurs only at isolated
points.

Then, the expression of the energy becomes

E(P, η, γ) = E0 −A(P, η)γ2 +B(P, η)γ4, (2.6)

where A,B > 0, while the transition points are determined by the relation
A(P, η) = 0.

In this theory, the function A(P, η) is considered smooth with no singularity
at the transition point. With this condition that function can also be expanded in
powers around the critical value of the system variable. To first order approxi-
mation it becomes A(P, η) = a(P )(η − ηc), where in general ηc = ηc(P ) and
a(P ) is finite. The same approximation could be done for B(P, η), however,
to simplify the problem, and taking into account the small contribution of B on
the energy, the function B will be fixed to its value at the transition point (i.e.
B(P ) > 0). Then the total expression for the energy can be re-written as follows

E(P, η, γ) = E0 − a(P )(η − ηc)γ
2 +B(P )γ4. (2.7)

In order to find the dependence of the order parameter (γ) on the variable (η)
near the transition point, Eq. (2.7) is minimized with respect to η. As a result of
that minimization, one finds

γ2 = a(P )(η − ηc)/2B(P ), (2.8)

where the minimum is guaranteed because A > 0 which implies that a(P ) > 0.
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Figure 2.2: Representation of the one-chain configuration of particles confined in a
parabolic channel.

2.2 Wigner crystals in a Q1D system
The most simple case of a ordered structures can be found for a quasi-one-
dimensional (Q1D) system of interacting particles at low temperatures, as was
previously investigated by Piacente et al. [33]. In order to study different con-
figurations formed and the transitions between them, let us introduce the model
system.

Consider an infinite 2D system of particles interacting repulsively between
them, and confined to a parabolic potential channel which restricts their move-
ments in the transversal direction. At zero temperature, the linear density (η)
of particles in the unconfined direction, i.e. the number of particles per unit of
length, results in a good variable to tune the phase transitions in the system. For
low densities, all particles are arranged along the unconfined axis, forming an
evenly spaced lattice (one-chain configuration). The schematic configuration of

Figure 2.3: (Left) Phase diagram of the GS of a Q1D system of particles as a function
of the screening parameter (κ) and the linear density (ñe). (Right) y positions of the
particles of the GS (solid line) and the MS (dotted line) as a function of the linear density,
for κ = 1. From Ref. [33]
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the one-chain structure is presented in Fig. 2.2.

2.2.1 Chain-like configurations
When the particles move in 2D and are confined by a parabolic or hard wall
potential [33, 83] in one of the in-plane directions the particles arrange them-
selves in parallel chains at low temperature. Previously, in Ref. [33] Piacente et
al. found that with increasing density (or decreasing strength of the confinement
potential) the system passes through a sequence of first and second order phase
transitions, where at each point the number of chains changes. In that work
a phase diagram of the GS was constructed for an infinite system of particles
trapped in a parabolic confinement potential, with a Yukawa potential interparti-
cle interaction.

In Fig. 2.3 the phase diagram of the system is shown, indicating the chain-like
structures formed as GS, additionally, the y position of the particles of the GS are
plotted as a function of the linear density, where the dashed vertical lines show
the phase transition points. In all cases, the structures are arranged in triangular-

Figure 2.4: (a) Transversal positions of the pearl vortices in a narrow channel as a
function of the magnetic field. (b) Configuration of the chain-like structures formed as
GS. (c) Density of vortices as a function of the magnetic field. From Ref. [82].
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Figure 2.5: Phase diagram of the chain-like structures for a binary system as a function
of the ratio between charges of both species and the linear density. The highlighted
region in (a) is plotted in (b) where the sequential ordering transition is found as the GS.
From Ref. [84].

like lattices, as expected for Wigner crystals, and all transitions at the GS are of
first order except the one found between the one- and two-chain configuration,
which is a second order transition.

One can see that the transitions in the chain-like configuration occur follow-
ing the order 1−2−4−3−4−5−6-chain, which differs from a sequential order-
ing transition (SOT) due to the emergence of a four-chain configuration between
the two- and three-chain structure. This intermediate four-chain configuration is
always present, even, for long-range interparticle repulsion (i.e. κ→ 0).

However, a SOT (1− 2− 3− 4− 5− 6) has been found for a system of pearl
vortices in a narrow channel [82], as shown in Fig. 2.4. These vortices have been
treated as particles and the interaction between two vortices with coordinates
(xi, yi) and (xj, yj) is influenced by the edge of the thin superconducting film
[85], of width W in the x-axis, resulting in a potential given by

Vpearl(xi, yi, xj , yi) = ln

[
cosh(π(yi − yj)/W ) + cos(π(xi + xj)/W )

cosh(π(yi − yj)/W )− cos(π(xi − xj)/W )

]
, (2.9)

which implies an anisotropic interparticle interaction. A similar ordering tran-
sition has been found for the GS of a binary system of particles in Ref. [84], in
that work the SOT was found for a small region where the charge ratio between
particles is small, as shown in Fig. 2.5.

2.2.2 Zigzag phase transition
Of particular interest to us is the one-chain to two-chain transition which for a
parabolic confinement potential was found to be of second order, and occurs as
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Figure 2.6: Scheme of a zigzag transition in a Q1D system of interacting particles.

a zig-zag transition [10, 33, 86]. Such a transition was observed experimentally
[87–90] in systems with a finite number of particles, and the effects of a narrow
channel and finite size of the system on the diffusion was recently analyzed in
Refs. [91, 92]. Recently it was found theoretically [93] that the analytic form
of the confinement potential is very important for the occurrence of the zig-zag
transition and the order of the phase transition. The zigzag transition can be
obtained starting from a one-chain configuration and by increasing the linear
density (η), then, the interparticle distance in the chain will be reduced until a
critical value of the density (ηc) is reached, at that point the interaction between
the particles is strong enough, allowing them to move away from the center of
the channel in the transversal direction.

Latter process drives the system to the formation of a two-chain configu-
ration, which is energetically more favorable under these circumstances. This
transition is usually called zigzag transition, due to the organization of the par-
ticles in the two-chain configuration. A schematic picture of the motion of the
particles when going from one phase to the other phase is shown in Fig. 2.6.
Zigzag transition is a continuous second order transition, the inter-chain distance
can be used as an order parameter, since the interparticle distance along the axial
direction remains 1/η before and after the transition point. This transition has
been found in colloidal systems formed by water-in-oil droplets [57], trapped ion
structures [49,52], as well as in an arrangement of vortices in a superconducting
slab [94].

2.2.3 Landau theory for the zigzag transition

For this analysis, we consider an infinite system of particles with mass m and
charge q, which are allowed to move in the x − y plane. The particles interact
between them through a repulsive potential and are confined in the y direction by
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a power-law potential. The total energy of the system can be written as follows:

E =
1

2
m

N∑
i=1

ṙ2i +
1

2
mυ2t

N∑
i=1

R2|yi|α

Rα
+

N∑
i=1

N∑
j>i

q2

εR

Rne−rij/λ

rnij
, (2.10)

where rij = |ri−rj| represents the relative position between the i-th and the j-th
particle, the exponent n is an integer and ε, R are typical dielectric constant and
length of the system. In Eq. (2.10) υt is the transversal confinement frequency
and α controls the width and the shape of the channel. It is clear that the first
term in Eq. (2.10) represents the kinetic energy of the system.

In dimensionless form, the kinetic and potential energy terms become

T =
∞∑
i=1

ṙ2i , (2.11a)

V = υ2
N∑
i=1

|yi|α +

N∑
i=1

N∑
j>i

e−κrij

rnij
, (2.11b)

where E0 =
(
mω2

0/2
)n/(n+α) (

q2/ε
)α/(n+α)

R(2n−α)/(n+α) represents the unit of en-
ergy, and the dimensionless frequency of the transverse parabolic confinement
is given by υ = υt/ω0 with ω0 =

(
2q2/mε

)α/(4α−n)
Rα(n+α−3)/(4α−n). In this case

we have also considered, and we will have it from now on, that all distances are
expressed in terms of r0 = a =

(
2q2/mω2

0ε
)−(n+α)

R(n+α−3)/(n+α), and in the same
way, the time is expressed in terms of t0 = ω0t. The dimensionless linear den-
sity η is defined as the number of particles per unit of length in the unconfined
direction.

In 2010 Piacente et al. [93] performed an analysis for this transition consid-
ering a Yukawa inter-particle interaction. Here we will extend these calculations
for a more general potential as presented in Eq. (2.11b). At zero temperature and
due to the symmetry of the one- and two-chain configurations, the density can
be used to rewrite the energies for both structures

E1ch =

∞∑
i=1

Vpair

(
2i

η

)
+

∞∑
i=1

Vpair

(
2i− 1

η

)
, (2.12)

E2ch =
∞∑
i=1

Vpair

(
2i

η

)
+

∞∑
i=1

Vpair

2

η

√(
i− 1

2

)2

+ c2

+
υα

ηα
cα, (2.13)

where Vpair(r) represents the interaction between particles. Using the Landau
theory we expand the potential in a polynomial as follows:

E2ch ≈ E1ch −Ac2 +Bc4 +Dcα, (2.14)
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where A,B,D > 0 and c is the order parameter, which represents the vertical
distance between chains. In order to find the GS of the system, we consider that
for low densities the GS corresponds to a one-chain configuration and calculate
the derivatives of Eq. (2.14)

∂E2ch

∂c
= −2Ac+ 4Bc3 + αDcα−1 = 0, (2.15a)

∂2E2ch

∂c2
= −2A+ 12Bc2 + α(α− 1)Dcα−2 ≥ 0. (2.15b)

Near the zigzag transition, we analyze the system in the region where E2ch ≤
E1ch, which implies that

−Ac2 +Bc4Dcα ≤ 0. (2.16)

From Eqs. (2.15) and (2.16) and after algebraic manipulation, one finds:

8Bc4 + α(α− 2)Dcα ≥ 0, (2.17a)

2Bc4 + (α− 2)Dcα ≥ 0. (2.17b)

From that condition one can see that the range of the order parameter is
defined in the following intersection:

c2 ≥ A

B

|α− 2|
|α− 4|

∩ c2 ≥ A

2B

|α− 2|
|α− 4|

⇒ c2 ≥ A

B

|α− 2|
|α− 4|

(2.18)

This condition implies that the zigzag transition is only possible for the case
when α = 2, i.e. parabolic confinement. For that case, the order parameter can
be found from Eqs. (2.15) as c2 = (A − D)/2B, which, following the Landau
theory, can be expanded in the neighborhood of the critical point as follows:

c2 = c (ηc)
2
+

∂

∂η

(
A−D

2B

)∣∣∣∣
η=ηc

(η − ηc)+
1

2

∂2

∂η2

(
A−D

2B

)∣∣∣∣
η=ηc

(η − ηc)
2
+ ..., (2.19)

and using the first order approximation at the transition point, the order parameter
becomes

c ≈

[
∂

∂η

(
A−D

2B

)∣∣∣∣
η=ηc

]1/2

|η − ηc|1/2 . (2.20)
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Using the interaction potential presented in Eq. (2.11b), we perform a taylor
expansion of Eq. (2.13) until fourth order

E2ch ≈
(η
2

)n ∞∑
i=1

e−2κi/η

in
+ ηn

∞∑
i=0

e−(2i+1)κ/η

(2i+ 1)n
− 2ηn

∞∑
i=0

[
n+

κ(2i+ 1)

η

]
e−(2i+1)κ/η

(2i+ 1)
n+2︸ ︷︷ ︸

A

c2

+2
∞∑
i=0

e−(2i+1)κ/η

(2i+ 1)
4

[
n(n+ 2)ηn + (2n+ 1)ηn−1κ(2i+ 1) + ηn−2κ2(2i+ 1)2

]
︸ ︷︷ ︸

B

c4 +
υ2c2

η2︸ ︷︷ ︸
D

.

In the last equation, the expression for the parameters A, B and D have been
highlighted. Using these terms Eq. (2.20) becomes

c ≈ Y (υ;n, κ)|η − ηc|1/2, (2.21)

with Y (υ;n, κ) =
√
YBYC − YAYD/YB where

YA = nηnc S2 + 2ηn−1
c κS1 −

υ2

2η2c
,

YB = 2n(n+ 2)ηnc S4 + 2(2n+ 1)ηn−1
c κS3 + 2ηn−2

c κ2S2,

YC = n2ηn−1
c S2 + (2n− 1)ηn−2

c κS1 + ηn−3
c κ2S0 +

υ2

η3c
,

YD = 2n2(n+ 2)ηn−1
c S4 + 2[n(3n+ 1)− 1]ηn−2

c κS3 + 2(3n− 1)ηn−3
c κ2S2

+2ηn−4
c κ3S1, (2.22)

with

Sk =

∞∑
i=0

e−κ(2i+1)/ηc

(2i+ 1)n+k
. (2.23)

The value of Y = Y (υ;n, κ) is plotted in Fig. 2.7 as function of κ for dif-
ferent values of n and a fixed value υ = 1. Notice that the curves Y (n, κ) for
different values of n cross each other at some value of κ. The power-law be-
havior of the order parameter of the zig-zag transition, Eq. (2.21), was verified
experimentally on a low dimensional dusty plasma in Ref. [95] and theoretically
in Refs. [34, 93, 96, 97].

However, this zigzag transition can be described in a more general form using
a mean-field theory which has proven to be useful for the analysis of defects in
ion chains [98]. A detailed analysis of this model, based on the Ginzburg-Landau
theory, is presented in Chapter 3.
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Figure 2.7: The proportionality coefficient Y (υ;n, κ) as a function of κ for different
values of n with υ = 1

2.3 Competing interactions

Diverse systems in nature show an extraordinary assortment of patterns with
common features as stripes, labyrinths, bubbles or vortices in a wide range of
scales, from a few nanometers to several centimeters. In all cases, a similar-
ity between structures is evident suggesting a possible underlying mechanism.
Based on this conjecture numerous investigations have been done looking for a
general competing interaction for different systems, specially for self-assembly
of nanostructures.

At nanoscale distances the interaction between atoms and/or molecules, which
we will refer as particles from now on, is complex and involves attractive and re-
pulsive forces. In most of the substances the interaction potential between two
particles can be expressed as a competition between short- and long-range inter-
actions [99]. In Fig. 2.8 the behavior of a competing interaction composed by
a short-range repulsion and a long-range attraction is shown, where Emin is the
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Figure 2.8: Profile of a two-body competing interaction potential with a short-range
repulsion and a long-range attraction.
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minimum value of the interaction energy between two particles reached when
their separation distance is r0.

2.3.1 Lennard-Jones potential

One of the first interpretation for this interaction between particles was proposed
by van der Waals, who assumed that the attractive part of the potential energy
originates from the mutual electric polarization of the two molecules, while their
overlapping electronic clouds generate the repulsion [100]. However, in order
to simplify the problem van der Waals supposed that each molecule is a hard
elastic sphere with a finite diameter surrounded by an attractive force field, a
study about the role of this interaction in a diatomic system was presented firstly
by Hamaker [101]. A good mathematical representation for this interaction was
proposed by Sir John Lennard-Jones [102], which takes into account dipole-
dipole and London interactions. This pairwise interaction is usually modelled as
a Lennard-Jones potential:

VLJ(r) = 4ε

[(σ
r

)12

−
(σ
r

)6
]
, (2.24)

Figure 2.9: Different perspectives of the lowest energy structures of LJ clusters with
(Top) 40 particles and (Bottom) 147 particles. For each particle a circle with a certain
grayscale value is drawn, when circles overlap their grayscale values are multiplied and
a darker region is formed. From Ref. [103].
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where σ gives a measurement of how close two non-bonding particles can get
and is thus referred to as the van der Waals radius, while the pair equilibrium
separation is given by r0 = 21/6σ and ε = Emin is the well depth and a measure
of how strongly the two particles attract each other. The first term is responsible
for the repulsion at short distance and the second term is responsible for the
attraction at long distance.

The Lennard-Jones potential (LJ) has been used to study the dynamics in
super-cooled liquids, in an effort to understand glass transitions, to study packing
of hard-spheres of varying radii, and many other situations [104]. The lowest
energy structures formed by particles interacting through the LJ potential have
been obtained in the last decades [105–108].

The lowest energy structures for LJ clusters are shown in Fig. 2.9, for two
different number of particles. The characteristic feature of this kind of clusters is
that the arrangement of particles in each shell is given by facets. This behavior
is an effect of the attractive part of the interaction.

2.3.2 Morse potential
While it is true that the LJ potential represents a good approximation to the two-
body interaction in several systems, it is also true that the model is restricted by
a strong difference between the range of the attractive and repulsive interaction.
In that sense, there is another popular model that was proposed by Philip Morse
[109] which offers the same properties as LJ potential, however, it allows a more
intermediate range of interaction and it is a more bonding-type potential. Most
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Figure 2.10: (Left) The Morse potential (blue) and harmonic oscillator potential
(green). Discrete energy levels for a quantum system are presented in each case. From
Wikipedia. (Right) The Morse potential for different values of the parameter ρ indicated
on each curve.
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elements, especially metals, that form solids in the periodic table can be fitted
with this type of potential, at least locally near their equilibrium lattice structure,
by choosing the appropriate parameters for the lattice constant and the cohesive
energy.

The Morse potential is defined as follows:

VM (r) = De

(
e−2ρ(r−re) − 2e−ρ(r−re)

)
, (2.25)

where the minimum value of the interparticle energy (Emin = −De) is found
when particles are separated a distance re and ρ controls the width of the potential
well (see Fig. 2.10 (Right)), the smaller ρ is, the larger the well will be. The
advantage of this potential is found around the minimum point, where the lowest
energy levels, as solution of the schrödinger equation, are close to these found
for a quantum harmonic oscillator. Opposite to the aforementioned model, the
Morse potential level spacing decreases as the vibrational levels (ν) increase in
energy, as shown in Fig. 2.10 (Left).

The Morse clusters forming the lowest energy structures have been investi-
gated in depth in the last years [110–112], and different extended versions of
this potential have been proposed [113, 114]. Fig. 2.11 shows the reported low-
est energy configurations of Morse clusters for different number of particles, in
that figure one can observe the process of the cluster formation by increasing
particles. From Eq. (2.25) it is clear that this potential has only three adjustable
parameters. The Morse potential is a good candidate to be used in order to in-
vestigate the arrangement of particles in different systems.

Figure 2.11: Lowest energy structures of a system of 147 particles interacting via the
Morse potential, for ρ = 3 (147A), ρ = 6 (147B), ρ = 10 (147C), ρ = 14 (147D) and
ρ = 19 (147E). From Refs. [110–112].
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2.4 Numerical methods

2.4.1 Monte Carlo simulations: determination of a local
minimum

This technique is used in order to find the stable states (GS and the MS configura-
tions) of a system of particles. It consists of an algorithm which uses probability
concepts to find the average of an observable in a system. In this section the
essence of the algorithm is introduced.

From classical physics we know that the average value of a variable A is
given by:

< A >=

∫
Ω
P (pn, rn)A(pn, rn)dpndrn∫

Ω
P (pn, rn)dpndrn

, (2.26)

where pn and rn represent the momenta of the n particles respectively and P (pn,
rn) the probability density function (PDF). Eq. (2.26) gives the average value
of the observable A, averaged over the points (pn, rn) in the volume Ω in phase
space. If the kinetic energy is a quadratic function of the momenta the integration
over momenta can be carried out analytically. The most difficult problem is then
to compute the average function A(rn) and the problem reduces to:

< A >=

∫
Ω
P (rn)A(rn)drn∫
Ω
P (rn)drn

, (2.27)

or in discrete form:

< A >=

∑N
i=1 P (ri)A(ri)∑N

i=1 P (ri)
, (2.28)

where N is the number of states and Z =
∑N

i=1 P (ri) is the partition function.
Because it is not possible to compute the above equation exactly, because of the
high number of states, one has to find another method for calculating the average
value of the observable. One of these methods is the Monte Carlo metropolis
method which samples the PDF.

The most often used algorithm today is the Metropolis algorithm which has
been introduced by Nicolas Metropolis and co-authors in 1953 [115]. The Monte
Carlo method consists of two stages. First a trial move bringing the system from
the initial state o to the state n according to the properties of a distribution of a
Markov chain. Having the Markov property means that given the present state,
the future states are independent of the past states. The transition probability
in a Markov chain of going from the initial state o to the state n is normally
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represented by α(o → n). The second stage is the decision to either accept or
reject the trial move from o to n by acc(o → n). The transition probability of
going from state o to n is than:

W(o→ n) = acc(o→ n)α(o→ n). (2.29)

If one wants to be sure to be in equilibrium, the average number of accepted
trial moves for leaving state o must be exactly equal to the number of accepted
trial moves from all other states n to state o. To be sure that the system is in
equilibrium it is convenient to impose a much stronger condition; namely that
the average number of accepted moves from o to any other state n is exactly
canceled by the number of reverse moves. This detailed balance can be written
as:

P (o)W(o→ n) = P (n)W(n→ o), (2.30)

where P (o) is the probability to be in a given state o. If α is symmetric we can
rewrite Eq. (2.30) as:

P (o)acc(o→ n) = P (n)acc(n→ o). (2.31)

From these equations follows than:

W(o→ n)

W(n→ o)
=

P (n)

P (o)
(2.32)

=
e−H(n)/kBT

Z

Z

e−H(o)/kBT
(2.33)

= e−[H(n)−H(o)]/kBT , (2.34)

where H represent the Hamiltonian of the system. In order to satisfy these con-
ditions Metropolis et al. [115] chose the following scheme:

acc(o→ n) = P (n)/P (o) if P (n) < P (o) (2.35)
= 1 if P (n) ≥ P (o). (2.36)

The last thing to explain now is how to decide whether a trial move is ac-
cepted or rejected. Suppose that H(n) > H(o) than according to Eq. (2.34) the
move is accepted with a probability:
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acc(o→ n) = exp(−[H(n)−H(o)]) < 1. (2.37)

It is essential that the random displacement should not introduce a bias into
the sampling. The efficiency of the algorithm depends on the random number
generator and on the choice of the random displacements. When the displace-
ment is very small almost every move will be accepted, but it will take a large
number of moves to cover the whole available phase space. When the displace-
ment is very large the acceptance ratio will be very small.

A big advantage of the Metropolis method is that only the energies need to
be calculated, neglecting the real time evolution of the system. In this way it
is possible to get average values of observables depending only on the system
configurations. This technique is relatively simple and provides a reliable esti-
mation of the total energy of the system in cases when a relatively small number
of metropolis steps are sufficient.

However, the accuracy of this method in calculating the explicit states is
poor for systems with a large number of particles, which have significantly more
metastable states. Therefore, to improve the efficiency we opted for the New-
ton optimization technique after the standard MC routine. This procedure was
outlined and compared with the standard MC technique in Refs. [8, 28]. The
efficiency of the Newton optimization is illustrated in Fig. 2.12. It is clear that
the Newton optimization produces results with a much faster convergence in the
energy.

2.4.2 Newton optimization: a gradient search for the local
minimum

The Newton optimization uses the landscape of the total energy and its deriva-
tives to find the nearest local minimum for a given configuration of particles. Let
us suppose that the coordinates of the particles are given by {rnα,i, α = x, y; i =
1, ..., N}, after n steps in the simulation. Then the potential energy in the vicinity
of this configuration can be written in the following quadratic form

H[rα,i] =H[rnα,i]−
∑
i

∑
α

Hα,i

(
rα,i − rnα,i

)
+

1

2

∑
i,j

∑
α,β

Hαβ,ij

(
rα,i − rnα,i

) (
rβ,j − rnβ,j

)
, (2.38)

with Hα,i = −∂H/∂rα,i the force and
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Figure 2.12: Accuracy of the calculated GS energy versus the number of simulation
steps, using the MC simulations, and the Newton optimization technique for a cluster
consisting of N = 13 particles. From Ref. [8].

Hαβ,ij =
∂2H

∂rα,i∂rβ,j
(2.39)

the dynamical matrix. The next step is based on the condition of minimal energy
∂H/∂rα,i = 0, which leads to∑

j

∑
β

Hαβ,ij

(
rβ,j − rnβ,j

)
= Hα,i, (2.40)

this method will only work in the vicinity of a minimum, in particular when the
dynamical matrix is positive definite. That is why this method is applied after the
Monte Carlo simulations, which determines the approximate position of the local
minimum. In order to assure the stability of the algorithm, instead of solving the
set of Eqs. (2.40), we solve∑

j

∑
β

(δαβ,ijη +Hαβ,ij)
(
rβ,j − rnβ,j

)
= Hα,i, (2.41)

where δαβ,ij is the unit matrix and η is a damping coefficient. In the first few
iterations, η is taken to be large: η = 10 − 100. If in the next step, the total
energy of the system decreases, the damping coefficient is reduced, while in the
opposite case, the value of η is increased. From our experience we know that
such an algorithm for choosing the damping parameter guarantees convergence
of the iteration process. The iteration process is stopped after η has become
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smaller than a critical value and the energy no longer improves beyond a required
accuracy.

In this way the system has converged to a stable configuration which corre-
sponds to a local minimum in the energy landscape H(~r1, ~r2, ..., ~rN). Starting
from a different initial random configuration of particles may result in a differ-
ent local minimum. Repeating the above procedure a sufficient number of times
we may expect to obtain the global minimum configuration as the one with the
lowest energy. Symmetries of the system impose additional stability conditions
(e.g. a translational symmetry implies that the lowest vibration frequency must
be zero), which have to be guaranteed during the minimization process in order
to get the GS of the system.

Once the GS or a MS configuration has been obtained, a normal mode anal-
ysis can be performed in order to obtain insight about the linear dynamics of
the system. The eigenvalues of the dynamical matrix Eq. (2.39) represent the
square eigenfrequencies of the system. The eigenvectors of the dynamical ma-
trix represent the eigenmodes of vibration of the lattice, which is an indication of
the particle trajectory pattern formed during the melting process. In this thesis,
where we are interested in the stability of the systems at very low temperatures,
the direction of the eigenvectors is of particular interest because it contains in-
formation about the the phase transition, deformation of the crystalline structure,
phonon modes and the onset of melting in the crystal when temperature is in-
creased.

2.5 Model systems

2.5.1 Q1D Wigner crystals: a Ginzburg-Landau theory for
the zigzag transition

In this model, a system consisting of N particles with mass m and charge q,
which are allowed to move in the x− y plane is considered. The interaction po-
tential between particles and the confinement potential of the channel are defined
as follows:

Vint(rij) =
q2

εR

Rne−rij/λ

rnij
, (2.42)

Vconf (yi) =
1

2
mυ2tR

2
N∑
i=1

|yi|α

Rα
, (2.43)

(2.44)
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Figure 2.13: (Left) The interaction potential (Eq. 2.42) is plotted as a function of in-
terparticle distance (r) for different values of the exponent n, when the screening pa-
rameters is fixed to κ = 1. (Right) Profile of the confinement potential (Eq. 2.43) as a
function of the y position of a particle in the channel, for different values of the exponent
α. In all cases the dimensionless units are used.

where rij = |ri − rj| represents the relative position between the i-th and the
j-th particle, the exponent n is an integer and ε is the dielectric constant of the
medium the particles are moving in. In the above, υt is the confinement fre-
quency which controls the strength of the confinement, the exponent α is a real
number while R is an arbitrary length parameter which we introduced to guar-
antee the right units.

The total energy can be written in dimensionless form as

E =
N∑
i=1

ṙ2i + υ2
N∑
i=1

|yi|α +
N∑
i=1

N∑
j>i

e−κrij

rnij
, (2.45)

with dimensionless frequency υ given by υ = υt/ω0, while ω0 measures the
strength of the confinement potential and t0 = 1/ω0 is the unit of time. The en-
ergy is expressed in units of E0 = (mω2

0/2)
n/(n+α)

(q2/ε)
α/(n+α)

R(2n−α)/(n+α)

and all distances are given in units of r0 = (2q2/mω2
0ε)

1/(n+α)
R(n+α−3)/(n+α).

Additionally, the dimensionless parameter κ = r0/λ represents the screening pa-
rameter of the potential. In Fig. 2.13, the interaction and confinement potential
are plotted as a function of the interparticle distance and the transversal position
of each particle, respectively.

A Ginzburg-Landau theory around the zigzag transition is developed for this
system, and the detailed study will be presented in chapter 3.
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2.5.2 Chain-like transitions in Q1D channel controlled by the
external potential

Although the non-SOT between chain-like configurations in a Q1D system (1−
2−4−3−4−5−6-chains) seems to be robust, as found in Ref. [33] from short-
to long-range interaction between particles when they are confined in a parabolic
channel. The question about the universality of this transition have not yet been
discussed up this day, and the effect of the confinement on the system has not yet
been analyzed.

On the other hand, a SOT has been found for a system of pearl vortices in
a channel [82], where the interaction between vortices is anisotropic, and also
for a binary system of particles interacting repulsively between them [84]. The
remaining question is: could this SOT be present in a system of purely repulsive
particles of a single specie?. In order to solve this question, we will perform an
analytical and numerical study of a Q1D system of particles.

In this work, we consider an infinite system of identical interacting particles,
which are allowed to move in the x − y plane. The particles are trapped in an
external confinement potential in the y direction. The total energy of the system
is given by the expression:

H =
∞∑
i=1

∞∑
j>i

e−|rij |/λ

|rij |n
+

∞∑
i=1

Vconf (yi), (2.46)

where rij = ri−rj is the relative position between the i-th and the j-th particle in
the system, while Vconf (y) represents the confinement potential of the channel.
In order to understand what is the effect of the confinement on the system, the
following three different confinement potentials are used in our study:

VA(α, y) = υ2y2−α
0 |y|α , (2.47)

VB(β, y) = υ2y20
cosh(βy)− 1

cosh(βy0)− 1
, (2.48)

VC(γ, y) = σ2y20

[
e−γ2(y−Ly)

2

+ e−γ2(y+Ly)
2
]
, (2.49)

where α, β and γ are parameters to control the shape of the channel, υ and σ
modulate the strength of the confinement potential, while y0 set the size of the
effective confined region. The profile of the channel formed by Eq. (2.47) is
shown in Fig. 2.13 (Right) for different values of α, while Fig. 2.14 shows the
profile of the confining channel defined by Eqs. (2.48) and (2.49) for different
values of the shape parameter β and γ, respectively.
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Figure 2.14: Profile of the confinement potential defined by Eq. (2.48) (solid red curves)
and Eq. (2.49) (dashed blue curves), as a function of the transversal position of a particle
in the channel, for different values of the shape parameters α and β. We took y0 = 6.275,
υ = 1 and σ = 0.862.

A study of the influence of the confinement potential on the chain-like transi-
tion for Q1D systems is performed for different confinement potentials in chap-
ter 4.

2.5.3 Q1D coupled Wigner crystals

In this study, we consider a system consisting of two quasi-one-dimensional
channels each with N identical particles with mass m and charge q, which are
restricted to move in the (x, y)-plane. The system is subjected to an external
magnetic field B, which is applied in the direction perpendicular to the channels.
The particles are confined by an one-dimensional potential limiting their motion
in the y-direction in each channel. The channels are separated by a distance dy
from each other in the y-direction and a distance dz in the z-direction as shown
in Fig. 2.15.

The interaction and confinement potentials, are respectively given by

Vint(rAi,Bj) =
q2

εR

Rne−rAi,Bj/λ

rnAi,Bj

, (2.50)

V ch 1
conf (yi) =

1

2
mυ2t

(
yi −

dy
2

)2

, (2.51)

V ch 2
conf (yi) =

1

2
mυ2t

(
yi +

dy
2

)2

. (2.52)
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Figure 2.15: Schematic representation of the model system, where the filled circles
represent the particles in each channel, dy and dz indicate the distance between the
channels in the y- and z-axis, respectively. The darker colors in each plane represent
the increases of the strength of the confinement potential in the channel.

In general rAi,Bj = |rAi − rBj| represents the relative position between the
i-th particle in channel A and the j-th particle in channel B. In the same way,
yAi refers to the y-position of the i-th particle in channel A. The exponent n is
an integer and ε is the dielectric constant of the medium where the particles are
moving in. In the above, R is an arbitrary length parameter which we introduced
to guarantee the correct units. The magnetic field is taken to be constant and
is applied in the direction perpendicular to the plane formed by the channels,
through the vector potential defined by Aki = −Bykiex. The total energy can be
written in dimensionless form as follows:

E =
N∑
i=1

(ṙ21i + ṙ22i)−B
N∑
i=1

(ẋ1iy1i + ẋ2iy2i) +

(
υ2 +

B2

4

) N∑
i=1

(y21i + y22i)

+dyυ
2

N∑
i=1

(
y1i − y2i −

dy
2

)
+

N∑
i=1

N∑
j>i

e−κr1i,1j

rn1i,1j
+

N∑
i=1

N∑
j>i

e−κr2i,2j

rn2i,2j

+
N∑
i=1

N∑
j=1

e−κr1i,2j

rn1i,2j
. (2.53)

An analysis of the influence of the particle density and the inter-channel dis-
tances on the GS of the system will be presented, and also an extension of the
aforementioned Ginzburg-Landau theory will be given for the coupled system.
The analysis and discussions about this system are presented in chapter 5.
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2.5.4 Colloidal dipole particles confined in a periodic Q1D
substrate

In chapter 6, we consider a system of N identical interacting magnetic particles,
which are allowed to move in the x − y plane. The magnetic particles are con-
fined by an external parabolic potential in the y direction and a periodic substrate
potential along the x direction with period length L and potential height V . The
system is subjected to an external and spatially homogeneous magnetic field B,
which induces a magnetic moment µ to all particles, aligning them to B. The
magnetic field is tilted by an angle θ with respect to the z-axis, which is perpen-
dicular to the plane of motion, and it forms an angle ϕ with respect to the x-axis
of the plane, as shown in Fig. 2.16.

At short distances the interaction between the colloidal particles is a hard-
core repulsion which defines the characteristic length (the diameter of each parti-
cle - σ) and the energy scale (ε) of the system. The interaction potentials between
dipoles and the total confinement potential felt by a particle are, respectively:

Vint(rij) = 4ε

(
σ

|rij |

)12

+
1

r5ij

[
(µrij)

2 − 3(µ · rij)2
]
, (2.54)

Vconf (xi, yi) =
1

2
mω2

0y
2
i − V cos

(
2πxi
L

)
, (2.55)

where rij = xij êx + yij êy represents the relative position between the i-th and
the j-th particle and the magnetic moment of each particle µ which is aligned to
B.

In dimensionless units, the total energy of the system becomes

x

yz

Figure 2.16: (Left) Schematic illustration of the system, where the modulated channel is
represented by the surface and the spheres represent the dipole particles. (Right) Sketch
of two interacting dipolar particles (red spheres). All particles are confined to the x− y
plane and the magnetic moment µ of each one is aligned to the external magnetic field
B.
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H =
N∑
i=1

[
υ2y2i − V0 cos

(
2πxi
L

)

+
N∑
j>i

4

|rij |12
+

1

r5ij

[
(µrij)

2 − 3(µ · rij)2
] ]
, (2.56)

where the energy and the distances are given in units of ε and σ, respectively.
The dimensionless confinement frequency is defined by υ2 = mω2

0/2εσ
2 and

the dimensionless strength of the substrate potential by V0 = V/ε, while the
dimensionless magnetic moment of each particle can be redefined by µ/εσ3 ⇒
µ.

The effect of the anisotropy of the interaction potential, and the orientation
of the magnetic field, as well as the commensurability on the GS is studied in
depth in chapter 6.

2.5.5 Self-assembly of gold nanoparticles
We consider a system of N gold nanoparticles interacting between them inside
a solution, where an external confinement potential is not needed to realize a
cluster of particles, as have been shown in Ref. [73], where a theoretical model
is proposed to explain the interaction between particles. Although the model
proposed in Ref. [73] may very well predict inter-particle distances, it turns out
that the 3D configuration of the assemblies cannot be obtained. Here, we pro-
pose an interaction potential that is based on a generalized Morse inter-particle
interaction:

Vint(rij) =
(
Ae−αrij − B̃e−β̃rij

)
. (2.57)

In this expressionA (B̃) and α (β̃) are real numbers that modulate the strength
and the screening of the repulsion (attraction) between particles, and rij repre-
sents the distance between the centers of the i-th and the j-th particles in the
self-assembled system. For a given temperature T , the total energy of the system
in dimensionless form, can be written as follows:

E =
N∑
i=1

N∑
j>i

(
e−αrij −Be−βrij

)
, (2.58)

where β = β̃/α, while the energy and the distances are given in units of E0 =
AkBT and r0 = αr̃0, respectively. The average distance between concentric
shells in the assembly is given by r̃0, which is defined as the characteristic length
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of the system. This interaction represents a two-parameter model which enables
one to tune the strength and the range of the attraction in a flexible manner.

The analysis about the formation process of the gold nanoclusters and de-
tailed comparison of the theoretically predicted structures with the experimen-
tally found ones, is presented and discussed in chapter 7.

A generalization of this theoretical model and the analysis of the structural
properties of the ground state configurations for this kind of interaction are pre-
sented in chapter 8.



3
Ginzburg-Landau theory of the

zig-zag transition in Q1D classical
Wigner crystals

In this chapter a mean-field description of the zig-zag phase transition of a Q1D
system of strongly interacting particles is performed. The particles interact via a
screened power-law potential and they are confined by a power-law potential in
the transversal direction. The parameters of the resulting 1D Ginzburg-Landau
theory are determined analytically for different values of the screening of the
interaction and the range of the confinement. Close to the transition point for
the zig-zag phase transition, the scaling behavior of the order parameter is de-
termined. For Parabolic confinement the zig-zag transition from a single to a
double chain is of second order, while for α > 2 the one chain configuration is
always unstable and for α < 2 the one chain ordered state becomes unstable at a
certain critical density resulting in jumps of single particles out of the chain.

3.1 Introduction

During the last two decades the interest in self-organized systems has increased
enormously both experimentally and theoretically, due to its importance in solid-
state physics, plasma physics as well as in atomic physics. Wigner crystals are
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an elementary example of self-organization which has been realized in very di-
verse systems as e.g. electrons on liquid helium [17], by using the well-known
Paul and Penning traps [18, 19] to confine ions in a limited region, in dusty
plasma [20], and more recently using static and radio-frequency electromag-
netic potentials where crystallization was realized through laser cooling [21].
Additionally it has been proposed that these structures can be used for a possi-
ble implementation of a scalable quantum information processor [23,24], and as
quasi-one-dimensional (Q1D) Wigner crystals [25]. The theoretical analysis of
these crystal structures has been realized previously, for 3D [6, 7], 2D [8, 9, 28]
and Q1D [33,34] systems. From those studies it was shown that structural phase
transitions can be induced by varying the strength of the external confinement
potential and/or the density of particles.

In this analysis we concentrate on the ordered state of identical particles that
are confined in a Q1D channel. When the particles move in 2D and are confined
by a parabolic [33] or hard wall [83] potential in one of the in-plane directions
the particles arrange themselves in parallel chains at low temperature. Previ-
ously, it was found [33] that with increasing density (or decreasing strength of
the confinement potential) the system passes through a sequence of first and sec-
ond order phase transitions where at each point the number of chains changes.
Of particular interest to us is the one chain to two chain transition which for a
parabolic confinement potential was found to be a second order phase transition
which occurs as a zig-zag transition. Such a transition was observed experimen-
tally [87–90] in systems with a finite number of particles, and the effects of a
narrow channel and finite size of the system on the diffusion was recently ana-
lyzed in Refs. [91, 92]. Recently it was found theoretically [93] that the analytic
form of the confinement potential is very important for the occurrence of the
zig-zag transition and the order of the phase transition. Therefore, in the present
chapter we generalize the previous analysis to an arbitrary power law confine-
ment potential (i.e. yα) and also to arbitrary inter-particle interaction which we
model by r−ne−r/λ, which simulates most of the relevant experimental particle-
particle interactions. With this model potential we can simulate both short range
and long range interactions.

We are interested in the behavior of the system at the zig-zag transition i.e.
at the critical point. This can be viewed as a spontaneous symmetry breaking
and we will cast the problem into a mean field theory based on Landau’s theory
of phase transitions. In this way we will construct a Ginzburg-Landau theory,
for the single to two chains transition in a quasi-one-dimensional system of in-
teracting particles. We generalize the approach of Refs. [34] and [98] to arbi-
trary power-law confinement and inter-particle interaction potential. We obtain a
Ginzburg-Landau equation for the order parameter close to the transition point,
and determinate all the relevant parameters in this equation. The order parameter
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is the distance of the particles from the trap axis. By considering a large num-
ber of particles and using the local density approximation, we can consider the
crystal as a continuum, so that the order parameter becomes a field.

The present chapter is organized as follows. In Sect. 3.2 we describe the
model system and using Landau theory we find the behavior of the system close
to the transition point. Next we derive a Ginzburg-Landau equation for the sys-
tem finding the dispersion relation. In Sect. 3.4 the results for the critical point
and the normal mode spectrum are discussed. Our conclusions and a discussion
of possible quantum effects are given in Sect. 3.5.

3.2 Model system
A system consisting ofN particles with massm and charge q, which are allowed
to move in the x− y plane is considered. The charged particles interact through
a repulsive interaction potential; they are free to move in the x-direction but
are confined by a one-dimensional potential which limits their motion in the y-
direction. The total energy of the system is given by:

E =
1

2
m

N∑
i=1

ṙ2i + Vconf + Vint, (3.1)

where Vconf and Vint are the confinement and interaction potential respectively,
given by

Vconf =
1

2
mυ2tR

2
N∑
i=1

|yi|α

Rα
, (3.2a)

Vint =
N∑
i=1

N∑
j>i

Vpair(rij), (3.2b)

where Vpair(rij) represents the inter-particle interaction. In order to carry out a
general study about this kind of systems, the latter one will be taken as a screened
power-law potential as follows:

Vpair =
q2

εR

Rne−rij/λ

rnij
, (3.3)

where rij = |ri − rj| represents the relative position between the i-th and the
j-th particle, the exponent n is an integer and ε is the dielectric constant of the
medium the particles are moving in. In the above,R is an arbitrary length param-
eter which we introduced to guarantee the right units. The energy can be written
in dimensionless form
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E =
N∑
i=1

ṙ2i + υ2
N∑
i=1

|yi|α +
N∑
i=1

N∑
j>i

e−κrij

rnij
, (3.4)

with dimensionless frequency υ given by υ = υt/ω0, while ω0 measures the
strength of the confinement potential and t0 = 1/ω0 is the unit of time. The en-
ergy is expressed in units of E0 = (mω2

0/2)
n/(n+α)

(q2/ε)
α/(n+α)

R(2n−α)/(n+α)

and all distances are expressed in units of r0 = (2q2/mω2
0ε)

1/(n+α)
R(n+α−3)/(n+α).

Additionally, the dimensionless parameter κ = r0/λ represents the screening pa-
rameter of the potential. A dimensionless linear density η is introduced, which
is defined as the number of particles per unit of length along the unconfined
direction. Limiting cases of this interaction potential are:

• Yukawa potential (n = 1)

• Power-law potential (κ = 0)

• Coulomb potential (κ = 0, n = 1)

• Dipole interaction (κ = 0, n = 3)

In Ref. [93] it was demonstrated that for α > 2 the one-chain configuration
is not stable for any values of η and υ. Only for α = 2 the system exhibits a
continuous transition from the one-chain to the two-chain configuration (i.e. zig-
zag transition) at a transition point defined by a critical density (ηc) or a critical
frequency (υc). For α < 2 the ground state configuration of the particles is, below
ηc or above υc, arranged in a single chain. Beyond this critical point particles are
expelled one by one from this chain to positions parallel to the chain.

For the special case of α = 2 and before the transition point, the particles
crystallize around the minimum point of the confinement potential V , at the po-
sitions

rlineari = (i/η)ex (3.5)

with i an integer (i.e. single-chain configuration). The stability of the chain
along the x-axis requires a relative transverse trap frequency exceeding a thresh-
old value υc or a linear density smaller than ηc. At this critical point, the configu-
ration has a structural instability, such that for υ < υc or η > ηc the particles are
organized in a zig-zag structure, ordered in two chains with equilibrium positions

rzigzagi = (i/η)ex + (−1)i(c/η)ey, (3.6)
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where c is a real and positive constant, d = c/η represents the distance of each
particle from the confinement potential minimum and D = 2d indicates the
lateral separation between the two chains.

A model for the description of the zig-zag transition, using the Landau the-
ory, has been introduced in section 2.2.3. In this section, a mean-field theory is
develop in order to perform a detailed analysis of this phase transition.

3.3 Ginzburg-Landau Lagrangian for the zig-zag
phase transition

Recently, this zig-zag transition (for α = 2, κ = 0 and n = 1) was cast into a
mean-field description resulting in similar expressions as in the Landau theory
of phase transitions. This resulted in a one-dimensional Ginzburg-Landau type
non-linear field theory [98]. Here, we will extend the previous calculation to the
more general problem described by the energy Eq. (3.4). We start by considering
the system in the situation that the one-chain configuration is stable but that it is
close to the transition point. The equilibrium positions of all the particles are
along the x-axis. We consider small oscillations around the equilibrium position
of each particle as follows xlini = (i/η) + xi and ylini = 0+ yi. Then the relative
position between the particles can be written as follows

rij =

[
1 +

τij + εij
Aij

]1/2
(Aij)

1/2, (3.7)

with Aij = (∆ij)
2, τij = 2∆ij(xi − xj) and εij = (xi − xj)

2 + (yi − yj)
2, where

∆ij = (i− j)/η. Now, we assume that the vibration amplitudes in the axial and
transverse direction are much smaller than the distance between the particles, i.e.
τij, εij � Aij . We expand Eq. (3.7) and the exponential term as follows

rij ≈ ∆ij + (xi − xj) +

(
1− (xi − xj)

∆ij
+

(xi − xj)
2

(∆ij)2

)
(yi − yj)

2

2∆ij
, (3.8)

e−κrij ≈ e−κ∆ij

[
1− κ(xi − xj) + κ2

(xi − xj)
2

2
− κ

(yi − yj)
2

2∆ij

]
, (3.9)

and similar the n-th power of the inverse of Eq. (3.7) i.e. 1/rnij , as a Newton
binomial around the equilibrium positions. These expansions result in a decom-
position of the total potential as

V = υ2
∞∑
i=1

|yi|α +
∞∑
l

V
(l)
int, (3.10)
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where the label l indicates the order of the expansion. Each order of the expan-
sion of the interaction potential can be written as

V
(l)
int =

1

2

∞∑
i 6=j

W
(l)
ij , (3.11)

where the expansion terms up to fourth order are given by

W
(0)
ij =

e−κ∆ij

∆n
ij

,

W
(1)
ij = − e−κ∆ij

(∆ij)n+1
[ϑijn+ κ∆ij ]xij ,

W
(2)
ij =

e−κ∆ij

2(∆ij)n+2

[ (
n(n+ 1)− 2ϑijnκ∆ij + κ2∆2

ij

)
x2ij

− (n+ κ∆ij) y
2
ij

]
,

W
(3)
ij =

e−κ∆ij

2(∆ij)n+3
n

[
−
(
ϑij
3

(n2 + 3n+ 2) + (n+ 1)κ∆ij + ϑijκ
2∆2

ij

)
x3ij

+(ϑij(n+ 2) + κ∆ij)xijy
2
ij

]
,

W
(4)
ij =

e−κ∆ij

2(∆ij)n+4
n

[(
1

4
(n+ 2) + 2κ∆ij

)
y4ij

−
(
1

2
(n2 + 5n+ 6) + (9(n+ 2)ϑij + 2(n+ 1))κ∆ij + 2κ2∆2

ij

)
x2ijy

2
ij

+

(
1

12
(n3 + 6n2 + 11n+ 6) + 3(n2 + 3n+ 2)κ∆ij + 2(n+ 1)κ2∆2

ij

)
x4ij

]
,

with ϑij = ∆ij/|∆ij|, xij = (xi − xj) and yij = (yi − yj). It is sufficient to
restrict ourselves to terms up to the fourth order and thus the potential can be
written as

Vint ≈ V
(0)
int + V

(1)
int + V

(2)
int + V

(3)
int + V

(4)
int . (3.12)

3.3.1 Representation in reciprocal space
Now we assume that the particles are pinned in the longitudinal direction and
that they can only oscillate in the transverse direction (xi = 0). Therefore, their
normal axial modes can be neglected and we can discard the coupling to the
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longitudinal modes. In this regime, we find that

W
(0)
ij =

e−κ∆ij

∆n
ij

, (3.13a)

W
(1)
ij = 0, (3.13b)

W
(2)
ij = − (n+ κ∆ij) (yi − yj)

2e−κ∆ij

2(∆ij)n+2
, (3.13c)

W
(3)
ij = 0, (3.13d)

W
(4)
ij =

n [(n+ 2) + 8κ∆ij ] (yi − yj)
4e−κ∆ij

8(∆ij)n+4
. (3.13e)

In order to find the representation in reciprocal space, we define the normal
modes of vibration in the transversal direction with wavevector k as Ψk = ψ

(+)
k −

iψ
(−)
k with amplitude |ψk|2 = ψ

(+)2
k + ψ

(−)2
k . Following the standard process

to find this representation as shown in e.g. Ref. [34] and using Plancherel’s
theorem [116] for the confinement potential transformation, the different terms
of the potential become

Vconf =
υ2√
N

∑
k>0

|ψk|α, (3.14a)

V
(1)
int = 0, (3.14b)

V
(2)
int =

∑
k>0

ω⊥(n, κ, k)
2ψ2

k, (3.14c)

V
(3)
int = 0, (3.14d)

V
(4)
int =

∑
k1+k2+k3+k4=0

A(k1, k2, k3, k4)
4∏

m=1

ψ
km
, (3.14e)

where

ω⊥(n, κ, k)
2 = −ω(n, κ̃, k)2, (3.15)

A(k1, k2, k3, k4) = nηn+4[(n+ 2)A0(k1, k2, k3, k4) (3.16)

with κ̃ = κ/η and

ω(n, κ̃, k)2 = 2ηn+2

[
n

∞∑
j=1

e−jκ̃

jn+2
sin2

(
j
k

2

)
+ κ

∞∑
j=1

e−jκ̃

jn+1
sin2

(
j
k

2

)]
, (3.17a)
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A0(k1, k2, k3, k4) =
2

N

∑
j>0

e−jκ̃

jn+4

4∏
m=1

sin

(
j
km
2

)
, (3.17b)

A1(k1, k2, k3, k4) =
2

N

∑
j>0

e−jκ̃

jn+3

4∏
m=1

sin

(
j
km
2

)
. (3.17c)

Due to the condition that the motion of the particles are restricted to the
longitudinal direction it becomes apparent that the first and third order term of
the interaction potential will be zero, and additionally we know that the first
derivative equals zero because it is the necessary condition to have an equilibrium
configuration.

3.3.2 Minimum frequency of the interaction potential
From the definition of ω⊥(n, κ, k)

2 we find that its minimum value is located at
k0 = π. Lets expand for k around this value (k = k0 − δk), and we obtain

ω⊥(n, κ, k0 − δk)2 = ω⊥(n, κ̃, k0)
2

+h(n, κ̃)2δk2 +O(δk4), (3.18a)

A(k1, k2, k3, k4) =
1

2N
A(n, κ̃) +O(δk2), (3.18b)

where ω⊥(n, κ̃, k0)
2 = −$(n, κ̃)2 with

$(n, κ̃)2 =
(η
2

)n+2

e−κ̃

[
2nΦ

(
e−2κ̃, n+ 2,

1

2

)
+ 4κ̃Φ

(
e−2κ̃, n+ 1,

1

2

)]
,(3.19a)

h(n, κ̃)2 =
(η
2

)n 2∑
j=1

(−1)j+1e−jκ̃

[
n

2
Φ

(
e−2κ̃, n,

j

2

)

+κ̃Φ

(
e−2κ̃, n− 1,

j

2

)]
, (3.19b)

A(n, κ̃) =
(η
2

)n+4

ne−κ̃

[(n
2
+ 1

)
Φ

(
e−2κ̃, n+ 4,

1

2

)
+8κ̃Φ

(
e−2κ̃, n+ 3,

1

2

)]
, (3.19c)

where Φ (z, s, a) =
∑∞

k=0 z
k/ (k + a)s is the Lerch transcendent. In Table 3.1

we show the limiting behavior of these terms. It is important to note that the
square of the transverse frequency is negative.
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κ̃� 1 κ̃� 1

$(n, κ̃)2 2n
(
η
2

)n+2
e−κ̃

∑∞
j=0

1−2jκ̃
(j+1/2)n+2 2nηn+2κ̃e−κ̃

h(n, κ̃)2 n
2

(
η
2

)n ∑∞
j=0 (1− 2jκ̃)

(
1

(j+1/2)n − 1
(j+1)n

) (
η
2

)n
κ̃e−κ̃

∑∞
j=0

e−2jκ̃

(j+1/2)n−1

A(n, κ̃) n
(
n
2 + 1

) (
η
2

)n+4 ∑∞
j=0

1−2jκ̃
(j+1/2)n+4

(
η
2

)n+4
κ̃e−κ̃

∑∞
j=0

8ne−2jκ̃

(j+1/2)n+4

Table 3.1: Behavior of the coefficients in the Ginzburg-Landau equation in two limiting
cases, where κ̃ = κ/η.

3.3.3 Stability of the system
The system is stable when the second order term of the total potential energy
(i.e. the coefficient of ψ2

k) is minimum. For the parabolic case (α = 2) the
confinement potential term contributes to the second order of the total potential
energy, then

V (2) =
∑
k>0

ω⊥(n, κ, k)
2ψ2

k, (3.20)

where the transverse frequency is

ω⊥(n, κ, k)
2 = υ2 − ω(n, κ̃, k)2 (3.21)

and we note that its minimum value is reached for k0 = π. Thus the critical value
for the confinement frequency is given by

υ2c (n, κ) = $(n, κ̃)2. (3.22)

When υ > υc the ground state configuration is a one-chain organization
of the particles. For υ < υc the linear chain is unstable and the particles are
arranged in a two-chain structure through a zig-zag organization. When υ is
sufficiently close to the critical value υc, an effective potential can be derived for
the transverse normal modes ψk with wavevector k̃ = k0−δk, such that δk � 1.
The second order term of the effective potential is given by Eq. (3.20), where its
coefficient, Eq. (3.18a), can now be written as follows

ω⊥(n, κ, k0 − δk)2 = δυ(n, κ̃) + h(n, κ̃)2δk2, (3.23)

where δυ(n, κ̃) = υ2−υc(n, κ̃)2. In the limiting case of a Coulomb inter-particle
potential (κ = 0, n = 1) and considering η = 1, we find
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η = 0.50 η = 1.00 η = 1.50
n κ υc(n, κ̃) h(n, κ̃) A(n, κ̃) υc(n, κ̃) h(n, κ̃) A(n, κ̃) υc(n, κ̃) h(n, κ̃) A(n, κ̃)

1 0.5 0.43113 0.38151 0.06332 1.36621 0.57569 2.13008 4.02285 0.82789 62.6067
1 1.0 0.31885 0.30221 0.04019 1.21941 0.53954 2.02615 3.86422 0.81415 68.1625
1 2.0 0.15131 0.15008 0.01002 0.90183 0.42740 1.28595 3.44901 0.76302 64.8368
2 0.5 0.37195 0.35188 0.06901 1.74736 0.80730 4.85728 7.52638 1.71598 299.492
2 1.0 0.26019 0.25394 0.04230 1.48781 0.70376 4.41649 6.98946 1.61460 310.865
2 2.0 0.11720 0.11676 0.01030 1.04076 0.50788 2.70688 5.95124 1.40752 282.655
3 0.5 0.30339 0.29542 0.05605 2.06259 0.99201 8.19081 12.7470 3.04303 1047.17
3 1.0 0.20566 0.20332 0.03331 1.71625 0.83557 7.17465 11.6677 2.80582 1048.42
3 2.0 0.08952 0.08936 0.00794 1.16342 0.57508 4.26315 9.70860 2.36334 918.354

Table 3.2: Values of the critical parameters for different values of n and κ.

υc(1, 0) =
√

7ζ(3)/2 = 1.45038, (3.24)

h(1, 0) =
√
log(2)/2 = 0.58871, (3.25)

A(1, 0) = 93ζ(5)/64 = 1.50679, (3.26)
(3.27)

which agrees with the results of Refs. [34, 98]. In Table 3.2 we show the values
of these terms for different interaction potentials. Notice that the critical confine-
ment frequency υc decreasing with increasing screening κ, and it increases with
increasing density. The relation between υc and n depends on the density value,
as will be discussed later.

Additionally, from a simple expansion of the dispersion relation Eq. (3.21)
around the equilibrium positions and for values of the frequency and density
close to their critical values, the value of the parameter c can be found from the
non-linear algebraic equation

υ2 − 2ηn+2

[
n

∞∑
j=1

e−κ̃
√

(2j−1)2+c2

[(2j − 1)2 + c2]
n+2
2

+ κ̃

∞∑
j=1

e−κ̃
√

(2j−1)2+c2

[(2j − 1)2 + c2]
n+1
2

]
= 0 (3.28)

3.3.4 Continuum approximation
Close to the transition point (δk � 1), the transverse deviation of the particles is
very small and we can use a continuum approach for these modes. In doing so
we replace the discrete sum over k̃ by an integral

∑
k →

∫
d(δk)N/2π. Using
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the Fourier transform we obtain a continuous form for the modes ψ(x) as follows
ψk =

∫
dxψ(x)e−iδkx/

√
N . Then the remaining terms of the potential becomes

V (α) =
1

2

∫
υ2 |ψ(x)|α dx, (3.29a)

V (2) =
1

2

∫ [
−$(n, κ̃)2ψ(x)2 + h(n, κ̃)

2

(
∂ψ

∂x

)2 ]
dx, (3.29b)

V (4) =
1

2

∫
A(n, κ̃)ψ(x)4dx. (3.29c)

Finally, we obtain the Lagrangian L =
∫
L(x)dx where the Lagrangian den-

sity L(x) reads

L(x) =
1

2

[
(∂tψ(x))

2 − h(n, κ̃)2(∂xψ(x))
2 +$(n, κ̃)2ψ(x)2 − υ2|ψ(x)|α

−A(n, κ̃)ψ(x)4
]
. (3.30)

In the special case α = 2, κ = 0, n = 1 this Lagrangian density is the one
found in Ref. [98], and it has the form of a Ginzburg-Landau equation (Refs. [98,
117]). Defining ϕ(x) = ηψ(x) and υ̃(n, κ̃)2 = υ(n, κ̃)2/ηn+α, we may find from
Eq. (3.30) an expression for the potential energy density V:

2V
ηn

= K(n, κ̃)ϕ(x)4 + υ̃(n, κ̃)2|ϕ(x)|α − Ω(n, κ̃)ϕ(x)2, (3.31)

with the real positive coefficients Ω(n, κ̃) = $(n, κ̃)2/ηn+2 and K(n, κ̃) =
A(n, κ̃)/ηn+4 that are plotted in Fig. 3.1 as function of κ̃ for different values
of n. Notice that both coefficients are positive and decrease with increasing κ̃.
Now, the density η plays the role of a scaling parameter in the potential energy
density (V), in the screening parameter (κ), in the strength of the confinement
(υ) and in the order parameter (ψ). For α = 2 we find the usual Landau energy
expression for a second-order phase transition

2V
ηn

= K(n, κ̃)ϕ(x)4 + [υ̃(n, κ̃)2 − Ω(n, κ̃)]ϕ(x)2. (3.32)

3.3.5 Equation of motion
From Eq. (3.30) we obtain the equation of motion for ψ(x) as follows
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Figure 3.1: Ginzburg-Landau coefficients for the potential energy density (Eq. (3.31))
as a function of the screening parameter κ̃ = κ/η, for different values of n.

∂2t ψ(x)− h(n, κ̃)2∂2xψ(x)−$(n, κ̃)2ψ(x)

+
αυ2

2
sign(ψ(x))|ψ(x)|α−1 + 2A(n, κ̃)ψ(x)3 = 0. (3.33)

In this context the order parameter ψ(x) represents a continuous version for
the value of c which is the distance of the particles (d = c/η) from the minimum
of the confinement potential. When the order parameter varies slowly in space,
the time independent version of Eq. (3.33) becomes

$(n, κ̃)2ψ − αυ2

2
sign(ψ)|ψ|α−1 − 2A(n, κ̃)ψ3 = 0. (3.34)

We note that for α < 1 a one-chain configuration is not allowed, because
ψ = 0 is not a solution of Eq. (3.34) in this case.

Considering α ≥ 1 and defining ã(n, κ̃) = αυ2/2ηn+2Ω(n, κ̃) and b̃(n, κ̃) =
2η2K(n, κ̃)/Ω(n, κ̃), the latter equation is reduced to

1− ã(n, κ̃)|ψ|α−2 − b̃(n, κ̃)ψ2 = 0. (3.35)

For α = 2 this equation results in a second order transition, from the single
chain (i.e. ψ = 0) to the zig-zag (i.e. ψ 6= 0) configuration, with the critical
point defined by ã(n, κ̃) = 1 which in fact is a generalization of Eq. (3.28).

For 1 < α < 2 and minimizing Eq. (3.35) we find

2Ω(n, κ̃)−
(

α2
cυ

2

2ηn+αc

) 2
4−αc

(
4αc

2− αc
K(n, κ̃)

) 2−αc
4−αc

= 0 (3.36)
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Figure 3.2: Critical value of the exponent of the confinement frequency as a function of
the density for different values of the strength of the confinement potential. We took the
parameters n = 1 and κ = 1

which represents a non-linear equation for the critical exponent of the confine-
ment potential (αc), which is the minimum value of α for which a one-chain
configuration is the ground state configuration. From Eq. (3.36) we note that this
critical value will be at most equal to 2, as shown in Fig. 3.2 for different values
of the strength of the confinement frequency.

Finally we may find analytical expressions for the order parameter from
Eq. (3.35) for different values of α ≥ 2, which are given in Table 3.3. No-
tice that it is always possible to find a ψ 6= 0 which indicates that the single
chain configuration is always unstable when α > 2. For α = 2 we find ψ 6= 0
only when ã(n, κ̃) < 1.

3.4 Results and discussion
As has been found in previous section, a continuous zig-zag transition occurs for
parabolic confinement. For the case (α 6= 2) it is not possible to define a tran-
sition between the one-chain and two-chain configuration, because the confine-

α ψ

2
√
(1− ã)/b̃

3
(
−ã+

√
ã2 + 4b̃

)
/2b̃

4 1/
√
ã+ b̃

Table 3.3: Order parameter for different values of α.
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ment potential does not contribute to the second order term of the total potential
energy. Additionally we find that the minimum value of the transverse frequency
is purely imaginary, see Eqs. (3.18a) and (3.19a), and this condition implies that
in this case the transition for the one-chain to the two-chains configuration is
not allowed which agrees with previous [93] results. We also performed Monte-
Carlo simulations and found that for α > 2 the one-chain configuration is never
formed for any value of the density and the confinement frequency. However
from similar simulations one can show that for α < 2 the one-chain configu-
ration is stable until a critical point, beyond which the configuration is changed
to a single chain containing vacancies due to jumps of individual particles away
from the chain axis.

3.4.1 Transition point for α ≤ 2

For the case of a power-law inter-particle potential (κ = 0) with parabolic
confinement and using dimensionless units, it is possible to find an analyti-
cal relationship between the confinement frequency and the linear density as
η = υ−2/(n+2). For this case we show in Fig. 3.3 the behavior of the order param-
eter as a function of the linear density for different values of n. Dashed curves
represent the solution from the Landau theory, Eq. (2.21), the full curves are the
solution of Eq. (3.28) and they are compared with the results of a Monte-Carlo
simulation for n = 1 and n = 3 (open circles in Fig. 3.3). From these results we
notice that there is perfect agreement between our calculation and the exact re-
sults obtained from Monte-Carlo simulations. In the same context Fig. 3.4 shows
the variation of the critical density as a function of the exponent n as obtained
from Landau theory (solid and dashed curves for κ = 0 and κ = 1, respec-
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0.2

0.4
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d 
/ r
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n=
7
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Figure 3.3: Displacement from the x-axis as a function of the linear density for υ = 1.
The dashed lines are obtained from the Landau theory while the solid lines are the solu-
tions of Eq. (3.28). The open circles represent the results of our Monte-Carlo simulations
for n = 1 and n = 3
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Figure 3.4: Critical linear density as a function of the n exponent of the inter-particle
interaction for different values of the parabolic confinement frequency. The (solid and
dashed) lines are the prediction of the Landau theory and the (solid and open) circles
are found with the present method (for κ = 0 and κ = 1 respectively).

tively) and the result from the present work (full and open circles for κ = 0 and
κ = 1) the results are shown for different confinement frequencies. Notice that
for υ = 1 this function has a local minimum where the dipole potential exhibits
the lowest critical density.

On the other hand, it is also possible to find the value of d numerically by
fixing one particle at a distance y from the one-chain axis in the confinement
direction and minimise the energy with respect to the position of the other parti-
cles. The resulting minimum potential energy of the system is shown in Fig. 3.5
for a Yukawa inter-particle potential with κ = 1 and υ = 1. For η ≤ ηc the
minimum is found at y = 0 and for η > ηc it continuously shifts to y 6= 0, which
is typical for a second order transition.
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Figure 3.5: Potential energy per particle as a function of the position of one of the
particles in the confinement direction, before (η = 0.78ηc), after (η = 1.34ηc) and at
the transition (η = ηc) for parabolic confinement. We took the parameters υ = 1, κ = 1
and n = 1
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Figure 3.6: Contour plots of the critical frequency υc as a function of n and κ, for (a)
η = 0.50, (b) η = 0.75, (c) η = 1.00, (d) η = 2.00, in case of a parabolic confinement
potential.

From Eq. (3.22) we draw the contour plot of υc as a function of n and κ for
several values of the density (when making the contour plot we replaced n by
a real number), which are shown in Fig. 3.6. We observe a strong dependence
of the highest value of υc on η, and therefore the region of frequencies over
which the one-chain configuration exists. For low densities (η < 1) the one-
chain organization is dominant for small values of the exponent n and gradually
this region is extended to higher values of n with increasing η. This result shows
that for low densities the one-dimensional behavior of the system is a better
representation for the Coulomb and dipole inter-particle potential. For η ≥ 1 the
one-dimensional region of frequencies increasing with increasing n. In all cases
the critical frequency decreases with increasing κ.

Our previous mean-field theory was derived for modes of the linear chain
close to the instability point. Therefore, it is possible to find the critical point for
the aforementioned instability from Eq. (3.34). In Fig. 3.7 we plot the transition
point at which the one-chain structure becomes unstable for α ≤ 2. Above
each curve only ψ = 0 is a solution of Eq. (3.34). Only for α = 2 the curves
corresponds to a second order zig-zag transition. Notice that the stability region
for the single chain configuration increases with decreasing α.
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Figure 3.7: Critical transition point for the one-chain configuration. Above the curves
the one chain configuration is the ground state. Results are shown for (a) Coulomb po-
tential, (b) dipole potential and (c) Yukawa potential, for different values of the exponent
of the confinement potential α.

In Fig. 3.8(a) we show the dispersion relation for the normal modes in the
case of parabolic confinement for different values of κ in the three cases, linear
regime (dotted lines) where the system is stable for any value of the wavevector
close to k0, the zig-zag regime (dashed lines), and in the transition point (solid
lines) where the dispersion is linear close to k0.

3.4.2 Case α > 2

In this case the most simple configuration of the particles is restricted to a 2-
chains structure, however from Monte-Carlo simulations we know that there is
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Figure 3.8: (a) Dispersion relation ω⊥ as a function of δk for parabolic confinement
(i.e. α = 2) where dashed, solid and dotted lines represent the results for υ = 0.95υc,
υ = υc and υ = 1.05υc respectively. (b) Square transverse frequency ω2

⊥ as a function
of δk for α > 2. We have considered n = 1, η = 1 and different values of κ as shown in
(a).
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Figure 3.9: Distance of the particles from the y-axis as a function of the density, for
different values of α and υ = 1. The inter-particle interaction is a dipole potential.
The symbols represent the results from Monte-Carlo simulations and the dashed vertical
lines indicate the transition point from the 2-chains to the 4-chains configuration.

a transition to a 4-chains structure after some value of the linear density. This is
shown in Fig. 3.9, where we plot the distance from the y = 0 axis of the particles
as a function of the density considering a dipole inter-particle interaction for
different values of α. In those figures the 2-chains to 4-chains transition point
is marked with a vertical dashed line. In our theoretical model we have found
from Eqs. (3.18a) and (3.19a) that ω2

⊥ < 0 as shown in Fig. 3.8(b) and thus
the transverse frequency is imaginary and therefore the one-chain structure is
unstable for any value of the density and the confinement strength.

This is illustrated in more detail in Fig. 3.10 where we plot the distance of
the particles from the x-axis for different values of η. Note that our mean-field
results from Eq. (3.34) agree with the simulation for small values of η. Note that
for small values the confinement potential energy is significantly larger than the
inter-particle potential energy and therefore the fluctuations of the order param-
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Figure 3.10: Order parameter as a function of the linear density in the 2-chains region
for different values of the exponent of the confinement potential α. The solid curves
represent the solutions of Eq. (3.34) and open circles the results of our Monte-Carlo
simulation. We took the parameters υ = 1, κ = 1 and n = 1.
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eter are smaller. With increasing η the interaction between the particles start to
dominant and all curves converge to each other (without crossing) for η > 1.

3.5 Conclusions
In this work, we studied the critical behavior of a system of particles confined
in a 2D channel through a yα potential with different functional forms for the
inter-particle interaction potential. We derived a Ginzburg-Landau equation for
the system and determine the behavior of the system close to the transition point
where the single chain configuration becomes unstable. We determined the or-
der parameter and its dependence on the external confinement and the particle
density.

For α = 2 the critical frequency for the zig-zag transition is larger than for
smaller values of α, which shows that the stability of the linear chain configura-
tion is lower for parabolic confinement. However for low densities (η < 1) the
one-chain configuration is the most stable state for α ≤ 2.

For α > 2 the single chain configuration is unstable for any value of the
particle density and the strength of the confinement potential. We found the dis-
tance between the two chains as function of the particle density. With increasing
density a first-order phase transition is found to the 4-chains configuration.

For α < 2 we found analytically no continuous zig-zag configuration irre-
spective of the inter-particle potential. The instability of the single chain config-
uration occurs through the expulsion of single particles from the chain to y 6= 0

positions. The instability point for α = 2 is given by υc = η
2/(n+2)
c which be-

comes an almost linear relation, i.e. υc ∼ ηc for α = 1 and n = 1.

Publication The results of this chapter were published as:

• J. E. Galván-Moya and F. M. Peeters, Ginzburg-Landau theory of the
zigzag transition in quasi-one-dimensional Wigner crystals, Phys. Rev.
B 84, 134106 (2011) (10 pages).





4
Generic ordering of structural

transitions of Q1D Wigner crystals

4.1 Introduction
In a quasi-one-dimensional (Q1D) regime, Piacente et al. [33, 118] studied the
ground state configuration (GS) of a system of particles confined in a parabolic
channel, showing that a non-sequential ordering transition (non-SOT) between
1 − 2 − 4 − 3 − 4 − 5 − 6-chain-like structures takes place, when the particle
density is continuously increased. They revealed that this ordering transition
is robust, being not affected by the range of the interaction between particles.
That succession of phases differs from a sequential ordering transition (SOT),
which is characterized by a consecutive succession of phases with 1 − 2 − 3 −
4− 5− 6-chains, just by the emergence of a four-chain structure preventing the
straightforward transition between two- and three-chain configuration, it has also
been reported in other works [93, 119, 120].

Although the only second order transition in this sequence, zigzag transition
between one- and two-chain configuration, has been deeply studied in classi-
cal [34, 93, 98, 120, 121] and quantum [10, 122–126] systems, a detailed anal-
ysis on the structural transitions for larger number of chains has hardly been
addressed [58,127]. Experimental findings in a colloidal Q1D system evidenced
the transition from eight- to five-chain configurations [58] and, complementary
numerical calculations in the same work, suggested that this sequence contin-
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ues reducing the number of chains, one by one, until three-chain configuration,
although the transition between two- and three-chain structures has not been ob-
served.

However, a direct transition from two- to three-chain configuration, (2 − 3),
has been shown to take place in a number of systems. For example, for Yukawa
particles this transition was observed in dusty plasma clusters [97] with increas-
ing the linear density. In addition, a SOT has been predicted theoretically for
an Abrikosov-vortex arrangement in a superconducting slab for low tempera-
tures [128], for Pearl vortices [82], and also for binary mixtures of repulsive
particles [84], in particular, when the ratio between charges of both species was
around 1/5.

These examples suggest that, in spite of the demonstrated robustness of the
non-SOT with respect to the range of interaction between the particles, the non-
sequential ordering is perhaps sensitive to the system parameters and conditions.
First, the real confinement can be far from parabolic. For example, in case of
colloids [58] the boundaries could be rather hard walls. In case of superconduct-
ing vortices, the potential barrier preventing vortices from entering or escaping
the slab is described by known Bean-Livingston barrier [129, 130]. In addition,
fluctuations of any nature can be responsible for the disappearance of the non-
SOT, in particular, in experiments. This has been recently proven in the exper-
iment [131] that analyzed the melting of the WC chain-like structures and their
transport in a Q1D channel. In particular, the non-SOT has been observed in that
experiment for very low temperatures, while even at T=1K the non-SOT regime
was washed out, and the usual SOT was observed instead. This behavior is in
agreement with the early predictions by Piacente et al. [33] showing that ther-
mal fluctuations can easily destroy the non-SOT. Another evidence of the role
of fluctuations in non-SOT ordering has been presented in the recent simulation
work [132] which alayzed the dynamics of WC in Q1D channels with constric-
tions. It was shown that even in the absence of thermal fluctuations, the non-SOT
observed in long constrictions was destroyed in case of short constrictions, due
to fluctuations of the number of particles flowing through the constriction.

Although fluctuations are generally a universal “tool” to destroy any order-
ing — and the non-SOT, as shown in the examples above, appears to be rather
sensitive to these, — the role of other factors such as the type of the confinement
remains open. In particular, an important open question is: How universal is
the non-SOT? Is it only proper to system with parabolic confinement, or it has a
more generic nature? The positive answer to the latter would open broader pos-
sibilities for experimental observation of the non-SOT, providing the fluctuations
are very weak. This motivated us to investigate the universality of the non-SOT.

In the present work we study the influence of the confinement potential on
the GS of a Q1D system of interacting particles, elucidating the general model
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of the ordering transition between chain-like structures. Different confinement
potential are used in order to study the behavior of the GS transitions, when the
profile of the channel is varied continuously from a parabolic-like to a hard-wall
potential.

4.2 Model system
We consider an infinite system of identical interacting particles with mass m and
charge q, which are trapped in a Q1D channel through an external confinement
potential, restricting the movements of the particles in the y direction. The total
energy of the system is given by the expression:

H =

∞∑
i=1

∞∑
j>i

Vint(|rij |) +
∞∑
i=1

Vconf (yi), (4.1)

where rij = ri − rj is the relative position between the i-th and the j-th particle
in the system, while Vint(r) and Vconf (y) represent the pairwise interaction and
the confinement potential of the channel, respectively.

The inter-particle interaction is defined as follows:

Vint(r) =
q2

εR

Rner/λ

rn
, (4.2)

where λ and n are real parameters which allow to tune the range of the interaction
between particles in the system, while ε is the dielectric constant of the medium
the particles are moving and R is an arbitrary length parameter, introduced in
the model to guarantee the right units. In order to understand what is the effect
of the confinement on the ordering of the phase transitions, the following three
different confinement potential are defined as case of study:

VA(α, y) =
mυ2t y

2
0

2

∣∣∣∣ yy0
∣∣∣∣α , (4.3)

VB(β, y) =
mυ2t y

2
0

2

cosh(βy)− 1

cosh(βy0)− 1
, (4.4)

VC(γ, y) =
mυ2yy

2
0

2

[
e−γ2(y−y0)

2

+ e−γ2(y+y0)
2
]
, (4.5)

where y0 determines the effective width of the confinement channel, while the
parameters α, β and γ allow to control its profile.
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Figure 4.1: Profile of the channel formed by the confinement potentials given by (a)
Eq. (4.7), (b) Eq. (4.8) and (c) Eq. (4.9), for different values of shape parameters as they
are shown in each figure. The width of the effective confined region is fixed to y0 = 6.275
in all cases, and the confinement frequencies are given by υ = 1.0 and σ = 0.862. The
solid red curve shows the parabolic confinement channel as a reference, and the hard-
wall potential is indicated by the white region in the middle of the figure.
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In dimensionless form, the interaction and different confinement potentials
considered in the present model become:

Vint(r) =
eκr

rn
, (4.6)

VA(α, y) = υ2y2−α
0 |y|α , (4.7)

VB(β, y) = υ2y20
cosh(βy)− 1

cosh(βy0)− 1
, (4.8)

VC(γ, y) = σ2y20

[
e−γ2(y−y0)

2

+ e−γ2(y+y0)
2
]
, (4.9)

where the energy is expressed in units of E0 = (mω2
0/2)

n/(n+2)(q2/ε)2/(n+2)

R2(n−1)/(n+2) and all distances are expressed in units of r0 = (2q2/mω2
0ε)

1/(n+2)

R(n−1)/(n+2). The dimensionless frequencies are given by υ = υt/ω0 and σ =
υy/ω0, while ω0 measures the strength of the confinement potential, and the
screening of the pairwise interaction is κ = r0/λ. The dimensionless linear
density η is defined as the number of particles per unit of length along the un-
confined direction.

Previously, it has been shown that the ordering transition is not affected by
the range of the interaction between particles [33], therefore, in the present work
the range of the interaction is fixed by κ = 1 and n = 1. In order to analyze the
influence of the profile of the channel on the sequence of the phase transitions,
we fix the confinement strength for the parabolic potential to υ = 1 and we use
Eqs. (4.7-4.9) to fit, in the best form, the profile of the channel with the aim to get
consistent and comparable results for all considered potentials. The fitting results
in the choice of the parameters σ = 0.862 and y0 = 6.275, which are fixed for all
numerical calculations performed in the present work. The transversal section
of the confinement potential, showing the profile of the channel, is plotted in
Fig. 4.1 for different values of the shape parameters (α, β and γ).

Fig. 4.1 shows the flexibility of the confinement potentials defined by Eqs.
(4.7-4.9), it fact allows us to study in detail the effect of a soft and continuous
transition from the parabolic confinement, represented by the red curve, to the
hard-wall confinement which is identified by the white region in the middle of
Fig. 4.1. In Fig. 4.1(c), and due to the form of the confinement potential (Eq. 4.9),
one can see that the closest approximation to the parabolic confinement is found
for γ = 0.34, this profile is plotted in the figure with a blue dashed line.

4.3 Analytical chain-like structure energies
The GS of a system of particles in a Q1D channel is given by chain-like structures
[34, 93, 98, 120], and transitions between each pair of configurations is of first
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order [33, 58, 127], with the exception of the zigzag transition [93, 120] (second
order). Some typical chain-like configurations are shown in Fig. 4.2, where the
order parameters to describe the model are indicated.

In order to study an infinite system of particles interacting through Vint(r)
and confined in a Q1D channel defined by Vconf (y), we estimate the total energy
of the system for some typical n-chains structures, as follows:

H1ch = Vconf (0) +

∞∑
m=1

Vint

(
m

η

)
, (4.10)

H2ch = Vconf

(
c21
η

)
+

∞∑
m=1

Vint

(
2m

η

)
+

∞∑
m=1

Vint

2

η

√
c221 +

(
m− 1

2

)2
 , (4.11)

H3ch =
1

3
Vconf (0) +

2

3
Vconf

(
3c31
η

)
+

1

3
Vint

(
6c31
η

)
+

∞∑
m=1

Vint

(
3m

η

)

+
2

3

∞∑
m=1

Vint

(
3

η

√
(2c31)

2
+m2

)
+

4

3

∞∑
m=1

Vint

3

η

√
c231 +

(
m− 1

2

)2
 , (4.12)

H4ch =
1

2
Vconf

(
4c41
η

)
+

1

2
Vconf

(
4c42
η

)
+

1

2
Vint

(
4 (c41 + c42)

η

)
+

∞∑
m=1

Vint

(
4m

η

)

+
∞∑

m=1

Vint

(
4

η

√
(c41 + c42)

2
+m2

)
+

1

2

∞∑
m=1

Vint

4

η

√
4c241 +

(
m− 1

2

)2


+
1

2

∞∑
m=1

Vint

4

η

√
4c242 +

(
m− 1

2

)2


+

∞∑
m=1

Vint

4

η

√
(c42 − c41)

2
+

(
m− 1

2

)2
 , (4.13)

where all distances are in units of the distance between adjacent particles in each
chain, as it is highlighted with blue in Fig. 4.2 for different chain-like structures.

In order to found the GS of the system, we minimize the energy respect to
the order parameters for each chain-like structure, and the lowest energy config-
uration is considered as the GS. A non-SOT guides the transitions in the GS for
the case of particles confined in a parabolic channel [33, 120], this ordering is
considered as the start point of our study for the different confinements.

4.3.1 Case 1: Power-law confinement
In the case of the power-law confinement (Eq. 4.7), the phase diagram of the GS
is shown in Fig. 4.3 as function of the shape parameter α and the linear density
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Figure 4.2: Schematic view of the chain-like configurations together with the relevant
order parameters used in the calculations, where η represents the linear particle density
in the unconfined direction.

η. As was analytically demonstrated in Ref. [120], the stability of the one-chain
configuration is only guarantee for the case of α = 2, for larger values of α the
one-chain is no longer stable. This fact is represented in Fig. 4.3 by a red line
showing the small region where the one-chain structure is found as GS. The y
position of the particles of the GS, for α = 2, is presented as a function of η at
left side as an inset in Fig. 4.3, where the non-SOT is clearly present.

For α > 2 the two-chain configuration is the GS even at low densities, where
the inter-chain distance (i.e. the order parameter c21) decreases slowly without
being zero [120]. This behavior is presented in the inset for α = 4 in Fig. 4.3,
where one can also see that a direct transition between two- and three-chain con-
figuration is not allowed. Indeed, a small region where the four-chain arrange-
ment is the GS remains within two- and three-chains structures, and preventing
the aforementioned direct transition, even for larger values of the shape parame-
ter (α), as shown at the upper inset in Fig. 4.3 where the GS transition between
two-, four- and three-chain configuration is still present for α = 20 (i.e. close to
the hard-wall limit).
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Figure 4.3: Phase diagram of the ground state for a system with confinement VA(α, y),
as function of α and the linear density η. All phase transitions are of first order except
the zigzag transition which is only possible for α = 2. The insets show the y position of
the particles as function of η for different values of α as written in each figure.

After the three-chain configuration, while the density increases, the follow-
ing structures found as GS increase the number of chains one by one, follow-
ing an ordered sequence of first order transitions (i.e. three-, four-, five-, six-
chain, ...). Despite the transition between two-, four-, three- and four-chain struc-
tures defines the GS of a system of particles confined by a power-law potential
(Eq. (4.7)), the non-SOT is only present at α = 2, because the stability of the
one-chain configuration is only guaranteed for that case [93, 133].

4.3.2 Case 2: Exponential decay of the barriers

Another form to model a continuous transition between the parabolic and the
hard-wall confinement, is to consider a channel profile modulated by an expo-
nential decay of the barriers, as proposed in Eq. (4.8) by using a hyperbolic
cosine, where β acts as a parameter which controls the shape of the channel. The
phase diagram for the GS of a system of particles confined by VB(β, y) is shown
in Fig. 4.4 as function of β and η.

The limit case of the parabolic potential is recovered by using β = 0, and
the y position of the particles as a function of η is shown as inset in Fig. 4.4
for this case (β = 0.01). By increasing β, the transitions between chain-like
configurations occur at lower values of the density, and transition between one-
and two-chain configuration (zigzag transition) is of second order. Opposite to
the previous case, the zigzag transition is always stable, even for large values of
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Figure 4.4: Phase diagram of the ground state for a system with confinement VB(β, y),
as function of β and the linear density η. The solid and dashed lines represent first and
second order transitions respectively. The insets show the y position of the particles as
function of η for different values of β as written in each figure.

β.
The GS of the system is guided by a non-SOT irrespective of the value of

β, allowing the emergence of the four-chain between the two- and three-chain
configuration. The phase diagram exhibits an asymptotic behavior of the transi-
tion densities when the channel profile is approaching to the hard-wall potential.
Although this emerged four-chain region decreases with increasing β, it does
not disappear when the channel profile approaches to the hard-wall potential, as
shown for β = 3 at the upper inset in Fig. 4.4.

4.3.3 Case 3: Gaussian confinement

Another continuous evolution from parabolic-like to hard-wall potential is an-
alyzed in this section, it deals with a model where the confinement is repre-
sented, around its center, by two gaussians which control the shape of the chan-
nel through the parameter γ, as presented in Eq. (4.9). This profile bears a strong
resemblance to the Bean-Livingston model [129, 130] which measures the bar-
rier that vortices feel in a mesoscopic superconductor. The phase diagram of a
system of particles confined by VC(γ, y) is plotted in Fig. 4.5 as function of γ
and η.

The closest approach to the parabolic potential is found around β = 0.34,
as discussed previously, where the evolution of the GS is guided by a non-SOT
when the linear density increases, as shown in the lower inset in Fig. 4.5 where
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Figure 4.5: Phase diagram of the ground state for a system with confinement VC(γ, y),
as function of γ and the linear density η. The solid and dashed lines represent first and
second order transitions respectively, while the region enclosed by the pointed lines in-
dicates the sequential ordering transition. The insets show the y position of the particles
as function of η for different values of γ as written in each figure.

the y position of the particles is plotted as function of η. Similarities with the GS
transitions in parabolic confinement are evident, including the continuous zigzag
transition as well as the non-SOT behavior.

In Fig. 4.5 one can see that the region, where the four-chain structure is the
GS, within two- and three-chain configuration begins to decreases, by increasing
γ, until γ = 0.61 where a straightforward first order transition between two-
and three-chain configuration appears, allowing a SOT in the system of particles
with increasing particles, as shown in the upper right inset in Fig. 4.5 where the
transversal position of the particles is plotted as a function of the linear density.

However, this SOT is only stable as GS between γ = 0.61 and γ = 1.05,
after that the four-chain configuration arise again interrupting the direct transition
between two- and three-chain configuration. For larger values of γ this non-SOT
remains guiding the GS transitions when η increases and, similar than previous
case, the asymptotic behavior of the density transition lines respect to the shape
parameter γ, results in a confirmation of the non-SOT for the hard-wall potential.

4.4 Conclusions
In this chapter, we studied the GS transitions of a system of particles interacting
through a screened Yukawa potential and confined in a Q1D channel, where the
structures found correspond to Wigner crystal organizations. The effect of the



CHAPTER 4 77

confinement on the GS transitions is analyzed by using different confinements:
power-law (∼ |y|α), exponential and gaussian potentials, which modulate the
transversal profile of the channel through a shape parameter. Analytical expres-
sion for the energy of different n-chain configurations erre used to describe the
system, and the GS is found by a minimization of the order parameters of each
structure analyzed.

A continuous transition from a parabolic-like to a hard-wall potential, is used
in order to develop a detailed and systematic study of the evolution of the GS
transitions when particle density is increased. In the limit case of the parabolic-
like confinement potential, a non-SOT is found for all cases studied, while in the
case of the hard-wall potential only the confinement defined by an exponential
and a gaussian decay of the barriers allow the non-SOT.

In the intermediate regime, we found that the behavior of the GS transitions
strongly depends on the profile of the channel. For a power-law confinement,
we found that the one-chain configuration is not stable as GS for α > 2, addi-
tionally, our study showed that a direct transition between two- and three-chain
configuration is not allowed in the GS.

Our calculations show that, where the profile of the channel is modulated by
exponential barriers, the GS transitions are given by a non-SOT irrespectively of
the shape parameter, evidencing a robust behavior of the structural transition se-
quence. For the case of the gaussian confinement potential, we found that a SOT
appears in the GS for a small window of the shape parameter (0.61 < γ < 1.05).
This findings open the possibility to use a confinement potential as a tuner to
guide the GS transition in the Q1D Wigner crystals.

Manuscript in preparation

• J. E. Galván-Moya, V. Misko and F. M. Peeters, Generic ordering of struc-
tural transitions of quasi-one-dimensional Wigner crystals.





5
Structural transitions in vertically and

horizontally coupled parabolic
channels of Wigner crystals

Structural phase transitions in two vertically or horizontally coupled channels of
strongly interacting particles are investigated. The particles are free to move in
the x-direction but are confined by a parabolic potential in the y-direction. They
interact with each other through a screened power-law potential (r−ne−r/λ). In
vertically coupled systems the channels are stacked above each other in the direc-
tion perpendicular to the (x, y)-plane, while in horizontally coupled systems both
channels are aligned in the confinement direction. Using Monte Carlo (MC) sim-
ulations we obtain the ground state configurations and the structural transitions as
a function of the linear particle density and the separation between the channels.
At zero temperature the vertically coupled system exhibits a rich phase diagram
with continuous and discontinuous transitions. On the other hand the horizon-
tally coupled system exhibits only a very limited number of phase transitions due
to its symmetry. Further we calculated the normal modes for the Wigner crystals
in both cases. From MC simulations we found that in the case of vertically cou-
pled systems the zigzag transition is only possible for low densities. A Ginzburg-
Landau theory for the zigzag transition is presented, which predicts correctly the
behavior of this transition from which we interpret the structural phase transition
of the Wigner crystal through the reduction of the Brillouin zone.
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5.1 Introduction
Self-organized systems are of fundamental importance in different areas of phy-
sics. It all started in 1934 when Wigner [5] surmised that, if considering an
electron gas, where the electrons have no kinetic energy, as occurs in low density
systems, then these electrons “would settle in configurations which correspond
to the absolute minima of the potential energy. These are closed-packed lattice
configurations, with energies very near to that of the body-centered lattice.” This
was the first prediction about self-organized systems of electrons and charged
particles, which today is known as Wigner crystals.

At the present it is known that Wigner crystals form a body-centered cubic
(BCC) lattice in three-dimensional [6, 7] (3D) space, a triangular lattice in two-
dimensional [8, 9] (2D) systems, while in one-dimensional (1D) systems, the
energetically more favorable array is given by an evenly spaced lattice. Wigner
crystals have been the study object of several experimental [17–21] and theoret-
ical works [30, 34, 36, 93, 134, 135] in recent years.

1D Wigner crystals have been studied in depth [10] in recent years, and many
physical examples [136, 137] have been analyzed. However, the available stud-
ies of the transition from 1D to 2D systems are rather limited. Several stud-
ies [33, 93, 138, 139] have investigated different properties of Wigner crystals
in that regime including dusty plasmas [48]. The interaction between layers of
charged particles has been analyzed for different interaction potentials [140,141],
showing that the system reaches a commensurable state for large separation dis-
tances between the layers. A recent study [142] analyzed a close 3D system
of Coulomb particles. The prediction of a very rich phase diagram, as a con-
sequence of the geometrical restrictions, opened the door to further studies of
Wigner crystals.

A 1D system undergoes a zigzag transition when the density is increased,
through a continuous transition. This zigzag transition has been observed in
different experiments [88, 90] and analyzed by different theoretical studies: col-
loidal systems [35,37,38,92,143], vortices in superconductor/ferromagnetic hy-
brids [94]. Additionally they have been proposed as a possible implementation
of a quantum information processor [24].

The zigzag transition for a system of Coulomb particles subjected to a para-
bolic confinement potential [98] was analyzed through a Ginzburg-Landau the-
ory. Later this theory was applied to more complex particle interactions and
generalized to a general power-law confining potential [120]. In the latter work
it was shown that the Ginzburg-Landau theory leads to an analytic representation
of the phase transition behavior close to the critical point.

In the present work we analyze the phase transitions between two vertically
and horizontally coupled Q1D channels as function of the inter-channel distance
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and linear particle density in each channel. Further, the zigzag transition of the
vertically coupled channels is compared with the analytical results obtained from
the Ginzburg-Landau approach.

The present chapter is organized as follows. In Sect. 5.2 the model system is
formulated. In Sect. 5.3 the numerical results are presented with an analysis of
the behavior of the system close to the different structural phase transitions. In
Sect. 5.4 the Ginzburg-Landau Lagrangian is derived and the theoretical results
are discussed and compared with our numerical simulations. Our conclusions
are given in Sect. 5.5.

5.2 Model system
In this work we consider a system consisting of two quasi-one-dimensional chan-
nels each with N identical particles with mass m and charge q, which are re-
stricted to move in the (x, y)-plane. The system is subjected to an external mag-
netic field B, which is applied in the direction perpendicular to the channels.
The particles are confined by a one-dimensional potential limiting their motion
in the y-direction in each channel. The channels are separated by a distance dy
from each other in the y-direction and a distance dz in the z-direction as shown
in Fig. 2.15.

The charged particles interact through a repulsive interaction potential. The
kinetic energy of the system is given by:

T =

N∑
i=1

p2
1i

2m
+

N∑
i=1

p2
2i

2m
, (5.1)

where pki = mvki + qAki represents the canonical momentum of particle i in
channel k, which is moving with velocity vki. Aki is the vector potential related
to the magnetic field through the relation B = ∇×Aki. The total energy of the
system is given by:

E =
m

2

N∑
i=1

(ṙ21i + ṙ22i) + q
N∑
i=1

(ṙ1i ·A1i + ṙ2i ·A2i)

+
q

2m

N∑
i=1

(A2
1i +A2

2i) + Vconf + Vint, (5.2)

where the confinement and the interaction potential are, respectively, given by:

Vconf =
1

2
mυ2t

N∑
i=1

(
y1i −

dy
2

)2

+
1

2
mυ2t

N∑
i=1

(
y2i +

dy
2

)2

, (5.3a)
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Vint =
N∑
i=1

N∑
j>i

Vpair(r1i,1j) +
N∑
i=1

N∑
j>i

Vpair(r2i,2j) +
N∑
i=1

N∑
j=1

Vpair(r1i,2j). (5.3b)

Here, Vpair(r) represents the inter-particle potential which is taken as a scr-
eened power-law potential, which will allow for the simulations of both long-
and short-range interactions, as follows:

Vpair(r) =
q2

εR

Rne−r/λ

rn
. (5.4)

In general rAi,Bj = |rAi − rBj| represents the relative position between the
i-th particle in channel A and the j-th particle in channel B. The exponent n is
an integer and ε is the dielectric constant of the medium where the particles are
moving in. In the above, R is an arbitrary length parameter which we introduced
to guarantee the correct units. The magnetic field is taken to be constant and
is applied in the direction perpendicular to the plane formed by the channels,
through the vector potential defined by Aki = −Bykiex. The total energy can be
written in dimensionless form as follows:

E =
N∑
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(ṙ21i + ṙ22i)−B
N∑
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N∑
i=1

(
y1i − y2i −

dy
2

)

+
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e−κr1i,1j

rn1i,1j
+

N∑
i=1

N∑
j>i

e−κr2i,2j

rn2i,2j
+

N∑
i=1

N∑
j=1

e−κr1i,2j

rn1i,2j
, (5.5)

where the dimensionless frequency is given by υ = υt/ω0, while ω0 measures the
strength of the confinement potential and t0 = 1/ω0 is the unit of time. The unit
of the energy is given by: E0 = (mω2

0/2)
n/(n+2)

(q2/ε)
2/(n+2)

R2(n−1)/(n+2), the
distances are scaled with r0 = (2q2/mω2

0ε)
1/(n+2)

R(n−1)/(n+2), and the strengths
of the magnetic field and the vector potential are measured in units of B0 =
2mω0/q andA0 = B0r0, respectively. Additionally, the dimensionless parameter
κ = r0/λ represents the screening parameter of the potential. In order to describe
better the behavior of the transitions in the system, we define a dimensionless
linear density η as the number of particles per unit of length along the unconfined
direction in each channel. This density is chosen to be equal in both channels.

The kinetic energy plays a very important role in the dynamics of the system,
influencing the structural transitions when temperature is finite. However, for
the considered zero temperature, due to the absence of thermal fluctuations, the
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first two terms in Eq. (5.5) do not contribute to the total energy. However, when
we calculate the normal modes the kinetic energy term is essential and has to
be calculated. Because B is now only present in the third term which affects
the strength of the confinement, we can conclude that the effect of the magnetic
field has the same effect on the system, as rescaling the confinement frequency.
For this reason we redefine υ2 = (υ2 + B2/4) as it will be used further in this
chapter.

5.3 Results and discussion
In order to understand the behavior of coupled systems, we consider two differ-
ent cases (see Fig. 2.15). Case A corresponds to two vertically coupled channels
where the distance between the channels in the y-direction is taken zero. In this
case the channels are arranged above each other. Case B consists of two hori-
zontally coupled channels with dz = 0, which are aligned parallel to each other
separated by a distance dy. We construct the phase diagram of the ground state
configuration of the system at zero temperature as a function of the separation
between the two channels and the linear density.

5.3.1 Case A: Vertical coupling
The phase diagram of vertically coupled channels is shown in Fig. 5.1 for an
interaction potential with parameters n = 1 and κ = 1 and fixed value of the

1

2 3

4

5

7

6
8

9

12

10

11

12

13

η

d
z

one-chain

0.4 0.8 1.2 1.6 2
0

0.5

1

1.5

2

Figure 5.1: Phase diagram of vertically coupled channels as a function of the linear
particle density and the distance between the channels in the z-direction. Solid and
dashed lines represent first and second order transitions, respectively. The different
phases are discussed in the text and shown in Fig. 5.2.
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frequency υ = 1. The phases are represented by the number in each delimited
region, the solid curves represent first order transitions and the dashed curves
second order transitions.

From this phase diagram we see that the zigzag transition occurs only be-
tween the one-chain configuration and phase 1 where particles of each channel
are organized in a single chain, this transition is continuous and of second order.
The different phases are shown in Fig. 5.2. One can see that the activation point,
defined as the point where the one-chain arrangement is no longer the only pos-
sible ground state configuration for any value of dz, is given by ηact = 0.447302
for dz = 0. This value of the linear density represents exactly half the value
of the critical density (ηc) for the zigzag transition in the case of a single Q1D
channel as was found in Refs. [93,120]. Notice that for increasing dz, the critical
density increases as well, which means a change in the total dimensionality of
the system. Additionally, one can observe that for dz > 0.5, ηc increases more
quickly than for dz < 0.5. This implies that the system tends to behave as two
decoupled channels, until the point where the zigzag transition disappears.

The different ground state configurations identified in Fig. 5.1 are shown in

0

1

0

2

0

3

0

4

0

5

0

6

0

7A

0

7B

0

8

0

9

0

10

0

11

0

12

0

13A

0

13B

  1  1

 

  1
 

  1

0

  1

 

  2

 

  2

 

  2

 

  2

0

  2

 

  3

 

  3

 

  3

 

  3

0

  3

 

  4

 

  4

 

  4

 

  4

0

  4

 

  5

 

  5

 

  5

 

  5

0

  5

 

  6

 

  6

 

  6

 

  6

0

  6

 

  7

 

  7

 

  7

 

  7

0

  7

 

  8

 

  8

 

  8

 

  8

0

  8

 

  9

 

  9

 

  9

 

  9

0

  9

 

 10

 

 10

 

 10

 

 10

0

 10

 

 11

 

 11

 

 11

 

 11

0

 11

 

 12

 

 12

 

 12

 

 12

0

 12

 

 13

 

 13

 

 13

 

 13

0

 13

x

y

Figure 5.2: (Left) Configurations of the different crystalline phases of the particles
as enumerated in the phase diagram presented in Fig. 5.1. The red solid (blue open)
symbols are the particles in the top (bottom) channel. (Right) Eigenvectors of the first
non-zero frequency of each phase for vertically coupled systems.
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Figure 5.3: Contour plots of the energy per particle as a function of the linear density
η in each channel and the vertical separation dz between the channels. The red lines
represent the iso-energy lines of the system.

Fig. 5.2 (Left). In this figure, the red filled circles represent the particles in
channel A and the blue open circles the particles in channel B. The gray arrows
between two configurations indicate that the transition between them occurs con-
tinuously, following the process described through the small black arrows inside
each phase configuration. The small black arrows above each particle repre-
sent the displacement direction when the separation between the channels is in-
creased. It is interesting to observe that the phases 7, 8 and 13 are composed of
several configurations whose transition occurs through a continuous phase tran-
sition indicated by the small black arrows plotted inside the pictures.

The eigenvectors of the first non-zero eigenfrequency for each ground state
configuration are shown in Fig. 5.2 (Right). The direction of the eigenvector is
of particular interest because it contains information about the phase transition,
deformation of the crystalline structure, phonon modes and the onset of melting
in that crystal when temperature is increased.

In order to know the evolution of the system it is interesting to show the
behavior of the total energy as a function of the control parameters. This can be
seen in Fig. 5.3, where the contour plots of the energy per particle are plotted
as a function of the linear density and the vertical separation between channels.
The color scale indicates the magnitude of the energy and the lines show the
iso-energy lines on the plot. Notice that by increasing the density, the iso-energy
lines become increasingly curved showing the decoupling of the channels, due
to the increase of the interaction between particles in the same channel, while the
energy contribution from the interaction between channels becomes significantly
smaller with increasing dz.

With the aim to explain the order of the transitions, we plot in Fig. 5.4 the
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Figure 5.4: (a) First non-zero eigenfrequency; (b) Energy per particle; (c) First deriva-
tive of the energy; (d) Second derivative of the energy. In all figures we have plotted as
a function of the vertical separation between the channels. The colors showed at the top
represent the different densities. The inset in (d) shows the distance of the chains from
the x-axis of the channels as a function of the vertical separation for η = 1.21.

first non-zero eigenfrequency for different densities. We also plot the energy per
particle and its two first derivatives with respect to the vertical separation. In
all cases the figures show the behavior of these quantities as a function of the
separation between channels, and the value of the density taken for each curve
is printed at the top of the figure. From the smooth and monotonic behavior of
the energy in Fig. 5.4(b) and the jumps in its derivatives (see Figs. 5.4(c,d)), we
can deduce the order of each phase transition, which following the Ehrenfest
classification [79] are given by the order of the lowest derivative of the energy
which exhibits a discontinuity. From Fig. 5.4(a) we note that the transitions
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Figure 5.5: Energy per particle as a function of the horizontal distance between the
channels for η = 1.20. The different symbols represent different configurations. The top
inset shows an extra metastable phase. The bottom inset shows the hysteresis process, as
a function of dz , which occurs during the transition from one ground state configuration
to another in case of a first order transition.

between phase 1 and phase 2 (shown for η = 0.72 around dz = 0.798) and
between phase 2 and phase 3 (shown for η = 0.72 around dz = 0.866) are of
first order which can be seen by the jumps in the first derivative of the energy
at the transition points. The transitions of second order are characterized by the
softening of an eigenmode, i.e. ω = 0. The inset in Fig. 5.4(d) shows the y-
position of each chain for η = 1.21, where one can see the continuous transition
from 3 to 6 chains, the first order transition between 6 and 4 chains and the
second and continuous transitions between 4 and 2 chains. The red and blue
lines represent the positions of the particles in channel A and channel B.

In Fig. 5.5 we show a typical first order transition of a vertically coupled
system for η = 1.20. We plot the energy of all stable states for this system
as a function of the horizontal displacement between the channels. Notice that
the ground state configuration changes from phase 6 to phase 8 at dz = 0.438.
However the transition process (for instance in experiments where one may vary
only one of the control parameters), could be more complex because both phases
coexist over a range of dz values. This figure shows clearly a discontinuous be-
havior of the energy for the two lowest energy states as a function of dz, showing
a first order transition. From this figure, one can observe a hysteresis process
which implies that the transition point depends on the direction of the variation
of dz as follows: if one considers a channel distance dz = 0.4, phase 8 is found
to be the ground state configuration. After increasing dz, phase 8 will become a
meta-stable state (from dz = 0.438) and finally becomes unstable at dz = 0.458
where the system undergoes a phase transition to the new ground state phase 6.
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Opposite, starting from phase 6 (dz = 0.460) and decreasing dz, phase 6 exists
until dz = 0.402. After further decreasing dz the system falls back to its new
ground state configuration phase 8. This hysteresis mechanism is shown in the
bottom inset of Fig. 5.5. The top inset shows an additional phase which appears
as a stable configuration of the system in this region.

5.3.2 Case B: Horizontal coupling
In this part we analyze horizontally coupled channels (dz = 0) for the same
parameters as in case A. The phase diagram in this case is shown in Fig. 5.6 as a
function of the linear density η and the vertical separation between the channels
dy.

From this phase diagram we notice that the zigzag transition does not occur
in horizontally coupled channels. The one-chain configuration only exists when
dy = 0 and for η < ηact. Additionally the small number of phases are a result of
the weaker interaction between the channels.

In Fig. 5.7 we show a contour plot of the energy per particle and iso-energy
lines as a function of the linear density and the horizontal separation between
the channels. Notice the smooth and monotonic behavior of the iso-energy lines,
which align parallel to each other with increasing linear density. When increasing
dy, the interaction between the channels decreases quickly due to the separation
between channels which is directly related with the confinement potential as can
be seen in Eq. (5.5), where dy contributes to the total energy of the system intro-
ducing a linear term of the relative position between particles in the y-direction.
This contribution leads to the disappearance of the harmonicity of the system.
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Figure 5.6: Phase diagram of the system as a function of the linear density (η) and the
distance between the channels in y-direction (dy). All phase transitions are first order
transitions.
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Figure 5.7: Contour plots of the energy per particle as a function of the linear density
η in each channel and the horizontal separation dy between channels. The red lines
represent the iso-energy lines of the system.

In Fig. 5.8(a) we show the first non-zero frequency as a function of the hori-
zontal separation for different densities, which shows clearly the phase transition
points. The monotonic and continuous behavior of the energy (Fig. 5.8(b)) and
the jumps in the first derivative of the energy, as shown in Fig. 5.8(c), indicates,
that all phase transitions are of first order. In those transition points we also can
see that the first non-zero eigenfrequency has a jump, which shows the abrupt
change in the vibration mode of the system in the phase transitions. As an il-
lustration about the first order transitions in the system, we show in the inset of
Fig. 5.8(d) the y-distance of the chains from the center of each channel, where
one can see the transitions between 3, 8 and 4 chains for η = 1.19. In this fig-
ure the red and blue lines represent the particles in channel A and channel B,
respectively.

The different configurations of the phases shown in the phase diagram of the
horizontally coupled system, are plotted in Fig. 5.9(a), where the gray arrows
and the small black arrows have the same meaning as previously. Notice that
phases 14 and 15 consist of several phases. The transition between those phases
occurs through continuous transitions. In Fig. 5.9(b) the normal mode of the first
non-zero frequency is plotted for each configuration.

5.4 Ginzburg-Landau model for linear-zigzag tran-
sition

The results of previous section indicates that the transition between the one-chain
arrangement and the zigzag configuration occurs in the low density region and
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Figure 5.8: (a) First non-zero eigenfrequency; (b) Energy per particle; (c) First deriva-
tive of the energy; (d) Second derivative of the energy. All figures are plotted as a
function of the horizontal distance between the channels. The colors showed at the top
represent the different densities. The inset in (d) shows the distance of the chains from
the center of each channel as a function of the horizontal separation for η = 1.19.

only in the case of a vertically coupled system. To analyze this transition (i.e.
dy = 0), we start by considering the system in the situation that the one-chain
configuration is stable in each channel and close to the zigzag transition point.
The equilibrium positions of all particles are given by rlinki = (xlinki , 0, (k − 1)dz)
with xlinki = [2i+(2−k)]/2η, where k represents the channel number (i.e. 1 or 2)
and i the particle number in that channel. Further we consider small oscillations
around the equilibrium positions in the y-direction. The position of each particle
becomes thus rki = rlinki + ∆rki, where the small displacements are given by
∆rki = (0, yki, 0). Now, ensuring that the particles are oscillating around these
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Figure 5.9: (a) Configurations of the crystalline organization of particles enumerated in
the phase diagram presented in Fig. 5.6. (b) Eigenvector of the first non-zero frequency
of each phase configuration.

ground state positions, and assuming that these oscillations are much smaller
than the distance between the two nearest particles, we expand r1i,2j into a power
series.

As found numerically, this transition is continuous and the configuration after
the transition point consists of a zigzag configuration (phase 1 in Fig. 5.1), but
with all particles forming a single off-center chain in each channel (i.e. y1i =
c and y2i = −c, with c as a real number). From that configuration we can
observe that there is a competition between the interaction potentials V11, V22
and V12 which are defined as the last three terms in Eq. (5.5) respectively. The
subindexes represent the interacting channels. The first two interaction potentials
(V11, V22) do not contribute to the solution in this case, since all particles in the
same channel are aligned parallel to the x-axis. Thus, the interaction between
the particles in the different channels, as well as the confinement potential, are
responsible for this transition.

Following Ref. [120], we obtain the Lagrangian density of the system in the
continuum limit by considering only the interaction potential V12:

L =
1

2

[
h2(n, κ̃, cz)(∂xψ(x))

2 + δυ(n, κ̃, cz)ψ
2(x) +A(n, κ̃, cz)ψ

4(x)
]
, (5.6)

where κ̃ = κ/η, cz = ηdz, δυ(n, κ̃, cz) = 2υ2 − $2(n, κ̃, cz) and the order
parameter ψ(x) represents the separation between channels (i.e. ψ = 2c). The
coefficients are given by:
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h2(n, κ̃, cz) = ηn

[
n

∞∑
j=0

e−κ̃Rj

Rn
j

(1− 2sj) + κ̃

∞∑
j=0

e−κ̃Rj

Rn−1
j

(1− 2sj)

]
, (5.7)

$2(n, κ̃, cz) = 4ηn+2

[
n

∞∑
j=0

e−κ̃Rj

Rn+2
j

sj + κ̃
∞∑
j=0

e−κ̃Rj

Rn+1
j

sj

]
, (5.8)

A(n, κ̃, cz) = 2nηn+4

[
n+ 2

2

∞∑
j=0

e−κ̃Rj

Rn+4
j

s2j + κ̃
∞∑
j=0

e−κ̃Rj

Rn+3
j

s2j

]
, (5.9)

where sj = sin2(Rj k̃0/2) and Rj =
√

(j + 1/2)2 + c2z, while k̃0 = k0/η repre-
sents the value of the wavevector in the stability point.

The stability point is calculated numerically, as the location of the minimum
of the second order term of the total energy, and the value of the wavevector is
called k0. Then the stability point is found from the condition min δυ(n, κ̃, cz).
Notice that the value of k̃0 depends on the distance between channels. For cz = 0
we can find analytically that k̃0 = 2π, which implies that the particle density (η)
of the system in each channel will be reduced to half of the density required to
find the stability point in one channel as found previously [93, 120]. Next, from
the stability condition we find for υ = 1 that the activation point (minimum value
of density to find the zigzag transition) is ηc(min) = 0.447302.

We show in Fig. 5.10 the behavior of k̃0 as a function of the particle density
in each channel. Notice that for densities lower than ηc(min), which represents
the region of the one-chain configuration, the value is k̃0 = 2π. This value in-
dicates that the first Brillouin zone is twice as large as in the one channel case.
This value is related to η, because the total linear density of the system is 2η

3π/2

7π/4

2π

 0.4  0.45  0.5  0.55  0.6  0.65

 
η

 k~ 0

Figure 5.10: Wavevector corresponding to the second lowest eigenvalue as a function
of the particle density in each channel. System parameters: υ = 1, n = 1, and κ = 1.
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Figure 5.11: Critical value of distance between channels as a function of the particle
density in each channel. The solid line is the theoretical result and the open circles are
the results from our MC simulations. We took the parameters υ = 1, n = 1, and κ = 1.

when cz = 0 and it decreases by increasing η. For lower densities (η < ηc(min))
the linear arrangement is preserved due to the weaker interaction potential be-
tween the particles as compared to the confinement potential and this for any
separation between the channels. However, when η > ηc(min), the zigzag con-
figuration is found to result in a lower interaction energy between the particles
in the different channels. This behavior can be reduced by increasing cz and
therefore by reducing the total density of the system. In that situation k̃0 is of
major importance, because while the separation increases and the total density
decreases the first Brillouin zone becomes smaller reducing the dimensionality
of the crystal in each channel. This behavior is shown in Fig. 5.10 where one
can see the monotonic decrease of k̃0 with η, when the linear density exceeds the
critical density.

In order to find the ground state configuration, we minimize Eq. (5.6) and we
obtain the equation of motion of the system. Then, after minimization, the so-
lution is reduced to the analytical expression ψ =

√
−δυ(n, κ̃, cz)/2A(n, κ̃, cz)

which is valid when the density is lower than the critical density, as was found in
Ref. [120] for a parabolic confinement potential.

Fig. 5.11 represents the critical separation between channels as a function of
the particle density. This critical value corresponds to the separation cz where
the zigzag transition takes place. This critical separation is calculated as the
lower value of cz at which ψ = 0 for a given η. For points below the curve in
Fig. 5.11 the zigzag arrangement is the ground state configuration. The open
red circles are the results for the zigzag transition points calculated from our
MC simulations. The plotted region corresponds to the region where the zigzag
transition is allowed, as was analyzed in previous section. One can see that there
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Figure 5.12: Distance between channels as a function of the vertical separation be-
tween the channels, where the linear density in each channel is η = 0.52. We took the
parameters υ = 1, n = 1, κ = 1.

is perfect agreement between our theoretical results and the results from the MC
simulations.

In Fig. 5.12 we show the distance between chains in the confinement direc-
tion as a function of the separation between the channels cz for a linear density
η = 0.52. The open circles show the results from our MC simulations and
the solid line represents the value of the order parameter ψ calculated from the
present theory. The good agreement indicates that the Ginzburg-Landau theory
is able to describe correctly the behavior of the system close to the transition
point.

5.5 Conclusions

We studied two coupled Q1D channels, consisting of a system of interacting
charged particles confined by a parabolic trap in each channel, where the linear
particle density in both channels is given by η. The ground state configuration at
zero temperature was analyzed.

The structural transitions between phases were studied as a function of the
linear density and the separation between the channels. We found a very rich
phase diagram in case of vertically coupled channels, with first and second order
transitions. The horizontally coupled system, on the other hand, exhibits a very
restricted number of phases and all transitions are of first order. The latter can
be traced back to the linear term in the relative distance between particles in
the different channels, which appears in the energy expression. This linear term
results in a rapid decrease of the interaction between channels.
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Our simulations show that the zigzag transition occurs only in case of verti-
cally coupled channels, which represent another effect of the linear term in the
energy. In order to understand the behavior of this zigzag transition, we derived
a Ginzburg-Landau equation and determined the behavior of the system close
to the zigzag transition point. We analyzed the order parameter and its depen-
dence on the linear density and the separation between channels. From theory we
found that, for vertically coupled channels, an increase of the density produces
a reduction of the first Brillouin zone of the Wigner crystal after the activation
point ηact. Within the density range where the zigzag transition is allowed, the
vertical separation could be used as a tunable parameter to modulate the transi-
tion point. This result was found from theory and there is a perfect agreement
with our numerical results, which shows that the presented theory is sufficient to
understand the behavior and the nature of the zigzag transition in Q1D coupled
channels.

Publication The results of this chapter were published as:

• J. E. Galván-Moya, K. Nelissen and F. M. Peeters, Structural transitions in
vertically and horizontally coupled parabolic channels of Wigner crystals,
Phys. Rev. B 86, 184102 (2012) (9 pages).





6
Competing interactions: Q1D crystals

of magnetic particles

The ground state of colloidal magnetic particles in a modulated channel are in-
vestigated as function of the tilt angle of an applied magnetic field. The particles
are confined by a parabolic potential in the transversal direction while in the axial
direction a periodic substrate potential is present. By using Monte Carlo (MC)
simulations, we construct a phase diagram for the different crystal structures as
a function of the magnetic field orientation, strength of the modulated potential
and the commensurability factor of the system. Interestingly, we found first and
second order phase transitions between different crystal structures, which can
be manipulated by the orientation of the external magnetic field. A re-entrant
behavior is found between two- and four-chain configurations, with continuous
second order transitions. Novel configurations are found consisting of frozen
solitons of defects. By changing the orientation and/or strength of the magnetic
field and/or the strength and periodicity of the substrate potential, the system
transits through different phases.

6.1 Introduction
Competitive interactions between particles are responsible for the formation of
a large variety of complex structures in nature [76, 77, 144]. However, to take
advantage of this aspect, the major challenge is to find a way to manipulate this
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formation process, in order to obtain the desired configuration through a correct
choice of a set of parameters. Although this idea seems to be promising, there
are many other obstacles to overcome.

Formation of Wigner crystals has been widely studied for purely repulsive in-
teraction between particles in quasi-one-dimensional (Q1D) [33, 120, 133], two-
dimensional (2D) [8,9] and three-dimensional (3D) [6,7] systems. These studies
showed a very rich set of ground state configurations depending on the system
properties, and a diverse kind of transitions was found between them. However,
the formation of complex structures increases dramatically when particles inter-
act via competing interaction [145–148]. One of the most simple models is based
on the dipole-dipole interaction [59, 64], which can be realized by an external
field acting on a system of magnetic particles. The multiple crystalline struc-
tures which can be found [149, 150], and the effects of external fields applied
on these particles which have been summarized in a recent mini-review [67],
indicate the promising future of these kind of systems.

Recent works showed the effect of a fixed and oscillating external magnetic
field on the crystal structures [60, 61], evidencing that the configuration of the
system can be controlled by the orientation of the magnetic field. Numerical
studies of these systems demonstrated the possibility of cluster formation [65,66]
as well as few-body bound states [151,152] and local deformations in elongated
dipolar gases [153]. Additionally, different transitions between Fermi liquid,
solitons and Wigner crystals have been predicted [154,155] as well as some tun-
able assemblies [156]. Also ground state configurations of 2D dipolar mixtures
were investigated for different orientations of an external magnetic field by us-
ing a genetic algorithm [157–159], showing that the complexity of the particles
arrangement increases with the anisotropy of the inter-particle interaction.

The effect of complex potential landscapes on the structure of interacting
colloidal particles was investigated in 1D [37, 160, 161] and recently also in 2D
[162]. A periodic potential has been proposed to control the arrangement of the
particles [147, 162, 163], which is triggered by the commensurability [164, 165]
between the periodicity of the potential and the average distance, i.e. the density,
of the particles. Experimentally, it was found that a colloidal suspension, where
the interaction between particles is negligible, exhibits a non-trivial dependence
on the strength of the modulated potential [166]. This finding allows the pos-
sibility to use the modulated potential as an effective tunable parameter for a
system of interacting particles.

In the present work the ground state configuration of a system of magnetic
particles confined by a parabolic Q1D channel on a periodic substrate potential is
studied. Magnetic particles are aligned with an external tilted magnetic field and
interacting through an anisotropic dipole-dipole potential [64], which depends
on the orientation of the external field. We investigate how the orientation of



CHAPTER 6 99

the field allows to tune the ground state configuration of the system, modulat-
ing the competitive interaction between each pair of particles. The effect of the
modulated potential is analyzed through its strength and the degree of commen-
surability of the system imposed by the periodicity of the substrate potential and
the average inter-particle distance, i.e. the density.

This chapter is organized as follows. In section 6.2 the model system is
described. In section 6.3 we present the results for the different ground state
transitions of the commensurate system, and the tuning between the different
phases is realized by changing the orientation of the magnetic field and the ex-
ternal modulated potential. In section 6.4 the same analysis is presented for a
non-commensurate system, and the effects due to the commensurability factor
are explained. Our conclusions are given in section 6.5.

6.2 Model system
In this work, we consider a system of N identical interacting magnetic particles,
which are allowed to move in the x − y plane. The magnetic particles are con-
fined by an external parabolic potential in the y direction and a periodic substrate
potential along the x direction with period length L and potential height V .

The system is subjected to an external and spatially homogeneous magnetic
field B, which induces a magnetic moment µ to all particles, aligning them to
B. The magnetic field is tilted by an angle θ with respect to the z-axis, which is
perpendicular to the plane of motion, and it forms an angle ϕ with respect to the
x-axis of the plane. This is schematically represented in Fig. 2.16.

At short distances the interaction between the colloidal particles is a hard-
core repulsion which defines the characteristic length (the diameter of each par-
ticle - σ) and the energy scale (ε) of the system. The total energy of the system
is given by

H =

N∑
i=1

[
1

2
mω2

0y
2
i − V cos

(
2πxi
L

)]
+

N∑
i=1

N∑
j>i

[
4ε

(
σ

|rij |

)12

+ Vdip(rij ,µ)

]
, (6.1)

where rij = xij êx+yij êy represents the relative position between the i-th and the
j-th particle and Vdip(rij,µ) is the dipole-dipole interaction [59, 64, 151] given
by

Vdip(rij ,µ) =
1

r5ij

[
(µrij)

2 − 3(µ · rij)2
]
, (6.2)

where we assume that the magnetic moment of each particle µ is aligned to B.
Equation (6.2) can be rewritten as follows
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Vdip(rij , θ, ϕ) =
µ2(1− 3 sin2 θ sin2(ϕ))

|rij |3
− 3µ2 sin2 θ

|rij |5
xij (cos(2ϕ)xij + sin(2ϕ)yij) . (6.3)

A contour plot of the pairwise interaction of Eq. (6.3), is shown in Fig. 6.1
as a function of the relative x and y distances between two particles for differ-
ent values of θ, as specified in the figures, with fixed ϕ. The anisotropy of the
dipole-dipole interaction (see Fig. 6.1), plays an important role in the determi-
nation of the many-particle ground-state configuration, as it will be discussed
later, breaking the widely studied chain-like structure found for systems with
isotropic pairwise interaction [33, 120, 133]. The anisotropy of the interaction is
governed by the angles θ and ϕ, nevertheless, as shown in this work, the strength
of the periodic potential can overcome the effect of the anisotropy, determining
the many-particle configuration.

In dimensionless units, the total energy of Eq. (6.1) becomes
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Figure 6.1: The dipole-dipole interaction as a function of the relative (x,y)-position
between two particles, is plotted for different values of the angle θ between the magnetic
field and the z-axis. The value of θ is specified in the figures, while the strength of the
interaction is indicated by the color bar. The contour lines are plotted for different values
of the interaction energy, as labeled in the first and last figures. The direction of B in the
x−y plane is indicated by the angle ϕ in the top right figure, which was taking ϕ = 50◦.
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H =

N∑
i=1

[
υ2y2i − V0 cos

(
2πxi
L

)
+

N∑
j>i

{
4

|rij |12
+
µ2(1− 3 sin2 θ sin2(ϕ))

|rij |3

−3µ2 sin2 θ

|rij |5
xij

(
cos(2ϕ)xij + sin(2ϕ)yij

)}]
, (6.4)

where the energy and the distances are given in units of ε and σ, respectively.
The dimensionless confinement frequency is defined by υ2 = mω2

0/2εσ
2 and

the dimensionless strength of the substrate potential by V0 = V/ε, while the
dimensionless magnetic moment of each particle can be redefined by µ/εσ3 ⇒
µ.

We introduce the dimensionless linear density η and the periodicity number
n, defined respectively as the number of particles and the number of periods of
the periodic potential per unit length along the x direction. The presence of the
periodic potential leads to the commensurability factor [164]

p =
N

n
= ηL, (6.5)

expressing the commensurability between the period L and the average distance
between the particles.

In order to characterize the system, we define three different states of com-
mensurability. i) SI : when p ∈ Z, which is a commensurate state; ii) SII : when
p = k/m : k ∈ Z, m ∈ N, k 6= m, it means that the system is not completely
commensurate, this state could be subdivided into S−

II for p < 1 and S+
II for

p > 1; iii) SIII : when p ∈ {R−Q} and it implies that the system is incommen-
surate. In this work we will limit our analysis to systems belonging to the first
two categories.

Different experimental works [67, 163, 166] have shown the feasibility to
confine magnetic particles in a periodic potential, by using lasers and optical
tweezers, controlling the periodicity and strength of the potential, and also to ma-
nipulate the orientation of the magnetic field. These experimental results showed
stable configurations even at room temperature.

We investigate the ground state configuration of the system, using Monte
Carlo simulations (MC) optimized with the Newton method, which has been
previously used to analyze the structural transitions in Q1D systems with purely
repulsive interaction [33, 93, 120, 133]. This method allows us to calculate the
eigenfrequencies and eigenmodes of the lattice vibrations for a given phase. Pre-
vious works [33, 120] demonstrated that the lowest eigenfrequency is a measure
of the stability of a configuration.
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We will study the dependence of the ground state configurations on the ori-
entation of the magnetic field. For that, we fix the linear density of the system to
the value η = 0.8. Previously [33, 93, 120] it was shown for B perpendicular to
the x−y plane, that the dipoles are no longer arranged in a single-chain configu-
ration at the center of the parabolic channel for η = 0.8, but split into a two-chain
configuration. The effect of the magnetic field strength will not be studied, since
we are considering a system with superparamagnetic dipole particles, (i.e. the
magnetic moment of all particles is aligned along B), therefore, all numerical
results of the present work are calculated using υ = 1 and µ = 1.

6.3 Commensurate system (p = 1)
For a typical commensurate state (p = 1), the anisotropy of the system is strongly
determined by the direction of B. In order to understand this effect, Fig. 6.2
shows the phase diagram of the system as a function of the planar (ϕ) and az-
imuthal (θ) angles of the direction of B, when the strength of the periodic poten-
tial is V0 = 0.03. In this diagram the solid and dashed curves represent first and
second order phase transitions, respectively.

In Fig. 6.3 we present the ground state configurations as they are numbered
in the phase diagram (see Fig. 6.2). The small horizontal red and vertical blue
arrows indicate the displacement of the particles when increasing ϕ and V0, re-
spectively, while the thick gray arrows between two configurations indicate that
the transition between them occurs continuously.

From Fig. 6.3 one can see that, until phase 5, all ground state configurations
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Figure 6.2: Phase diagram of the ground state configuration, for a system of dipole
particles in the regime SI with p = 1 and V0 = 0.03. The solid (dashed) lines represent
first (second) order transitions. Numbered phases are shown in Fig. 6.3.
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Figure 6.3: Different ground state configurations found for the system with p = 1. The
small horizontal red (vertical blue) arrows show the movement of the particles in each
phase caused by a small increment of ϕ (V0), while the dashed lines are a guide to the
eye to show more clearly the different chains and the gray ellipses represent the cells
formed by the confining and periodic potentials (which is shown as a color contour plot
in 1).

follow the following rule: one particle per one cell (we call cells the wells formed
by the total confinement potential which are marked in Fig. 6.3 by gray ellipses).
However, with the exception of phase 1, when increasing ϕ most of the parti-
cles move away from the center of the cell due to the anisotropic inter-particle
interaction, following the directions shown by the horizontal red arrows.

6.3.1 Transition from isotropy to anisotropy interaction

From Eq. (6.3) we notice that for θ = 0◦ the interaction between particles is
purely repulsive and is given by Vdip(r) = µ2/r3. As was found in Refs. [ [33],
[120], [93]], the ground state of the system is given by a zigzag configuration,
which is represented by phase 2. Notice also from Fig. 6.2, that for θ = 0◦ the
ground state is a zigzag configuration irrespective of the value of ϕ, evidencing
the isotropy of the inter-particle interaction.

The anisotropy of the interaction arises slowly by increasing θ, resulting in
a lowering of the lowest eigenfrequency of the system for small ϕ and it slowly
increases with ϕ as seen in Fig. 6.4. Taking into account that the stability of
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a configuration is directly related to the value of its lowest eigenfrequency, we
notice, that as an effect of the anisotropy of the pairwise interaction, the stability
of the two-chain configuration (phase 2 in Fig. 6.3) increases for intermediate
values of ϕ (45◦ . ϕ . 70◦) by increasing θ, while the opposite behaviour was
found for θ . 30◦.

From Fig. 6.2 one can see that for θ & 47◦ the anisotropy of the pairwise
interaction introduces new phases as ground state, now depending on ϕ. The
very rich variety of phases produces in most of the cases first order transitions
between them, as is evidenced in Fig. 6.5, through the discontinuous jumps in
the lowest eigenfrequency of the system.

The transition between the single- and the two-chain (phase 2) configuration
(zigzag transition) appears in the region where the dipole-dipole interaction is
dominantly attractive. For θ & 47◦, the single-chain configuration (phase 1) is
the ground state for small values of ϕ and this region increases with increasing θ.
The continuous transition between these two phases in the y-direction, is shown
in Fig. 6.5(a), while Fig. 6.5(b) shows that the lowest eigenfrequency goes to
zero which is the evidence of a second order phase transition [33].

6.3.2 Transition between 2−4−2 chains: Re-entrant behavior

A second order transition in the ground state configuration occurs between phases
2 and 4 (Fig. 6.3). Such a transition reveals an interesting effect which is put in
evidence in Fig. 6.5(a). The transition between 2 − 4 − 2 chains is found by
increasing ϕ within the interval (59◦ . θ . 63◦) in the θ − ϕ phase diagram
(Fig. 6.2). This is demonstrated in Fig. 6.5(a) for θ = 62◦. A similar re-entrant
process has been found in dipolar fluids [167] and recently also for Q1D systems
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Figure 6.5: (a), (c) The y-position of the particles in the ground state for a system with
p = 1 and V0 = 0.03 as a function of ϕ, for two different values of θ indicated in each
figure. (b) Lowest eigenfrequency of the system. Structural transitions occur when ω
exhibits a jump (first order) or when it becomes zero (second order).

of patchy particles [168, 169] and ferrogels [170].
This re-entrant process occurs after the zigzag transition takes place. In

Fig. 6.5(b) we show that, by increasing ϕ, the two-chain configuration (phase 2)
becomes less stable, since its lowest frequency approaches zero at the point
where the four-chain configuration (phase 3) arises from a continuous lattice de-
formation of phase 2. After that, the stability of the four-chain configuration in-
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Figure 6.6: Mechanism of the re-entrant process between 2−4−2 chains in the system.
The horizontal dashed lines accentuate the chain-like configuration of each phase.
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creases until ϕ ' 33◦, where the lowest eigenfrequency starts to decrease, return-
ing to the two-chain configuration through a continuous deformation of the lat-
tice. During this process the lowest eigenfrequency of phase 3 decreases to zero,
after that phase 2 appears again through a second order transition (Fig. 6.5(b)).

The mechanism of this re-entrant process, which occurs through a continuous
deformation of the lattice, is outlined in Fig. 6.6. Notice that this re-entrant
process is qualitatively different from the one found earlier in Ref. [33], where
these processes were found to be of first order. This difference is due to the
presence of the periodic potential. Without the periodic potential the particles
not only undergo a zigzag transition, but they also exhibit a discontinuous shift
in the x-direction which now is prevented by the periodic potential.

6.3.3 Soliton-like deformations of the single-chain phase
For larger values of θ (θ & 70◦) the anisotropy of the dipole-dipole interac-
tion determines most of the transitions found for the ground state configurations.
It forces to align the particles along B forming (short) row-like arrangements,
which may even result in the localization of two particles in the same cell of the
periodic potential, as shown in Fig. 6.2 for V0 = 0.03 (e.g., see phases 2, 5 and 6).
Some of these transitions result in a sequential deformation of the single-chain
configuration as shown in the highlighted region in Fig. 6.5(c), where the y-
position of the particles is plotted as a function of ϕ for θ = 70◦. In this case
the deformations appear between the two- and four-chain configurations, and the
region between the phases is identified as phase 4 in Fig. 6.2.

In Fig. 6.5(c) one can observe that, by increasing ϕ, the ground state phase
transitions in the highlighted region are a sequence of single-chain and two-chain
configurations followed by a group of disorder-like phases and after that four-
and three-chain configurations, where all transitions are of first order with the
exception of the zigzag transition which has been previously analyzed. The
first order transitions are evidenced by the discontinuities in the lowest eigen-
frequency of the system [33, 133] and the jumps in the y-coordinate position.

The disorder-like phases aforementioned are a consequence of the high an-
isotropy of the interaction potential. In order to understand this effect we con-
sider the limiting case θ = 90◦, where the dipole-dipole interaction is dominantly
attractive for ϕ < 30◦. In this limit the competition between the inter-particle
interaction and the periodic confinement potential (V0 = 0.03) produces a defor-
mation of the single-chain configuration immediately after the two-chain config-
uration appears. The single-chain configuration is suddenly broken by a local
deformation of the lattice, after that, the period of the position where such a de-
formation occurs decreases with ϕ until the four-chain configuration (phase 3) is
reached.
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Figure 6.7: The number of particles between defects (i.e. solitons) during the single-
chain sequential deformation process, is plotted as a function of ϕ for θ = 90◦ and
V0 = 0.03. Configurations of the disordered phases are shown in the upper figures,
where the positions of the defects are highlighted by red symbols for the particles, and
the gray ellipses indicate the cells formed by the confinement in combination with the
periodic potential.

In the upper part of Fig. 6.7 we show the deformation process presenting
some configurations that are typical for phase 4∗. In those configurations the
location of the defects are marked with red symbols for the particles. Similar
defects have been experimentally found in Q1D zigzag configurations of ion
crystals and were reported recently in Refs. [49,54,55,171], where they are con-
sidered as soliton-like configurations. Defects appear as frozen solitons whose
density increases with ϕ. From those configurations, the deformation process
can be understood as a perturbation of the one-dimensional lattice, uniformly
distributed along the axial direction, which allows the system to evolve through
first order transitions, into a Wigner crystalline structure. In order to clarify
this process, we plot the number of particles between defects (or solitons) as
a function of ϕ for the largest anisotropy of the interaction between particles
(i.e. θ = 90◦) when V0 = 0.03, in Fig. 6.7. This figure shows how the spatial
frequency of the defects (or the density of solitons) increases by increasing ϕ,
reducing the number of particles between defects until the ground state structure
reaches the four-chain configuration (phase 3). This process has been found pre-
viously for an infinite system of particles interacting through a purely repulsive
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interaction, confined by a power-law potential yα when α < 2, by increasing the
linear density of the system [120].

6.3.4 Effect of a periodic substrate potential
In this section we pay attention to the effect of the substrate potential on the
ground state configuration in the commensurate case with p = 1 and θ = 90◦.
The ground state configurations are summarized in the V0 − ϕ diagram which is
presented in Fig. 6.8. Notice that for θ = 90◦ the anisotropy of the dipole-dipole
interaction is maximum (see Fig. 6.1). For some intervals of ϕ (e.g. ϕ . 30◦,
ϕ & 68◦) the ground state configuration is unaffected by V0. For ϕ . 30◦ the
dipole-dipole interaction along the x-axis is dominantly attractive and the single-
chain configuration is found as the ground state (Fig. 6.3). On the other hand,
for ϕ & 60◦ the dipole-dipole interaction along the x-axis becomes dominantly
repulsive and the two-chain configuration is now obtained as the ground state
which is independent of V0. There is an intermediate interval 30◦ . ϕ . 68◦ in
which it is possible to control the system configuration through the strength of
the substrate V0.

The process of the single-chain sequential deformation, as previously dis-
cussed, is attenuated by increasing V0 reducing this process to a very narrow
region (see inset in Fig. 6.8), where the deformation is reduced to the phases
4A − 4C. For V0 > 1 the ground state configuration is less sensitive to a vari-
ation of V0, as is visible in Fig. 6.8. In all cases the effect of V0 is to rearrange
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Figure 6.8: Phase diagram of the ground state configuration, for a system of dipole
particles for the case SI with p = 1 and θ = 90◦. Different phases are plotted in
different colors as a function of the angle ϕ and the strength of the substrate potential V0.
The solid (dashed) lines represent first (second) order transitions between the phases.
Numbered phases are shown in Fig. 6.3. The dashed box area is enlarged in the inset.
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the configuration by moving the particles towards the center of the cell in the
y-direction, as was previously studied in Ref. [ [161]].

It is interesting to note that phases 7 and 8 do not appear in Fig. 6.8, show-
ing that these are characteristic configurations produced by the anisotropy of the
interaction, which can be found in a small window of the angles θ and ϕ, for a
weak strength of the periodic potential V0, as shown in Fig. 6.2. The configura-
tion of these phases (see Fig. 6.3) is evidence that the position of the particles are
mainly determined by the interaction potential.

6.4 Non-completely commensurate system
We further analyze the influence of the commensurability factor on the system
by taking p = 1/2 bearing in mind that p can be controlled by L or the linear
density η (see Eq. (6.5)). The ground state configurations are summarized in
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Figure 6.9: Phase diagram of the ground state configuration for a system of dipole
particles in the regime SII with p = 1/2. Different phases are plotted as a function of
(a) ϕ and V0 for θ = 90◦, and (b) ϕ and θ for V0 = 0.03. The solid (dashed) lines
represent first (second) order transitions between phases. Numbered phases are shown
in Fig. 6.10. The dashed box areas are elongated in the insets.
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the V0 − ϕ (θ − ϕ) phase diagram for θ = 90◦ (V0 = 0.03) which is presented
in Fig. 6.9(a) (6.9(b)). The configurations of the numbered phases in Fig. 6.9
are shown in Fig. 6.10, where the gray ellipses indicate the cells formed by the
confinement and the periodic potential.

From Fig. 6.9(a), one can see that the effect of the periodic potential in-
creases with increasing V0, as was studied in previous section, and it results in
a rearrangement of the configuration, moving the particles towards the center of
the cell. The single-chain sequential deformation process described by phases 4∗

and 4A − 4C which were analyzed in Sec. 6.3.3, is still present for p = 1/2.
However, due to the existence of an empty cell between two nearest particles in
these phases (see Fig. 6.10), the movement in the x-direction is highly restricted,
as a consequence the single-chain deformation process will be reduced rapidly
to the phases 4B and 4C by increasing V0, as is shown by the inset in Fig. 6.9(a).
In the same way, the zigzag transition disappears around V0 = 0.5, allowing the
system to transit from phase 1 directly to phase 4 for higher values of V0.

On the other hand, Fig. 6.9(b) shows that due to the symmetry of the periodic
potential wells, the effect of the interaction anisotropy on the system for small
values of θ, is similar to the previously discussed case of p = 1 allowing to make
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accentuate the different chains and the gray ellipses represent the cells formed by the
confining and periodic potentials (which is shown as a color contour plot in 1).
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the two-chain configuration (phase 2 in Fig. 6.10) as the ground state. Addition-
ally, by increasing θ the stability of phase 2 decreases allowing the system to
reach other configurations as ground state. After that, several phases are found,
but only until phase 5 the ground state configurations correspond to one particle
per two cells, showing the large influence of p on the system inside the region
ϕ < 50◦.

As a consequence of the new symmetry imposed by the commensurability
factor some new configurations, beyond those found for the case p = 1, are
found for the case p = 1/2. As was discussed at the end of previous section,
these configurations (phases 6, 8 and 9) are generated as a consequence of the
anisotropy of the interaction potential for intermediate values of θ.

Figs. 6.11(a) and 6.11 (b) show an interesting transition in the region 60◦ .
ϕ . 80◦ for θ = 48◦ and V0 = 0.03. In this region the ground state changes
between phases 2 − 6 − 8 − 9 − 10, where the first two correspond to differ-
ent two-chain configurations, and the last one is a typical Q1D Wigner crystal
with a three-chain configuration. Nevertheless, transition between phase 8 (eight
chains) and phase 9 (ten chains) occurs with a small discontinuity in its lowest
eigenfrequency as shown in Fig. 6.11(b) around ϕ = 71◦. Such a transition is
even more clear in Fig. 6.11(a) where the y-position of the particles are plotted
as a function of ϕ. In Fig. 6.10, the configuration of phases 8 and 9 are shown
where the dashed lines indicate the position of the different chains. Additionally,
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Figure 6.11: (a), (c) The y-position of the particles in the ground state for a system with
p = 1/2 and V0 = 0.03 as a function of ϕ, for two different values of θ indicated in
each figure. (b) Lowest eigenfrequency of the system for θ = 48◦ (dashed red line) and
θ = 66◦ (solid black line).
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the red arrows show the displacement of the particles when ϕ increases.
The two-chain configuration for p = 1/2 is found in three different phases

(2, 6 and 7 in Fig. 6.10), which shows that the zigzag symmetry is broken with
increasing ϕ. However, the transition between these phases is discontinuous,
even for small values of V0, as shown in Fig. 6.11(b) for θ = 66◦ and V0 = 0.03,
where the discontinuities in the lowest eigenfrequency of the system indicate first
order transitions between these phases. These discontinuities are also evident in
the y-position of the particles as a function of ϕ in Fig. 6.11(c).

6.5 Conclusions
We studied a Q1D system of magnetic particles confined by a parabolic channel
modulated by a periodic substrate potential, where the magnetic moment of all
particles is aligned by an external tilted magnetic field. The linear density in the
direction of the modulated potential was fixed to η = 0.8 and the ground state
configuration at zero temperature was analyzed as a function of the magnetic
field orientation, strength of the periodic potential and commensurability factor.
A plethora of different particle configurations were found as ground state, which
are arranged in a different number of chains, and we even found a remarkable
soliton-like configuration where the density of solitons could be varied with the
tilt angle.

The anisotropy of the pairwise interaction between particles, determined by
the magnetic tilt angles θ and ϕ is largely responsible for the crystalline config-
uration of the system, but its effect decreases by increasing V0. For small values
of V0, the angle θ controls the degree of anisotropy of the system and with the
in-plane angle ϕ it is possible to tune the ground state configuration. On the
other hand, for the limiting case of maximum pairwise anisotropy (θ = 90◦), the
control of the ground state configuration depends weakly on ϕ for large values
of V0.

The commensurability factor not only changes the stability region of the
phases, as shown in the phase diagrams, but it also produces the emergence
of characteristic ground state configurations due to its symmetry. However, in
order to get these characteristic phases for each commensurability factor, it is
necessary to tune θ and ϕ to appropriate values.

From these results we can conclude that varying θ and ϕ allows us to tune
the ground state of the system, while the effect of V0 is to rearrange the config-
uration by moving the particles to the center of the cells in the y direction. The
commensurability factor, controlled by L or the density, acts as a complementary
tunable parameter which gives the freedom to build a desired configuration.

The large variety of chain-like phases found in this work, allows us to suggest
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that the effects of the parameters on the system will be similar for larger values of
the density, where the number of phases may increase but the transition between
them will be qualitatively similar. This could be very useful as input parame-
ter for experiments with magnetic particles, where the sinusoidal confinement
can be realized by the application of external potentials through spatially vary-
ing light fields, which have been used to induce structural changes in colloidal
systems [147, 160, 172], while the configurations can be obtained by video mi-
croscopy for different external magnetic fields as was demonstrated in Ref. [59].

Publication The results of this chapter were published as:

• J. E. Galván-Moya, D. Lucena, W. P. Ferreira and F. M. Peeters, Magnetic
particles confined in a modulated channel: Structural transitions tunable
by tilting a magnetic field, Phys. Rev. E 89, 032309 (2014) (9 pages).
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Competing interactions: Highly

symmetrical 3D clusters

The properties and applications of metallic nanoparticles are inseparably con-
nected not only to their detailed morphology and composition, but also to their
structural configuration and mutual interactions. As a result, the assemblies of-
ten have superior properties as compared to individual nanoparticles. Although
it has been reported that nanoparticles can form highly symmetric clusters, if the
configuration can be predicted as a function of the synthesis parameters, more
targeted and accurate synthesis will be possible. We present here a theoretical
model that accurately predicts the structure and configuration of self-assembled
gold nanoclusters. The validity of the model is verified using quantitative exper-
imental data extracted from electron tomography 3D reconstructions of different
assemblies. The present theoretical model is generic and can in principle be used
for different types of nanoparticles, providing a very wide window of potential
applications.

This work was realized in a close collaboration with Electron the Microscopy
for Material Science (EMAT) research group of the University of Antwerp and
the Bionanoplasmonics Laboratory (CIC biomaGUNE) group in San Sebastian,
Spain.
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7.1 Introduction

Assemblies of nanoparticles in two and three dimensions have gained increasing
interest because of their multiple applications [73, 144, 173–175] and improved
properties, compared to those of their building blocks [176–180]. By varying
experimental parameters, such as the size and shape of the individual particles
or the nature and length of the capping ligands, different nanostructures with
unique configurations can be obtained. However, the complex mechanism and
interplay of the forces and processes leading to a given assembly is often poorly
understood and in some cases only empirically found. Having access to such
information would enable researchers to predict the stacking of the individual
nanoparticles into a specific configuration as a function of the experimental pa-
rameters. In this manner, the synthesis of nanoassemblies with tailored proper-
ties for specific applications would become much more accurate and efficient. In
this chapter, we demonstrate a thorough understanding of the formation of sym-
metrical 3D nanoassemblies by combining a state-of-the-art structural analysis
with modern computational techniques.

Transmission Electron Microscopy (TEM) is an ideal technique to investi-
gate materials at the (sub)nanometer scale and has therefore been widely used
in the study of nanomaterials. In order to understand the connection between
structure and properties of these materials, the combination of TEM and the-
oretical calculations is very powerful [68, 181, 182]. However, it is important
to realize that TEM images only correspond to a two-dimensional (2D) projec-
tion of a three-dimensional (3D) object. In order to gain the necessary struc-
tural information concerning the 3D nanoassemblies, 3D TEM, so-called elec-
tron tomography, has to be performed [72, 183, 184]. Recently, this technique
has proven its power in the investigation of 3D nanoassemblies, especially when
quantitative data, such as particle diameters or positions, are required [72, 73].
2D self-assembled systems have been theoretically studied in depth during the
last decade [30, 77, 143, 146, 148, 185–188], and the transition between 2D and
3D assemblies has been recently investigated [77]. However, these studies are
mainly based on phenomenological models [68, 73, 76, 78, 114, 189], but do not
yield insight concerning the underlying physical processes involved during the
formation of the 3D assemblies.

In the present work, we combined state-of-the-art electron tomography re-
sults with a new theoretical model, which is easy to implement and moreover,
which provides a thorough understanding of the formation of 3D assemblies
from the aggregation of gold nanoparticle building blocks. In the selected ex-
ample shown in Fig. 7.1, gold nanospheres grafted with polystyrene chains form
clusters in solution upon increasing the solvent dielectric constant, where L
stands for the polymer chain length, D for the particle diameter and
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γ =

(
1 +

2L

D

)3

(7.1)

is the ratio of the total volume taken by the particle and the polymer and the
volume of the Au particle, which is thus a material independent quantity. This
was interpreted as an interplay between van der Waals and hydrophobic attrac-
tion and steric repulsion forces. The model we propose here is more general, in
the sense that it is based on the competition between a long-range attractive and
a short-range repulsive force for each pair of particles. This is explained as an
effective interaction between particles, which in the present study will be taken
as isotropic, assuming that all nanoparticles are identical and spherical, which
is reasonable in the case of the experiments considered here. The combination
of electron tomography and the new theoretical model enables us to predict the
3D configuration of the obtained Au nanoassemblies with high accuracy. It is
however important to point out that, because of the generality of the model, our
approach can be applied to a wide variety of nanoparticle assemblies.

7.2 Structural analysis

Using electron tomography, the 3D configurations were determined for several
assemblies obtained using different synthesis parameters. The most relevant pa-
rameters correspond to the diameter of the individual nanoparticles (D) and the
polymer chain length (L). The experimental results are presented in Fig. 7.1;
they show essentially two different kinds of configurations. For assemblies con-
taining particles with a relatively small diameter grafted with polymers of short
chain length (L) a dense packed configuration was found [Fig. 7.1(a)-(c)]. How-
ever, in the case of longer polymer lengths, shell like structures can be identified
[Fig. 7.1(d)-(i)]. Strikingly, some of the 3D reconstructions, such as the exam-
ple presented in Fig. 7.1(d) yield a highly symmetric and regular 3D stacking of
the individual nanoparticles. In Fig. 7.1(g), an icosahedron is clearly observed,
but also other types of polyhedra were found. It should be noted that for large
and more dense packed assemblies, such as the example in Fig. 7.1(f), regular
stackings were not observed, but the arrangement was closer to spherical sym-
metry. For certain configurations however, some shells appear to be incomplete,
i.e. particles are missing. In order to obtain a thorough understanding of the for-
mation of such assemblies, the electron tomography results were compared with
computer simulations.
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Figure 7.1: 3D representation of reconstructed assemblies from experimental 2D TEM
images at various angles. In each image, the synthesis parameters (D and L) and the
value of γ for each configuration are given. Different colors refer to the different shells
in the assemblies. From EMAT research group.

7.2.1 Structures of the highly symmetric nanoassemblies

Using 3D tomographic reconstruction we visualized the structural organization
of gold nanoassemblies, as shown in Fig. 7.2. Figs. 7.2(a)-(c) show a few exam-
ples of different assemblies that were experimentally found, evidencing a spheri-
cally organized arrangement into shells for each of these assemblies. Figs. 7.2(d)-
(f) show only the particles located at the inner shells. In Figs. 7.2(d) and 7.2(e)
the arrangement of the inner shells is found to be a tetrahedron and an icosa-
hedron, for systems of N=33 and N=59 particles, respectively. These recon-
structions evidence the highly symmetric arrangement of particles in this kind of
systems.
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Figure 7.2: Tomographic reconstructions of the experimentally obtained assemblies.
(a), (b), (c) 3D representations of three different reconstructed assemblies. (d), (e), (f)
3D representation of the inner shell of the assemblies presented in (a)-(c) respectively,
showing their regular structures e.g. the tetrahedron (d) for N=33 and the icosahedron
(e) for N=59. From EMAT research group.

7.3 Theoretical analysis
The interparticle distances in such self-organized systems have been explained
theoretically, showing that the interaction between particles is complex and in-
volves many variables [73, 76]. Recently, in Ref. [73], a similar system consist-
ing of polystyrene (PS)-stabilized spherical gold nanoparticles (Au) dispersed in
tetrahydrofuran (THF) was analyzed, and the interaction energy between each
pair of particles was assumed as follows:

E =
100DL2kT

πs3
e−πrD/L − D

12

(
A232

rD − 2L
− A123

rD − L
+
A121

rD

)
−2πDD0λ(1− f)e−(rD−2L)/D0 . (7.2)

In this expression rD is the distance between the surfaces of two interact-
ing nanoparticles, D and L are the particle diameter and the polymer chain
length respectively, while An is the Hamaker constant (A123 = AAu−PS−THF ,
A121 = AAu−PS−Au and A232 = APS−THF−PS). The hydrophobic interaction is
described by the dimensionless parameter f . The parameters listed in Table 7.1
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Symbol Description Value
D Diameter of nanoparticle 20.0 nm
L Average of the polymer chain length 39.0 nm
s Footprint of the polymer chain length 1.4 nm
T Temperature of the sample 298 K
A123 Hamaker constant 2.3x10-20 J
A121 Hamaker constant 1.0x10-19 J
A232 Hamaker constant 5.7x10-21 J
D0 Decay length for the hydrophobic force 1.0 nm
λ Interfacial tension of the polyestyrene-20%water/80%THF 8.0x10-3 J/m2

Table 7.1: List of the synthesis parameters used in the model of Eq. (7.2).

are taken from Ref. [73].
Although the model proposed in Ref. [73] may very well predict interparticle

distances, it turns out that the 3D configuration of the assemblies cannot be ob-
tained. The reason is that in the model of Ref. [73], the van der Waals interaction
is only correctly described in the limit of close-approach and overestimates the
strength of the long-range interaction. Here, we propose a potential that is based
on a generalized Morse interparticle interaction:

E =
N∑
i=1

N∑
j>i

(
Ae−αrij − B̃e−β̃rij

)
. (7.3)

In this expressionA (B̃) and α (β̃) are real numbers that modulate the strength
and the screening of the repulsion (attraction) between particles,N is the number
of particles in the assembly, and rij represents the distance between the centers of
the i-th and the j-th particles in the self-assembled system. A similar interaction
was used previously to describe the structure of 2D self-organized colloidal sys-
tems [190]. For a given temperature T , Eq. (7.3) can be written in dimensionless
form as follows:

E =
N∑
i=1

N∑
j>i

(
e−αrij −Be−βrij

)
, (7.4)

where β = β̃/α, while the energy and the distances are given in units of E0 =
AkBT and r0 = αr̃0, respectively. The average distance between concentric
shells in the assembly is given by r̃0, which is defined as the characteristic length
of the system. This potential consists of a repulsive and an attractive term, where
the latter is modulated by its strength B, and interaction range 1/β. A similar
interaction has been used to describe successfully the structural formation of 2D
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Eq. (7.2) for different hydrophobic factors (f), and the blue curve shows the interaction
considered in the present model wtih B = 0.62 and β = 0.5. Energy and distance are
expressed in dimensionless units.

self-organized colloidal systems [190]. Here, we expand the approach to 3D
assemblies.

The advantage of this potential is that, in the interparticle distance range
near its minimum, it can be mapped on the potential of Ref. [73], from which
experimental synthesis conditions can be extracted. Once this relationship has
been established and the theoretical parameters have been linked to the synthesis
conditions, the procedure can be reversed and thus, starting from experimental
synthesis conditions the final configuration can be predicted.

The ground state configuration is obtained by Monte Carlo (MC) simulations
supplemented with the Newton optimization method. irrespective of the values
of B and β, we notice that the model is translational and rotational invariant.
Due to the isotropic interparticle interaction, highly symmetric structures were
found, in agreement with our electron tomography results. Based on numeri-
cal simulations, a good agreement with the experimental results has been found
with β = 0.5, for all samples investigated. This implies a relative short-range
attraction between the particles. The parameter B can be used as an adjustable
parameter that determines the packing density.

It was described earlier, in Ref. [73], that in the case of sufficiently large
hydrophobic interactions, two energetically favorable stability regions are found
for two interacting particles. These regions are highlighted in Fig. 7.3. The first
region is located around r1 = D + 2L whereas the secondregion can be found
around the second minimum for r2 > r1. A similar landscape for such pairwise



122 COMPETING INTERACTIONS: HIGHLY SYMMETRICAL 3D CLUSTERS

interaction was found in Ref. [76], by considering competing interactions. These
two stability regions (local minima) are separated by an energy barrier, which is
modulated by the hydrophobic interaction. One could conclude that, in case
the average inter- particle distance is found inside the first region, the system is
characterized by a densely packed configuration, whereas if the average distance
between particles is found inside the second region, the system will be arranged
in a shell-like configuration. Previous models [73,76] show that the interparticle
distance of the assemblies, is around the second minimum (r2).

From Ref. [73] it is clear that the presence of the hydrophobic attraction
decreases the height of the energetic barrier between these two regions, thereby
increasing the probability to form densely packed configurations. On the other
hand, when the effective contribution from the hydrophobic interaction is small,
which is the case for long polymer chains compared to the particle size, the
distances between particles are large enough to form shell-like structures.

The correction introduced by the present model is represented by the screen-
ing of the pairwise interaction potential after the minimum, as shown in Fig. 7.3
for r − (D + 2L) > 3. Note that the structure of the configurations is controlled
by only two independent parametersB and β since r0 and α determine the length
scale of the sample, and A the energy scale.

7.3.1 Prediction and understanding of cluster formation

In order to correlate the experimental data with the theoretical calculations, we
introduce the mass density inside the shell defined by the ends of the polymer
chains surrounding each gold nanoparticle, which is given by ρ = ρc/γ, where
ρc is the density of Au. Experimentally, we found that for γ � 1, i.e. long poly-
mer chain lengths with respect to the particle size, the assembly formed by the

Shell-like Configuration
Sample D(nm) L(nm) γ N n Tomographic Theoretical

Reconstruction Prediction
A 20 20 27.000 33 2 (4, 29) (4, 29)
B 20 39 117.65 59 3 (1, 12, 46) (1, 12, 46)
C 40 45 34.520 132 3 (11, 37, 84) (11, 37, 84)

Table 7.2: Experimental sample parameters: D is the diameter of the Au particles and
L is the length of the polymer chains surrounding them, N is the number of particles
and n is the number of shells found in each cluster. The number of particles per shell for
the experimental assemblies and for the theoretical model with B = 0.65 are displayed
in the two rightmost columns.
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nanoparticles is highly spherical symmetric (see Fig. 7.1). As can be seen from
Eq. (7.4), the parameter B is a measure for the attraction between each pair of
particles. For smaller values of γ, and taking into account that the polymer chain
lengths are comparable to the particle size, the distance between Au nanoparti-
cles will be small and consequently deviations from the non-spherical geometry
of the nanoparticles will become important in the self-assembly process, which
are not taken into account in the present analysis. In this case, information about
detailed shape of the nanoparticles is needed in order to construct a non-spherical
symmetric interparticle interaction, which is beyond the scope of the present
work. As an example, we model three different clusters, which correspond to
Figs. 7.1(d),(g),(h). For the largest γ-values, as those listed in Table 7.2, the best
fit with the tomographic reconstruction was found with B = 0.65.

The best agreement between theory and experiment was achieved for large
γ-values, when complete shell structures, i.e. without vacancies, are formed
experimentally. We therefore focus on the interpretation of the three different
assemblies having large γ-values, with the experimental parameters listed in Ta-
ble 7.2. The relation between synthesis parameters and our theoretical model is
obtained by fitting Eq. (7.2) with Eq. (7.3) around the second minimum (gray
region in Fig. 7.3). Based on this fit, in Table 7.3 we shown the values of the
theoretical parameters when β = 0.5, for the three selected samples given in
Table 7.2.

Fig. 7.4 demonstrates the excellent agreement between the theoretical pre-
dictions and the experimental configurations obtained by tomographic recon-
struction. The comparison between experiment and simulations is based on the
number of particles per shell (rightmost columns of Table 7.2). It can be seen
that the simulations predict with high precision the particle positions for small
and intermediate cluster sizes (N = 33, 59), whereas a small discrepancy of
only one particle between the inner and the outer shell is found for the largest
one (N = 132). To further confirm the agreement we plotted the radial density
distribution of the assemblies (δ(r)) as a function of the interparticle distance,
which for this figure is scaled by the radius of the outer shell (router). This func-

Sample r0(nm) A α B

A 27± 2 2.2150 0.0390 0.5982
B 33± 3 0.9541 0.0162 0.6183
C 53± 7 1.4920 0.0131 0.6433

Table 7.3: The average distance between shells (r0) extracted from experiment, and the
values of the theoretical parameters A, α, and B are listed for different samples. The
screening parameter considered in the fitting process is β = 0.5.
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Figure 7.4: Comparison between configurations obtained from experimental recon-
struction (left) and simulations (right) with the parameters listed in Table 7.2. Particles
belonging to different shells are highlighted by different colors. In the central panel,
the radial density distribution function is plotted, where we compare the experimental
results with the ones obtained from theory.

tion is defined as the probability to find two particles separated by a distance r,
and is closely related to the radial distribution function, which is used to describe
the structure of the assemblies for larger systems [182].

Based on the use of δ(r), a comparison is presented in the central panel of
Fig. 7.4. For the experimental data we used the coordinates of the center of
mass of all nanoparticles in each assembly, as they were extracted from the to-
mographic reconstructions. The radial densities show very good agreement not
only in the number of peaks, which is intrinsically related to the shell-like struc-
ture, but also with respect to the location and height of the peaks.

Also from the simulation results it is clear that the particles at the inner shells
of the assemblies preferably sit in highly symmetric polyhedral structures. For
example, the third column of Fig. 7.4 confirms that the inner shell of sample
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A is formed by a regular tetrahedron, and the second shell of sample B forms
a regular icosahedron, as was experimentally found (see Fig. 7.2). These are
just few examples of regular structures that can be found. It must be noted that
also octahedra and different elongated bipyramidal structures are predicted by
our model, to form the inner shell configuration of assemblies with different
numbers of particles. This finding is in contrast to Lennard-Jones assemblies,
which were recently found to organize in planar configurations [68].

Simulations carried out for assemblies with an increasing number of particles
enabled us to describe the self-assembly process as follows: initially, for a small
number of particles (N < 12), all particles are arranged in a single shell, form-
ing configurations such as antiprisms and bipyramids but with regular polyhedra
(tetrahedron, octahedron and icosahedron) being dominant. Next, as the number
of particles increases, the potential energy minimization procedure results in a
rearrangement of the particles generating new shells of particles leading to an in-
crease of the radius of the outer shell and an increase of the intershell distances.
After increasing the number of particles further it becomes energetically more
favorable to occupy the next inwards located shell due to the high surface ten-
sion of the former shell. This process is repeated shell after shell till the most
inner shell reaches a critical size leading to a void at the center of the assembly.
After a further particle addition, this void is occupied by an additional particle,
resulting in the formation of a new shell.

In order to illustrate the physics behind the 3D assembly process, we show in
Fig. 7.5 the phase diagram of the ground state configurations for a system with
N = 59 particles as a function of the parameters in our model. In this figure,
the different letters represent different configurations of the system, which are
given at the right side of the figure by the number of particles in each shell. The
thick solid arrow indicates the direction of increasing packing fraction. Please
note that the best fit with the present experiment was obtained for B = 0.65
and β = 0.5. All transitions between different configurations were found to be
of first order. Following the configurations as they are alphabetically ordered in
Fig. 7.5, one can observe that increasing the attraction (B) leads to the migration
of particles from the inner to the outer shells. This is a consequence of the
reduction of the interparticle distance allowing the outer shells to accommodate
more particles.

In Fig. 7.5, the configurations at the left of A can no longer be described
as shell-like structures; they are structures with planar faces, which is typical for
particles interacting through a Lennard-Jones or Morse potential [68,114]. Start-
ing from configuration A and by increasing parameter B, all configurations re-
tain a shell-like structure after going through the following configurations: dense
packed configuration −→ regular triangular configuration (polyhedral configura-
tions) −→ spherical-like shell configuration. The last transition occurs through
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Figure 7.5: Phase diagram of the ground state configuration of an assembly with N =
59 gold nanoparticles, as a function of the theoretical parameters B and β. Different
colors represent different configurations as they are labeled alphabetically in the figure.
The number of particles per shell for each configuration is indicated in the column on the
right side. The thick solid arrow indicates the direction of increasing packing fraction.

a continuous process of shell radius reduction.
In order to understand the cluster formation process, in Table 7.4 we present

the cluster configuration for all metastable states as a function of the number of
particles in the cluster for B = 0.65 and β = 0.5. In this table the energy per
particle for each configuration is presented and the percentage difference with
respect to the ground state is calculated. Notice that for small number of particles
only one stable state is found, but the number of metastable states increases with
the number of particles in the cluster. However, about the metastable states it is
important to remark that the energy difference with respect to the ground state
is less than 0.1% for N > 20, which make it experimentally likely to find a
metastable state rather than the ground state configuration.

Our theoretical approach allows us to explain the formation of the assemblies
and to correctly predict their 3D configuration for the considered synthesis pa-
rameters of our samples. The observed structures result from the tendency of the
system to form a close packed configuration, as obtained for small values of B,
as well as from the formation of a shell-like structure due to strong attraction.
The stronger the attraction, the more particles can be packed on a specific shell,
and the more shell-like the final structure will be. This phenomenon is closely
related to the surface tension, where the attraction between molecules or atoms
results in the minimization of the surface formed by the particles on the outer
shell. This competition results, in the case of strong attraction, in a sequential
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N Configuration E/N %E0

3 0 0 3 -0.10563
4 0 0 4 -0.15844
5 0 0 5 -0.20740
6 0 0 6 -0.25798
7 0 0 7 -0.30428
8 0 0 8 -0.35148
9 0 0 9 -0.39785

0 1 8 -0.39447 0.85097
10 0 0 10 -0.44339

0 1 9 -0.44183 0.35109
11 0 1 10 -0.48828

0 0 11 -0.48770 0.1202
12 0 0 12 -0.53383

0 1 11 -0.53349 0.064
13 0 1 12 -0.58021

0 0 13 -0.57681 0.58615
14 0 1 13 -0.62395

0 0 14 -0.62083 0.49945
15 0 1 14 -0.66854

0 0 15 -0.66429 0.63605
16 0 1 15 -0.71254

0 2 14 -0.71100 0.21497
0 0 16 -0.70766 0.68465

17 0 1 16 -0.75639
0 2 15 -0.75522 0.15367

18 0 1 17 -0.79995
0 2 16 -0.79946 0.06135

19 0 1 18 -0.84334
0 2 17 -0.84330 0.00366
0 3 16 -0.84199 0.15997

20 0 2 18 -0.88701
0 1 19 -0.88610 0.10264

21 0 2 19 -0.93021
0 3 18 -0.92991 0.03236
0 1 20 -0.92931 0.09607

22 0 2 20 -0.97370
0 3 19 -0.97332 0.03867
0 1 21 -0.97206 0.1683

23 0 3 20 -1.01700

N Configuration E/N %E0

0 2 21 -1.01676 0.02333
0 4 19 -1.01629 0.07012

24 0 3 21 -1.06023
0 4 20 -1.06011 0.01133
0 2 22 -1.05976 0.04399

25 0 3 22 -1.10345
0 4 21 -1.10337 0.00751
0 2 23 -1.10230 0.10454

26 0 4 22 -1.14672
0 3 23 -1.14619 0.04671
0 5 21 -1.14582 0.07903
0 2 24 -1.14519 0.13398

27 0 4 23 -1.18963
0 3 24 -1.18928 0.02922
0 5 22 -1.18919 0.03687

28 0 4 24 -1.23281
0 5 23 -1.23225 0.04572
0 3 25 -1.23183 0.08011
0 6 22 -1.23181 0.08179

29 0 4 25 -1.27556
0 5 24 -1.27554 0.00182
0 6 23 -1.27500 0.04414
0 3 26 -1.27443 0.08874

30 0 6 24 -1.31845
0 5 25 -1.31838 0.00545
0 4 26 -1.31833 0.00965

31 0 6 25 -1.36127
0 5 26 -1.36126 0.00085
0 4 27 -1.36112 0.01074

32 0 6 26 -1.40422
0 5 27 -1.40418 0.00285
0 4 28 -1.40367 0.0395

33 0 6 27 -1.44723
0 5 28 -1.44681 0.0291
0 4 29 -1.44593 0.08984

34 0 6 28 -1.48993
0 7 27 -1.48955 0.02525
0 5 29 -1.48923 0.04702
0 4 30 -1.48837 0.10441

Table 7.4: The Mendeleev-like table for the configuration of the assemblies found for
B = 0.65 and β = 0.5 as function of the number of particles in the cluster (N ). The
lowest energy metastable states are presented, with their energy per particle (E/N ) and
percentage difference with respect to the ground state (%E0) in the rightmost columns.
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N Configuration E/N %E0

35 0 6 29 -1.53250
0 7 28 -1.53232 0.01156
0 8 27 -1.53194 0.0364
0 5 30 -1.53181 0.04463

36 0 6 30 -1.57513
0 7 29 -1.57497 0.01048
0 8 28 -1.57475 0.02397
0 5 31 -1.57421 0.05836

37 0 7 30 -1.61769
0 6 31 -1.61766 0.00208
0 8 29 -1.61745 0.01533
0 5 32 -1.61677 0.05683

38 0 6 32 -1.66031
0 7 31 -1.66028 0.00154
0 8 30 -1.66023 0.00446

39 0 7 32 -1.70299
0 8 31 -1.70291 0.00452
0 9 30 -1.70260 0.02291
0 6 33 -1.70237 0.03634

40 0 8 32 -1.74566
0 9 31 -1.74529 0.02113
0 7 33 -1.74519 0.02725
0 6 34 -1.74467 0.05672

41 0 9 32 -1.78809
0 8 33 -1.78796 0.00706
0 7 34 -1.78755 0.02974

42 0 9 33 -1.83047
0 8 34 -1.83040 0.00337
0 10 32 -1.83033 0.00759
0 7 35 -1.82984 0.03401

43 0 9 34 -1.87295
0 10 33 -1.87276 0.01032
0 8 35 -1.87276 0.01038
0 7 36 -1.87212 0.04428

44 0 9 35 -1.91535
0 10 34 -1.91528 0.00389
0 8 36 -1.91507 0.01471
1 10 33 -1.91474 0.03186

45 0 9 36 -1.95775
0 10 35 -1.95774 0.0003
0 8 37 -1.95737 0.01927
0 11 34 -1.95736 0.01984

N Configuration E/N %E0

1 10 34 -1.95726 0.02498
1 9 35 -1.95726 0.02516

46 0 10 36 -2.00022
0 9 37 -2.00011 0.00544
0 11 35 -1.99989 0.01627
1 10 35 -1.99976 0.0229
1 9 36 -1.99971 0.02534
0 12 34 -1.99969 0.02651
0 8 38 -1.99956 0.03297

47 0 10 37 -2.04260
0 11 36 -2.04239 0.01015
0 9 38 -2.04239 0.01027
1 10 36 -2.04225 0.01678
0 12 35 -2.04225 0.01686
1 9 37 -2.04211 0.02384
1 11 35 -2.04208 0.02542

48 0 10 38 -2.08494
0 11 37 -2.08481 0.00649
0 12 36 -2.08476 0.00855
1 10 37 -2.08467 0.01323
0 9 39 -2.08463 0.01501
1 11 36 -2.08459 0.01695
1 12 35 -2.08458 0.0171
1 9 38 -2.08444 0.0238

49 0 10 39 -2.12724
0 11 38 -2.12721 0.00129
0 12 37 -2.12720 0.00164
1 12 36 -2.12709 0.00694
1 10 38 -2.12706 0.00818
1 11 37 -2.12701 0.01075
0 9 40 -2.12677 0.02201
1 9 39 -2.12674 0.02337

50 0 12 38 -2.16965
0 11 39 -2.16958 0.00319
1 12 37 -2.16952 0.00602
0 10 40 -2.16945 0.009
1 11 38 -2.16943 0.00995
1 10 39 -2.16939 0.01188
11 1 37 -2.16935 0.01361
1 13 36 -2.16913 0.02383
0 9 41 -2.16896 0.03185

51 0 12 39 -2.21205

Continuation of Table 7.4.
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N Configuration E/N %E0

1 12 38 -2.21198 0.00326
0 11 40 -2.21184 0.00954
1 11 39 -2.21176 0.0133
0 10 41 -2.21166 0.01785
1 10 40 -2.21163 0.019
1 13 37 -2.21160 0.02036

52 1 12 39 -2.25439
0 12 40 -2.25438 0.00071
1 11 40 -2.25412 0.0123
0 11 41 -2.25408 0.01386
1 13 38 -2.25407 0.01435
0 13 39 -2.25398 0.01851
1 10 41 -2.25389 0.02208
0 10 42 -2.25379 0.02653

53 1 12 40 -2.29673
0 12 41 -2.29663 0.00434
1 13 39 -2.29648 0.01093
0 13 40 -2.29641 0.01395
1 11 41 -2.29639 0.01474
0 11 42 -2.29628 0.01955
1 10 42 -2.29608 0.0282
0 10 43 -2.29586 0.03771

54 1 12 41 -2.33900
1 13 40 -2.33891 0.00369
0 12 42 -2.33887 0.00555
0 13 41 -2.33868 0.01382
1 14 39 -2.33866 0.01458
1 11 42 -2.33863 0.01568
0 11 43 -2.33839 0.02586
0 10 44 -2.33800 0.04292

55 1 12 42 -2.38127
1 13 41 -2.38119 0.00319
1 14 40 -2.38108 0.00797
0 12 43 -2.38105 0.00907
0 13 42 -2.38094 0.0135
0 14 41 -2.38077 0.02083
1 11 43 -2.38076 0.02134
1 15 39 -2.38069 0.02429
1 10 44 -2.38036 0.03802

56 1 12 43 -2.42347
1 13 42 -2.42347 0.00023
1 14 41 -2.42342 0.00239
0 12 44 -2.42327 0.00847

N Configuration E/N %E0

0 13 43 -2.42317 0.01262
1 15 40 -2.42313 0.01419
0 14 42 -2.42307 0.01651

57 1 12 44 -2.46572
1 13 43 -2.46571 0.0003
1 14 42 -2.46571 0.00048
1 15 41 -2.46555 0.007
0 13 44 -2.46543 0.0118
0 12 45 -2.46534 0.01549
0 14 43 -2.46533 0.01571

58 1 14 43 -2.50799
1 13 44 -2.50798 0.00032
1 15 42 -2.50786 0.00507
1 12 45 -2.50781 0.00717
0 14 44 -2.50763 0.0143
0 13 45 -2.50754 0.01777
1 16 41 -2.50753 0.01844
0 12 46 -2.50738 0.02421

59 1 14 44 -2.55028
1 15 43 -2.55018 0.00412
1 13 45 -2.55011 0.00666
1 16 42 -2.54991 0.01471
1 12 46 -2.54989 0.01519
0 14 45 -2.54978 0.01949
0 13 46 -2.54962 0.02585
0 12 47 -2.54935 0.03632

60 1 15 44 -2.59245
1 14 45 -2.59244 0.00026
1 16 43 -2.59226 0.00732
1 13 46 -2.59222 0.00908
1 12 47 -2.59190 0.0211
0 14 46 -2.59190 0.02135
0 13 47 -2.59167 0.03026
0 12 48 -2.59148 0.03747

61 1 15 45 -2.63467
1 14 46 -2.63457 0.00353
1 16 44 -2.63457 0.00378
1 13 47 -2.63429 0.01416
1 17 43 -2.63423 0.01678
1 12 48 -2.63404 0.02375
0 14 47 -2.63399 0.02573
0 13 48 -2.63382 0.03213

62 1 15 46 -2.67681

Continuation of Table 7.4.
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N Configuration E/N %E0

1 16 45 -2.67678 0.00123
1 14 47 -2.67668 0.00483
1 17 44 -2.67658 0.00885
1 13 48 -2.67645 0.01358
0 14 48 -2.67619 0.02341

63 1 16 46 -2.71902

N Configuration E/N %E0

1 15 47 -2.71895 0.00271
1 14 48 -2.71888 0.00508
1 17 45 -2.71884 0.00653
1 13 49 -2.71843 0.02166
0 15 48 -2.71838 0.02353
0 14 49 -2.71817 0.03126

Continuation of Table 7.4.

formation of regular polyhedra. Although shell-like structures are expected to
form for large γ-values, experimental evidence showed that this is the case even
in the region 27 ≤ γ ≤ 117. Experimentally, close packed configurations are
expected for nanoparticles with a weak attraction, while shell-like structures are
expected to be formed for nanoparticles with a strong attraction.

In the formation process previously described, we found that the attraction
between particles is of relative short-range character (β = 0.5). This allowed
us to obtain an optimal agreement between theory and experiment (Fig. 7.4),
showing that the screening of the attraction is not affected by either the particle
size or the polymer length. The relation between synthesis parameters and the
model parameter B is obtained by fitting the potential presented in Ref. [73]
around the local minimum with our model (Eq. (7.3)). In Fig. 7.6 this relation is
given for different values of particle size (D) and polymer length (L).

From Fig. 7.6 one can see that the value of B is proportional to both particle
size and polymer chain length. From these results, one can conclude that the
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Figure 7.6: Theoretical parameter (B) plotted as a function of the particle diameter (D)
for different values of the polymer chain length (L). These points have been calculated
by adjusting the energy curve proposed in Ref. [73] through Eq. (7.3) for β = 0.5.
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attraction between particles increases with the polymer length (which may be
related to hydrophobic forces), but that the increment becomes less significant for
smaller particle sizes (where van der Waals forces are weaker). Fig. 7.6 reveals
that the values of B are in the interval [0.58, 0.67], which confirms the validity
of the present model where the theoretical structures correspond to B = 0.65
(see Fig. 7.4). These results indicate that by increasing the polymer chain length
the strength of the attraction between particles increases, resulting in a reduced
packing fraction and a more symmetrical configuration.

7.3.2 Material dependence

The Hamaker constants modulate the van der Waals interactions in Eq. (7.2).
These constants are related to the chemical compositions of the synthesis (sol-
vent and surfactant) [73]. In order to understand the effect of the synthesis com-
position on the attraction between particles, we show in Fig. 7.7 the behavior of
the parameter B, fitted from Eq. (7.2), as a function of the Hamaker constants
A123 (red squares), A232 (blue triangles) and A121 (green circles). In each case,
when a Hamaker constant is varying, the rest of the parameters are fixed to the
values presented in Table 7.1. From Fig 7.7 one can see that the strength of the
attraction (B) increases when the interaction between the nanoparticle and the
solvent (A123) increases. On the other hand, B decreases when A232 increases,
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Figure 7.7: Theoretical parameter B plotted as a function of the Hamaker constants
A123 (red squares), A232 (blue triangles) and A121 (green circles). These points were
calculated by fitting the interparticle energy Eq. 7.2, using the present model with a fix
screening parameter of β = 0.5. Curves connecting symbols indicate the behavior of
a continuous increase of the Hamaker constant. All synthesis parameters used in this
calculation are shown in Table 7.1.
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showing a strong dependence on the relation between the polymer and the sol-
vent. A similar behavior is evidenced by increasing A121, indicating that the
attraction decreases when the Hamaker constant, related to the interaction be-
tween nanoparticles and polymer chains, increases.

7.4 Methodology section: Experimental set-up
This section is provided thanks to the collaboration with the EMAT and CIC
biomaGUNE reasearch groups.

Synthesis: Nine batches of gold nanoparticles (18.0± 0.5nm, 40.0± 0.9nm
and 61.7 ± 1.5nm), stabilized with polystyrene (Mw = 5.8, 21.5, 53 kg/mol)
were prepared according to experimental conditions reported in Ref. [73]. In
a typical assembly experiment, water (0.4mL) was added to the polystyrene-
stabilized gold colloid (1.6mL, THF) under magnetic stirring. After 10 minutes,
a solution of polystyrene-block-polyacrylic acid was added in THF (6 mg/mL,
0.2 mL). Subsequently, the water content was increased up to 35 wt %, followed
by increasing the temperature to 70◦C, which was maintained for 1 hour. The
final solution was centrifuged twice and dispersed in pure water. As-prepared
clusters were used for imaging without further processing.

Structural analysis: Electron microscopy observations were carried out using
a FEI Tecnai G2 electron microscope operated at 200kV. A Fischione tomog-
raphy holder (model 2020) was used for the acquisition of the tilt series of 2D
projection images. All tilt series were acquired in High Angle Annular Dark
Field Scanning Transmission Electron Microscopy (HAADF-STEM) mode with
an annular range from −74◦ to +76◦ and a tilt increment of 2◦. The alignment
of the series was performed in Inspect 3D software (FEI). All the reconstruc-
tions were performed using the Simultaneous Iterative Reconstruction Technique
(SIRT), as implemented in Inspect 3D.

7.5 Conclusions
Nanoparticles in the 10-100 nm range tend to self-organize into three dimen-
sional clusters. This self-organization process of spherical nanoparticles into
spherical assemblies was investigated, both experimentally, in collaboration with
the EMAT and CIC biomaGUNE reasearch groups, and theoretically, using a
pairwise interaction; Au nanoparticle assemblies formed by inducing hydropho-
bic forces were chosen as a case study. We proposed a new model, based on a
simple competition between attractive and repulsive interactions which we were
able to relate with the experimental synthesis parameters. The excellent agree-
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ment between the experimentally observed and the theoretically predicted con-
figurations provides us with the opportunity to understand the physics behind
cluster formation. For the synthesis parameters used, we can explain the par-
ticular cluster formation and correctly predict their 3D configuration. The final
structures result from the tendency of the system to form a close packed config-
uration and the formation of a shell-like structure induced by strong attraction.
The stronger the attraction, the more particles can be packed on a specific shell,
and the more shell-like the final structure will be. This is closely related to the
phenomenon of surface tension where the attraction between molecules or atoms
results in the minimization of the outer surface area. This competition results, in
the case of strong attraction, in a sequential formation of regular polyhedra.

Our theoretical model may enable one to guide the synthesis of novel 3D
assemblies in a controlled and efficient manner, which will be of importance for
different scientific applications where specific 3D arrangements of nanoparticles
are required, such as metamaterials or nanoparticle assemblies with optimized
hot spot density.

Publication The results of this chapter were published as:

• J. E. Galván-Moya, T. Altantzis, K. Nelissen, F. M. Peeters, M. Grzel-
czak, L. M. Liz-Marzán, S. Bals, and G. Van Tendeloo, Self-organization
of highly symmetric nanoassemblies: a matter of competition, ACS Nano
8, 3869 (2014) (7 pages).





8
Structural ordering of 3D

self-assembled clusters with
competing interactions

8.1 Introduction
The self-assembly process in a system of individual entities is interesting, due to
its spontaneity, its specific rules of grouping and particularly, in some cases, by
its symmetry. When these entities are given by particles in the nanosize regime,
one can address this grouping process in multiple ways. In nanotechnology, by
definition [71], a self-assembled system is formed as a direct consequence of
competing molecular interactions, which usually are given by a pairwise poten-
tial between particles.

With accelerated advances in technology, the experimental observation of
the self-assembled nanoparticles has been made possible. These self-assembled
systems, which we will call clusters from now on, have been observed in both
two- (2D) and three-dimensional (3D) [68, 190] systems. Considering the rapid
increase of studies in the last years [68, 73, 182] one can see that this is a very
promising study area in the present and the near future.

Two-dimensional self-assembled systems have been studied theoretically with
increasing intensity in the last decade, using a competing interaction for the
pairwise potential [146, 185, 186] and considering a quadratic confinement po-
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tential in order to stabilize the system formation in a closed region. The self-
organization and the pattern formation were also analyzed in 2D with different
methods through a competing interaction [148, 187] potential.

For 3D systems, theoretical studies have covered a wide range of competing
interactions, from the pure Lennard-Jones [68, 105] and the Morse [110, 114]
potential to a mixing between the Coulomb [27] and the Yukawa [191] poten-
tial. However, in most of those works, the analysis has been restricted to the
symmetry points of the structures formed by this competing interaction, and in
some cases, an external confinement is introduced to favor cluster formation,
but not many efforts have been made to understand the formation of these clus-
ters. In 2012, an experimental study [73], where clusters of self-assembled gold
nanoparticles were found, a theoretical model was presented in order to analyze
their structural organization. That model assumed that the hydrophobic interac-
tion is the most important source for the understanding of the aggregation mech-
anism, and includes van der Waals interactions to model the system, as has been
previously used for the analysis of gold nanoclusters [192, 193].

Although the model proposed in Ref. [73] may very well predict the correct
inter-particle distances in the cluster, it turned out that the 3D configuration of
the assemblies could not be correctly obtained. The reason is that in that model,
the van der Waals interaction is only correctly described in the limit of close-
approach and overestimates the strength of the long-range interaction. There-
fore, it cannot be considered as a general model to understand the organization
and self-assembly of those systems. To avoid this problem, recently, a more
simple model based on a pairwise interaction between particles was proposed,
which enables one to tune the strength and the range of the attraction [194]. A
comparison with exp[eriment showed the high accuracy in the prediction of the
structure of the gold nanoclusters, additionally, this work provides a thorough
interpretation of the process of cluster formation. Due to the versatility of the
model introduced in Ref. [194], it could be useful to analyze also for different
kind of nanoparticles, irrespectively of the composing material.

In the present work, a generalization of the pairwise interaction, proposed
in Ref. [194] is presented, and a structural analysis of the configurations of the
3D self-assembled systems is developed. The effects of the competition between
short- and long-range interaction are studied in detail, discriminating the most
relevant cases, and the structural configuration of the clusters are systematically
reported, elucidating a Mendeleev-like table for different cases.
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8.2 Model system
In this work, we consider a system ofN particles with electric charge q moving in
a medium with a dielectric constant ε, interacting through a pairwise interaction
in the absence of external forces, allowing the formation of the self-assembly of
clusters. The total energy of the system is given by

E =
N∑
i=1

N∑
j>i

Vpair(rij), (8.1)

where rij represents the relative distance between the i-th and j-th particle. The
pairwise interaction potential has the form Vpair(r) = Urep(r) − Uatt(r), and
consists of a repulsive (Urep(r)) and an attractive (Uatt(r)) term. In general, the
interaction considered in this work is given by

Vpair(r) =
q2Rm−1e−αr

εrm
− B̃

q2Rn−1e−βr

εrn
, (8.2)

where the parameters α (β̃) and m (n) control the range of the repulsion (attrac-
tion) between particles, while B̃ modulates the strength of the attraction poten-
tial. The distance R is an arbitrary length parameter introduced to guarantee the
right units. In dimensionless form, the pairwise interaction becomes

Vpair(r) =
e−r

rm
−B

e−βr

rn
. (8.3)

The energy in Eq. (8.3) is normalized by E0 = q2Rm−1/εrm0 , and all dis-
tances are scaled in units of r0 = 1/α; β is expressed in units of 1/r0 and the
strength parameter is redefined as B = B̃(r0/R)

m−n.
Using Monte-Carlo simulation (MC) supplemented with the Newton opti-

mization method [33], we calculate the ground state configuration of the system.
As a first result, irrespective of the parameter values, we notice that the model
is translational and rotational invariant. Highly symmetric configurations, have
been found in accordance with the recently reported configurations for Au nan-
oclusters [194], as well as anisotropic structures.

8.3 Exponentially decaying interactions
As a simple case for the pairwise potential, we consider a model where the range
of the repulsion and attraction term are comparable (m = n = 0), allowing
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Figure 8.1: (a) shape of the pairwise interaction potential defined by Eq. (8.4), where
the minimum energy Emin is located at a distance r0. (b) Contour plot of r0 as function
of the parameters B and β; some isolines are also depicted in the figure for several
values of r0.

that the attractive interaction becomes dominant for larger interparticle distances
(β < 1). In this approximation, Eq. (8.3) becomes

Vpair(r) = e−r −Be−βr. (8.4)

This model can be understood as a generalization of the Morse potential [110,
114], as well as an extension of the phenomenological pairwise interaction pro-
posed in Refs. [187,190], which has been used to successfully describe the struc-
tural formation of 2D self-organized structures in colloidal systems.

A schematic representation of the interaction potential is shown in Fig. 8.1(a),
indicating the equilibrium interparticle distance (r0) with its corresponding min-
imum energy (Emin). The optimal interparticle distance r0 is given by

r0 =
ln(Bβ)

β − 1
, (8.5)

while the minimization of r0 respect to β, i.e. dr0/dβ = 0, gives us the relation



CHAPTER 8 139

B = βe(1−β)/β . (8.6)

In Fig. 8.1(b) we show the contour plot of r0 as function of B and β, where
some isolines of r0 [Eq. (8.5)] are drawn as black curves for several values, as
they are indicated in the figure. The thick gray curve indicates the path followed
by the minimum of r0, which is given by Eq. (8.6).

Several works have addressed the problem of the self-assembly of parti-
cles by using a competing interaction [146, 185, 186, 188], but in most of the
cases an external confinement was introduced in order to obtain stable struc-
tures. The advantage of the present pairwise interaction is that, in the considered
region (B < 1 and β < 1), there is a unique global minimum as shown in
Fig. 8.1 together with a long-range attraction behavior; this fact allows for the
self-assembly process of interacting particles without any external confinement
potential, as was shown recently for the self-assembly of gold nanoclusters [194].

8.3.1 Small number of particles
For a small number of particles (N ), the arrangement of the ground state configu-
ration of the clusters is given by different polyhedral structures with the particles
located in each vertex, as shown in Fig. 8.2, where the highlighted planes and
the thin lines are drawn as a guidance for the eye. For N ≤ 10, the configura-
tion is invariant for different values of B and β, evidencing the robustness of the

Figure 8.2: Some typical configurations for clusters with N = 5, 7, 8, 9, 10, 11 and 15
particles. The thin yellow bar represents a symmetry axis of the system and each plane
drawn highlights a group of particles equidistantly separated from the axis.
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stability of this kind of structures. For N > 10, the ground state configuration
consists of shell-like structures, following the process described in section 7.3.1.
In general the addition of a new particle to the system, results in a reorganized
outer shell, but when that shell holds a critical number of particles, a new inner
shell is created. This process is repeated as N increases. However, the formed
ground state structure strongly depends on the parametersB and β. As expected,
the number of stable states increases with N, generating very rich phase diagrams
for the ground state of systems with intermediate and large number of particles,
as shown in Fig. 7.5 for N = 59 in previous chapter.

8.3.2 Intermediate number of particles
As a special case, we analyze the structural properties of the ground state for
a system with N = 38, the phase diagram of this system is shown in Fig. 8.3
(left), where the regions of the three different phases are plotted as function of
the parameters B and β. Four different phases are found as ground state con-
figuration and, in all cases, the phase transition is of first order. The white re-
gion above phase 1, represents structures which are not spherical-like, due to the
short-range of the attractive interaction. In Fig. 8.3 (Right) we show the first non-
zero eigenfrequencies as function of the parameter B for β = 0.6. The vertical
dashed lines indicate the phase transition points, evidencing the discontinuous
first order transition between the different phases.

Although the ground state configuration for this system is found to be ar-
ranged in shell-like structures, these configurations are not composed of spheri-
cal shells of particles. For weak and short-range attractive interaction (white re-
gion above phase 1 in Fig. 8.3), the ground state configuration is mainly guided
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Figure 8.3: (Left) Phase diagram of the ground state configuration of a system with
N = 38, as function of the parametersB and β. (Right) First non-zero eigenfrequencies
of the ground state as a function of B, for β = 0.6.
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Figure 8.4: Radial position of each particle from the center of mass, for the different
phases found as ground state configurations of a system with N = 38. The different
colors indicate a group of particles at the same radius. The inset in each plot shows a
view of the 3D configuration of the system.

by local interactions, resulting in planar face structures, as the ones found with
Lennard-Jones interaction [105–108]. Therefore, the analysis of the structural
transitions between the different phases results in a very useful tool to under-
stand the effect of the competing interaction on the ground state configuration.

In Fig. 8.4 we plot the distance between the center of mass and each particle
in the cluster, different colors serve as a reference for the reader indicating the
group of particles located at the same radius. A view of the 3D configuration is
drawn in the inset of each figure, showing the particles in color to help the reader
to understand the structural organization in each case. It is important to bear
in mind that the phases are numbered according to the strength of the attractive
interaction in the region where they are found, from short-range (phase 1) to
long-range (phase 4).

From Fig. 8.4 one can see that, for phase 1, even when the two different shells
can be clearly identified, the structural configuration holds some similarities with
a faceted structure (white region in Fig. 8.3). Indeed, the structure in each shell
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can be subdivided in smaller structures, as can be seen in the inner shell where the
9 particles are arranged in three stacked planes which are formed by triangular
structures of particles. A similar behavior occurs in the outer shell, where the
number of stacked planes increases, however, the triangular configuration is still
present in each plane.

By following the phases in ascending order (i.e. increasing the range of the
attractive interaction), one can observe that particles located at the same shell
tend to form a spherical structure, e.g. in phases 3 and 4 the formed structure
is almost spherically symmetric due to all groups of particles (marked with the
same color in Fig. 8.4) are locate at similar radius. This behavior shows that the
formation of spherical clusters is a direct consequence of the long-range interac-
tion in the system, mainly guided by the strength of the attraction.

8.3.3 Spherical-like structures
In order to perform a systematic study of the spherical-like structures, we ana-
lyzed the effect of the screening parameter (β) on the ground state configuration,
for large values of B. In Table 8.1 we present a Mendeleev-like table for the
ground state configuration of a system up to N = 60, using different sets of
parameters B and β as indicated there.

β = 0.2 β = 0.5 β = 0.8
N B = 0.8 B = 0.9 B = 0.7 B = 0.8 B = 0.9 B = 0.7 B = 0.9

3 ( 0, 0, 3) ( 0, 0, 3) ( 0, 0, 3) ( 0, 0, 3) ( 0, 0, 3) ( 0, 0, 3) ( 0, 0, 3)
4 ( 0, 0, 4) ( 0, 0, 4) ( 0, 0, 4) ( 0, 0, 4) ( 0, 0, 4) ( 0, 0, 4) ( 0, 0, 4)
5 ( 0, 0, 5) ( 0, 0, 5) ( 0, 0, 5) ( 0, 0, 5) ( 0, 0, 5) ( 0, 0, 5) ( 0, 0, 5)
6 ( 0, 0, 6) ( 0, 0, 6) ( 0, 0, 6) ( 0, 0, 6) ( 0, 0, 6) ( 0, 0, 6) ( 0, 0, 6)
7 ( 0, 0, 7) ( 0, 0, 7) ( 0, 0, 7) ( 0, 0, 7) ( 0, 0, 7) ( 0, 0, 7) ( 0, 0, 7)
8 ( 0, 0, 8) ( 0, 0, 8) ( 0, 0, 8) ( 0, 0, 8) ( 0, 0, 8) ( 0, 0, 8) ( 0, 0, 8)
9 ( 0, 0, 9) ( 0, 0, 9) ( 0, 0, 9) ( 0, 0, 9) ( 0, 0, 9) ( 0, 0, 9) ( 0, 0, 9)
10 ( 0, 0,10) ( 0, 0,10) ( 0, 0,10) ( 0, 0,10) ( 0, 0,10) ( 0, 1, 9) ( 0, 0,10)
11 ( 0, 0,11) ( 0, 0,11) ( 0, 1,10) ( 0, 0,11) ( 0, 0,11) ( 0, 1,10) ( 0, 0,11)
12 ( 0, 0,12) ( 0, 0,12) ( 0, 0,12) ( 0, 0,12) ( 0, 0,12) ( 0,some 1,11) ( 0, 0,12)
13 ( 0, 1,12) ( 0, 1,12) ( 0, 1,12) ( 0, 1,12) ( 0, 1,12) ( 0, 1,12) ( 0, 1,12)
14 ( 0, 1,13) ( 0, 1,13) ( 0, 1,13) ( 0, 1,13) ( 0, 1,13) ( 0, 1,13) ( 0, 1,13)
15 ( 0, 1,14) ( 0, 1,14) ( 0, 1,14) ( 0, 1,14) ( 0, 1,14) ( 0, 1,14) ( 0, 1,14)
16 ( 0, 1,15) ( 0, 1,15) ( 0, 1,15) ( 0, 1,15) ( 0, 1,15) ( 0, 1,15) ( 0, 1,15)
17 ( 0, 1,16) ( 0, 1,16) ( 0, 1,16) ( 0, 1,16) ( 0, 1,16) ( 0, 1,16) ( 0, 1,16)
18 ( 0, 1,17) ( 0, 1,17) ( 0, 1,17) ( 0, 1,17) ( 0, 1,17) ( 0, 2,16) ( 0, 1,17)
19 ( 0, 1,18) ( 0, 1,18) ( 0, 1,18) ( 0, 1,18) ( 0, 1,18) ( 0, 2,17) ( 0, 1,18)
20 ( 0, 2,18) ( 0, 1,19) ( 0, 2,18) ( 0, 2,18) ( 0, 1,19) ( 0, 2,18) ( 0, 2,18)
21 ( 0, 2,19) ( 0, 1,20) ( 0, 2,19) ( 0, 2,19) ( 0, 1,20) ( 0, 3,18) ( 0, 2,19)
22 ( 0, 2,20) ( 0, 2,20) ( 0, 2,20) ( 0, 2,20) ( 0, 2,20) ( 0, 4,18) ( 0, 2,20)
23 ( 0, 2,21) ( 0, 2,21) ( 0, 2,21) ( 0, 2,21) ( 0, 2,21) ( 0, 4,19) ( 0, 2,21)
24 ( 0, 2,22) ( 0, 2,22) ( 0, 3,21) ( 0, 2,22) ( 0, 2,22) ( 0, 4,20) ( 0, 2,22)
25 ( 0, 3,22) ( 0, 3,22) ( 0, 3,22) ( 0, 3,22) ( 0, 2,23) ( 0, 4,21) ( 0, 3,22)

Table 8.1: Mendeleev-like tables for different set of parameters B and β.
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β = 0.2 β = 0.5 β = 0.8
N B = 0.8 B = 0.9 B = 0.7 B = 0.8 B = 0.9 B = 0.7 B = 0.9

26 ( 0, 4,22) ( 0, 2,24) ( 0, 4,22) ( 0, 3,23) ( 0, 2,24) ( 0, 4,22) ( 0, 4,22)
27 ( 0, 3,24) ( 0, 3,24) ( 0, 4,23) ( 0, 3,24) ( 0, 3,24) ( 0, 6,21) ( 0, 3,24)
28 ( 0, 4,24) ( 0, 4,24) ( 0, 4,24) ( 0, 4,24) ( 0, 3,25) ( 0, 6,22) ( 0, 4,24)
29 ( 0, 4,25) ( 0, 4,25) ( 0, 4,25) ( 0, 4,25) ( 0, 3,26) ( 0, 6,23) ( 0, 4,25)
30 ( 0, 4,26) ( 0, 4,26) ( 0, 4,26) ( 0, 4,26) ( 0, 3,27) ( 0, 6,24) ( 0, 4,26)
31 ( 0, 4,27) ( 0, 4,27) ( 0, 4,27) ( 0, 4,27) ( 0, 4,27) ( 0, 6,25) ( 0, 4,27)
32 ( 0, 5,27) ( 0, 4,28) ( 0, 5,27) ( 0, 4,28) ( 0, 4,28) ( 0, 6,26) ( 0, 5,27)
33 ( 0, 6,27) ( 0, 4,29) ( 0, 6,27) ( 0, 5,28) ( 0, 4,29) ( 0, 7,26) ( 0, 6,27)
34 ( 0, 6,28) ( 0, 4,30) ( 0, 6,28) ( 0, 6,28) ( 0, 4,30) ( 0, 7,27) ( 0, 6,28)
35 ( 0, 6,29) ( 0, 5,30) ( 0, 6,29) ( 0, 6,29) ( 0, 4,31) ( 0, 8,27) ( 0, 6,29)
36 ( 0, 6,30) ( 0, 6,30) ( 0, 6,30) ( 0, 6,30) ( 0, 4,32) ( 0, 9,27) ( 0, 6,30)
37 ( 0, 6,31) ( 0, 6,31) ( 0, 6,31) ( 0, 6,31) ( 0, 5,32) ( 0, 9,28) ( 0, 6,31)
38 ( 0, 6,32) ( 0, 6,32) ( 0, 6,32) ( 0, 6,32) ( 0, 6,32) ( 0, 9,29) ( 0, 6,32)
39 ( 0, 7,32) ( 0, 6,33) ( 0, 7,32) ( 0, 7,32) ( 0, 6,33) ( 0, 9,30) ( 0, 7,32)
40 ( 0, 8,32) ( 0, 6,34) ( 0, 8,32) ( 0, 6,34) ( 0, 6,34) ( 0,10,30) ( 0, 8,32)
41 ( 0, 8,33) ( 0, 6,35) ( 0, 8,33) ( 0, 7,34) ( 0, 6,35) ( 0,10,31) ( 0, 8,33)
42 ( 0, 8,34) ( 0, 6,36) ( 0, 8,34) ( 0, 7,35) ( 0, 6,36) ( 0,10,32) ( 0, 8,34)
43 ( 0, 8,35) ( 0, 7,36) ( 0, 9,34) ( 0, 8,35) ( 0, 6,37) ( 1,12,30) ( 0, 8,35)
44 ( 0, 8,36) ( 0, 7,37) ( 0, 9,35) ( 0, 8,36) ( 0, 7,37) ( 1,12,31) ( 0, 8,36)
45 ( 0, 9,36) ( 0, 8,37) ( 0, 9,36) ( 0, 8,37) ( 0, 7,38) ( 1,12,32) ( 0, 9,36)
46 ( 0, 9,37) ( 0, 8,38) ( 0, 9,37) ( 0, 8,38) ( 0, 7,39) ( 1,13,32) ( 0, 9,37)
47 ( 0, 9,38) ( 0, 8,39) ( 0,10,37) ( 0, 9,38) ( 0, 8,39) ( 1,12,34) ( 0, 9,38)
48 ( 0, 9,39) ( 0, 9,39) ( 0,10,38) ( 0, 9,39) ( 0, 8,40) ( 1,13,34) ( 0, 9,39)
49 ( 0,10,39) ( 0, 9,40) ( 0,10,39) ( 0, 9,40) ( 0, 8,41) ( 1,14,34) ( 0,10,39)
50 ( 0,10,40) ( 0, 9,41) ( 0,10,40) ( 0, 9,41) ( 0, 9,41) ( 1,14,35) ( 0,10,40)
51 ( 0,10,41) ( 0, 9,42) ( 0,12,39) ( 0,10,41) ( 0, 9,42) ( 1,14,36) ( 0,10,41)
52 ( 0,10,42) ( 0,10,42) ( 0,12,40) ( 0,10,42) ( 0, 9,43) ( 1,15,36) ( 0,10,42)
53 ( 0,12,41) ( 0,10,43) ( 0,12,41) ( 0,10,43) ( 0, 9,44) ( 1,15,37) ( 0,12,41)
54 ( 0,12,42) ( 0,10,44) ( 0,12,42) ( 0,10,44) ( 0,10,44) ( 1,15,38) ( 0,12,42)
55 ( 0,12,43) ( 0,10,45) ( 1,12,42) ( 0,11,44) ( 0,10,45) ( 1,16,38) ( 0,12,43)
56 ( 0,12,44) ( 0,10,46) ( 1,12,43) ( 0,12,44) ( 0,10,46) ( 1,16,39) ( 0,12,44)
57 ( 1,12,44) ( 0,12,45) ( 1,12,44) ( 0,12,45) ( 0,10,47) ( 1,16,40) ( 0,12,45)
58 ( 1,12,45) ( 0,12,46) ( 1,13,44) ( 0,12,46) ( 0,10,48) ( 1,17,40) ( 1,12,45)
59 ( 1,12,46) ( 0,12,47) ( 1,14,44) ( 1,12,46) ( 0,11,48) ( 1,17,41) ( 1,12,46)
60 ( 1,13,46) ( 0,12,48) ( 1,14,45) ( 0,12,48) ( 0,12,48) ( 2,18,40) ( 1,13,46)

Table 8.2: Continuation of Table 8.1.

The bold results in Table 8.1 indicate the most stable configurations. Those
configurations are very symmetric and almost invariant for parameter change of
the pairwise interaction. These results allow us to define magic particle number
for those systems.

We summarize most of the results of Table 8.1 in Fig. 8.5, where we plot the
numbers of particles per shell as a function of the total number of particles of the
system, for (a) B = 0.7 and (b) β = 0.5. From Fig. 8.5 (a) one can observe that
reducing the range of the attraction potential (i.e. increasing β), the emergence
of a new shell takes place at a small value of N , conversely, Fig. 8.5 (b) shows
that by increasing B the emergence of a new shell is retarded.

In Fig. 8.6 we plot the average outer radius of the ground state configuration
as function of the number of particles per cluster, for different values of B and
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Figure 8.5: Number of particles per shell as function of the total number of particles of
the cluster, for (a) B = 0.7 and (b) β = 0.5.

β as indicated. From this figure one can see that, even when the value of the
screening parameter plays an important role on the structural formation, the size
of the system is predominantly defined by the strength of the attractive interac-
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Figure 8.6: Outer radius of the ground state configuration as function of the total num-
ber of particles, for different set of parameters (B,β) as indicated in the figure.
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Figure 8.7: Ground state configuration for systems containing a large number of par-
ticles for the parameters B = 0.65 and β = 0.5. (Left) N = 250 where the shell
structure is given by (6, 32, 68, 144). (Right) N = 500 where the shell structure is given
by (6, 30, 73, 126, 265).

tion (B). Then, larger clusters can be formed just by reducing the strength of the
attractive interaction, however, Fig. 8.6 shows that this effect is attenuated when
the range of the attractive potential is large (i.e. small values of β).

Our simulations for large number of particles show that organization of the
particles in the inner shells follows the sequence given in Table 8.1, irrespective
of the number of particles. In Fig. 8.7 we show a 3D view of the ground state
configuration for systems with N = 250 and N = 500, where their shell-like
structure are given by (6, 32, 68, 144) and (6, 30, 73, 126, 265), respectively, for
B = 0.65 and β = 0.5. As one can see, the inner shell structure of the clusters
containing N = 250 and N = 500 particles coincide with the ones obtained for
N = 38 and N = 36, respectively (see Table 8.1). These results allow us to
conclude that the most important analysis on the cluster structure can be reduced
to systems with intermediate number of particles.

8.4 Conclusions
We studied a 3D system of particles interacting via a competing pairwise po-
tential in the absence of external confinement. The ground state configuration
is found numerically, and the self-assembly formation process is investigated in
detail. The influence of the strength and range of the attractive interaction on the
final structure was studied.

Our simulations showed that the number of particles per shell can be con-
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trolled by the range of the attractive interaction. On the other hand, we found
that the strength of the attractive potential is primarily responsible for the size of
the cluster and the organization of the particles.

Our analysis revealed that a spherical-like configuration is the direct conse-
quence of a large strength of the attractive part of the pairwise interaction, while
the short-range interaction is responsible for the formation of faceted structures.
The main results are summarized in the form of Mendeleev-like tables.

From these results one can conclude that, even when the distribution of the
particles per shell varies depending on the values of the interaction parameters,
this variation occurs in a systematic way, which allows us to control the number
of particles per shell and the creation of the tailored made nanoclusters.

Manuscript in preparation

• J. E. Galván-Moya, K. Nelissen and F. M. Peeters, Structural ordering of
three dimensional self-assembled clusters with competing interactions.
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Summary

This PhD thesis addressed the study of the structural properties of classical quasi-
one-dimensional (Q1D) crystals and 3D clusters, investigating the phase transi-
tions between the stable structures through theoretical and numerical calcula-
tions. Our work can be briefly summarized as follows.

In chapter 3, we studied the critical behavior of a system of particles con-
fined in a 2D channel through a yα potential with different functional forms for
the inter-particle interaction potential. We derived a Ginzburg-Landau equation
for the system and determined the behavior of the system close to the transition
point where the single chain configuration becomes unstable. We determined the
order parameter and its dependence on the external confinement and the particle
density.

For α = 2 the critical frequency for the zig-zag transition is larger than for
smaller values of α, which shows that the stability of the linear chain configura-
tion is lower for parabolic confinement. However for low densities (η < 1) the
one-chain configuration is the most stable state for α ≤ 2. For α > 2 the sin-
gle chain configuration is unstable for any value of the particle density and the
strength of the confinement potential. We found the distance between the two
chains as function of the particle density. With increasing density a first-order
phase transition to the 4-chains configuration is found. For α < 2 we found
analytically no continuous zig-zag configuration irrespective of the inter-particle
potential. The instability of the single chain configuration occurs through the
expulsion of single particles from the chain to y 6= 0 positions.
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In chapter 4, we investigated the ground state configuration (GS) and the
phase transitions of a system of particles interacting through a screened Yukawa
potential and confined in a quasi-one-dimensional (Q1D) channel, where the
structures found correspond to Wigner crystal organizations. The effect of the
confinement on the GS transitions was analyzed by using different functional
forms for the confinements: power-law, exponential and gaussian potentials,
which modulate the transversal profile of the channel through a shape param-
eter. Analytical expression for the energy of different n-chain configurations
were used to describe the system, and the GS is found by a minimization of the
order parameters of each structure analyzed.

A continuous transition from a parabolic-like to a hard-wall potential, was
used in order to develop a detailed and systematic study of the evolution of
the GS transitions when the particle density is increased. In the limit case of
a parabolic-like confinement potential, a non sequential ordering transition (non-
SOT) is found for all cases studied, while in the case of the hard-wall-like po-
tential only the confinement defined by an exponential and by a gaussian decay
of the barriers allow the non-SOT. In the intermediate regime, we found that the
behavior of the GS transitions strongly depends on the profile of the channel. For
a power-law confinement, we found that the one-chain configuration is not stable
as GS for α > 2, additionally, our study showed that a direct transition between
the two- and three-chain configuration is not allowed in the GS.

Our calculations showed that, where the profile of the channel is modulated
by exponential barriers, the GS transitions are given by a non-SOT irrespective
of the shape parameter, evidencing a robust behavior of the structural transition
sequence. For the case of a gaussian confinement potential, we found that a SOT
appears in the GS for a small window of the shape parameter (0.61 < γ < 1.05).
This finding opens the possibility to use a confinement potential to tune the GS
transition in the Q1D Wigner crystals.

In chapter 5, we studied two coupled Q1D channels, consisting of a sys-
tem of interacting charged particles confined by a parabolic trap in each channel,
where the linear particle density in both channels is given by η. The ground state
configuration at zero temperature was analyzed. The structural transitions be-
tween phases were studied as a function of the linear density and the separation
between the channels. We found a very rich phase diagram in case of verti-
cally coupled channels, with first and second order transitions. The horizontally
coupled system, on the other hand, exhibits a very restricted number of phases
and all transitions are of first order. The latter can be traced back to the linear
term in the relative distance between particles in the different channels, which
appears in the energy expression. This linear term results in a rapid decrease of
the interaction between channels.

Our simulations showed that a zigzag transition occurs only in case of verti-
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cally coupled channels, which represent another effect of the linear term in the
energy. In order to understand the behavior of this zigzag transition, we derived
a Ginzburg-Landau equation and determined the behavior of the system close
to the zigzag transition point. We analyzed the order parameter and its depen-
dence on the linear density and the separation between channels. From theory we
found that, for vertically coupled channels, an increase of the density produces
a reduction of the first Brillouin zone of the Wigner crystal after the activation
point ηact. Within the density range where the zigzag transition is allowed, the
vertical separation could be used as a tunable parameter to modulate the transi-
tion point. This result was found from theory and there was perfect agreement
with our numerical results, which shows that the presented theory is sufficient to
understand the behavior and the nature of the zigzag transition in Q1D coupled
channels.

In chapter 6, we studied a Q1D system of magnetic particles confined by a
parabolic channel modulated by a periodic substrate potential, where the mag-
netic moment of all particles is aligned by an external tilted magnetic field. The
linear density in the direction of the modulated potential was fixed to η = 0.8
and the ground state configuration at zero temperature was analyzed as a func-
tion of the magnetic field orientation, strength of the periodic potential and com-
mensurability factor. A plethora of different particle configurations was found
as ground state, which are arranged in a different number of chains, and we
even found a remarkable soliton-like configurations where the density of soli-
tons could be varied with the tilt angle.

The anisotropy of the pairwise interaction between particles, determined by
the tilt angles θ and ϕ of the magnetic field, is largely responsible for the crys-
talline configuration of the system, but its effect decreases by increasing V0. For
small values of V0, the angle θ controls the degree of anisotropy of the system
and with the in-plane angle ϕ it is possible to tune the ground state configura-
tion. On the other hand, for the limiting case of maximum pairwise anisotropy
(θ = 90◦), the control of the ground state configuration depends weakly on ϕ for
large values of V0. Our simulations showed that the commensurability factor not
only changes the stability region of the phases, as shown in the phase diagrams,
but it also produces the emergence of characteristic ground state configurations
due to its symmetry. However, in order to get these characteristic phases for each
commensurability factor, it is necessary to tune θ and ϕ to appropriate values.

The large variety of chain-like phases found in the model analyzed, allows
us to suggest that the effects of the parameters on the system will be similar for
larger values of the density, where the number of phases may increase but the
transition between them will be qualitatively similar. This could be very useful
as input parameter for experiments with magnetic particles, where the sinusoidal
confinement can be realized by the application of external potentials through
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spatially varying light fields, which have been used to induce structural changes
in colloidal systems.

In chapter 7, the self-organization process of spherical nanoparticles into
spherical assemblies was investigated, both experimentally, in collaboration with
the EMAT and CIC biomaGUNE reasearch groups, and theoretically, using a
pairwise interaction. Au nanoparticle assemblies formed by inducing hydropho-
bic forces were chosen as a case study. We proposed a new model, based on a
simple competition between attractive and repulsive interactions which we were
able to relate with the experimental synthesis parameters, resulting in an excel-
lent agreement between the experimentally observed and the theoretically pre-
dicted configurations. For the synthesis parameters used, we explained the par-
ticular cluster formation and we correctly predicted their 3D configuration. The
final structures result from the tendency of the system to form a close packed con-
figuration and the formation of a shell-like structure induced by strong attraction.
The stronger the attraction, the more particles can be packed on a specific shell,
and the more shell-like the final structure will be. This is closely related to the
phenomenon of surface tension where the attraction between molecules or atoms
results in the minimization of the outer surface area. This competition results, in
the case of strong attraction, in a sequential formation of regular polyhedra.

Our theoretical model may enable one to guide the synthesis of novel 3D
assemblies in a controlled and efficient manner, which will be of importance for
different scientific applications where specific 3D arrangements of nanoparticles
are required, such as metamaterials or nanoparticle assemblies with optimized
density.

In chapter 8, we studied a 3D system of particles interacting via a compet-
ing pairwise potential in the absence of an external confinement. The ground
state configuration is found numerically, and the self-assembly formation pro-
cess is investigated in detail, as well as the influence of the strength and range of
the attractive interaction on the final structure. Our simulations showed that the
range of the attractive interaction determines the number of particles per shell,
and it also controls the emergence, or formation, of a new shell when the num-
ber of particles in the system is increasing. On the other hand, we found that
the strength of the attractive potential is primarily responsible for the size of the
cluster, as well as the organization of particles in each shell.

Our analysis revealed that the spherical-like configuration are given as a di-
rect consequence of a large strength of the attractive part of the pairwise interac-
tion, while the short-range interaction is responsible for the formation of faceted
structures. From these results we can conclude that, even when the distribution
of the particles per shell varies depending on the values of the interaction param-
eters, this variation occurs in a systematic way, which allows us to control the
number of particles per shell and to tune the configurations.



10
Samenvatting

Dit proefschrift is gericht op de studie van de structurele eigenschappen van klas-
sieke quasi-eendimensionale (Q1D) kristallen en 3D-clusters, en de faseovergan-
gen tussen verschillende stabiele toestanden, gebruik makend van theoretische en
numerieke methoden. Ons werk kan als volgt worden samengevat:

In hoofdstuk 3, werd het kritisch gedrag bestudeerd van een systeem van
deeltjes, opgesloten in een 2D kanaal. Als potentiaal hebben we yα genomen
met verschillende functionele vormen van de interactiepotentiaal tussen de deel-
tjes. We hebben een Ginzburg-Landau vergelijking opgesteld voor dit systeem.
Hieruit konden we het gedrag van het systeem bepalen dicht bij het kritisch punt,
waar de configuratie van de enkele keten instabiel wordt. We hebben een orde-
parameter opgesteld en vonden een uitdrukking voor het verband tussen deze
parameter, de externe potentiaal en de deeltjesdichtheid.

Voor α = 2 vonnden we dat de kritische frequentie van de zig-zag overgang
groter is dan bij kleinere waarden van α. Dit toont aan dat de stabiliteit van de
lineaire keten lager is bij een parabolische opsluitingspotentiaal. Maar voor een
lage dichtheid (η < 1) is een enkele keten steeds de meest stabiele toestand voor
α ≤ 2. Bij α > 2 vonden we dat de lineaire keten configuratie steeds instabiel
is, onafhankelijk van de dichtheid en de sterkte van de opsluitingspotentiaal. We
vonden dat de afstand tussen de twee ketens een functie is van de deeltjesdicht-
heid. Met verder toenemende dichtheid trad er een eerste-orde faseovergang op
naar een 4-keten configuratie. Voor α < 2 vonden we analytisch geen continue
zig-zag configuratie, onafhankelijk van de interactie tussen de deeltjes. De in-
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stabiliteit van de lineaire keten configuratie treedt op door de verplaatsing van
enkele deeltjes van de keten naar y 6= 0 posities.

In hoofdstuk 4, bestudeerden we de verschillende grondtoestanden (GS) en
fase-overgangen van een systeem van deeltjes opgesloten in een quasi eendi-
mensionaal kanaal. De deeltjes interageren met elkaar door middel van een afge-
schermd Yukawa potentiaal, en de gevonden structuren komen overeen met Wig-
ner kristallisatie. Het effect van de opsluitingspotentiaal op de GS overgangen
werd geanalyseerd door verschillende oplsuitingspotentialen te bekijken: een
machtfunctie, een exponentiële en een gaussische potentiaal werden gebruikt.
Deze moduleren het transversale profiel van het kanaal via een vormparameter.
Een analytische uitdrukking van de energie voor verschillende n-keten configu-
raties werd gebruikt om het systeem te beschrijven, en de GS werd gevonden
door de energie te mimimaliseren voor elke geanalyseerde structuur.

Er werd op een continue wijze een overgang gemaakt van een paraboli-
sche naar een harde-wand opsluitingspotentiaal, zodat op een systematische ma-
nier de evolutie van de GS onderzocht kon worden in functie van de dichtheid.
In het limietgeval van een parabolische opsluitingspotentiaal werd er een niet-
sequentiële ordetransitie (niet-SOT) gevonden voor alle bestudeerde gevallen.
Anderzijds werd er in het geval van een harde-wand potentiaal enkel voor een
opsluitingspotentiaal bestaande uit een exponentiële of een gausissche vorm, een
non-SOT gevonden. In het intermediair regime vonden we dat het gedrag van de
GS overgangen sterk afhankelijk is van het profiel van het kanaal. In het geval
van een machtsfunctie profiel vonden we dat de enkele keten configuratie niet
stabiel is als GS wanneer α > 2. Daarnaast toonde onze studie aan dat een
rechtstreekse transitie tussen een 2-keten en een 3-keten niet als grondtoestand
toegestaan is.

Onze berekeningen hebben aan getoond dat, wanneer men het profiel van
het kanaal moduleert met een exponentiële wand, de GS transities gegeven wor-
den door een niet-SOT. Ongeacht de vormparameter. Hieruit blijkt het robuust
karakter van de volgorde van de structurele overgangen. In het geval van een
gaussische opsluitingspotentiaal, vonden we dat een SOT optreedt bij de GS in
een klein interval van de vormparameter (0.61 < γ < 1.05). Deze bevindingen
openen de mogelijkheid om gebruik te maken van de vorm van de opsluitings-
potentiaal om de GS transities te veranderen in Q1D Wigner kristallen.

In hoofdstuk 5, bestudeerden we twee gekoppelde Q1D kanalen, bestaande
uit een stelsel van interagerende geladen deeltjes opgesloten in een parabolische
opsluitingspotentiaal voor elk kanaal, en waarbij de deeltjesdichtheid voor beide
kanalen gegeven wordt door η. De grondtoestands configuratie werd geanaly-
seerd bij temperatuur nul. De structurele transities tussen de verschillende fasen
werd bestudeerd als functie van de lineaire dichtheid en de afstand tussen de
kanalen. We vonden een heel divers fasediagram voor verticaal gekoppelde ka-
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nalan, met eerste en tweede orde fase-overgangen. Het horizontaal gekoppeld
systeem daarentegen toonde maar een zeer beperkt aantal fasen en alle overgan-
gen waren van eerste orde. Dit effect is te verklaren door het opduiken van een
lineaire term in de energiefunctionaal voor de relatieve afstand tussen deeltjes in
de verschillende kanalen. Deze term zorgt ervoor dat de interactie tussen de twee
kanalen sterk afneemt.

Onze simulaties hebben aangetoond dat de zigzag transitie enkel optreedt
wanneer de kanalen verticaal gekoppeld zijn, wat tot stand komt door een an-
der effect in de lineaire term van de energie. Om dit gedrag beter te begrijpen,
hebben we een Ginzburg-Landau vergelijking opgesteld om het gedrag rond het
kritische punt te beschrijven. We analyseerden de ordeparameter en zijn afhan-
kelijkheid van de dichtheid en afstand tussen de kanalen. Uit de theorie leidden
we af dat, voor verticaal gekoppelde kanalen, een toename in dichtheid zorgt
voor een reductie van de eerste Brillouin zone van het Wigner kristal voorbij
het activatiepunt ηact. Binnen het dichtheidsbereik waarbinnen een zigzag tran-
sitie is toegestaan, kan de verticale afstand tussen de kanalen gebruikt worden
als een instelbare parameter om het overgangspunt te veranderen. Dit resultaat
werd gevonden uit de opgestelde theorie en geeft een perfecte overeenkomst met
onze numerieke resultaten, wat aantoont dat de huidige theorie voldoende is om
het gedrag en de aard van de zigzag transitie te beschrijven in Q1D gekoppelde
kanalen.

In hoofdstuk 6, bestudeerden we een Q1D systeem van magnetische deel-
tjes ingesloten door een parabolisch kanaal gemoduleerd door een periodisch
substraat potentiaal, waarbij het magnetisch moment van alle deeltjes wordt ge-
richt door een extern gekanteld magnetisch veld. De lineaire dichtheid in de
richting van de gemoduleerde potentiaal werd vastgesteld op η = 0.8 en de GS
configuratie werd geanalyseerd als functie van de oriëntatie van het magnetisch
veld, de sterkte van de periodische potentiaal en commensurabiliteitsfactor. Een
overvloed aan verschillende GS configuraties werd gevonden, die gerangschikt
werden aan de hand van het aantal ketens. We vonden zelfs een opmerkelijke
solitonachtige configuratie waarbij de dichtheid van solitonen kan worden ge-
variëerd met de hellingshoek van het magnetisch veld.

De anisotropie van de paarsgewijze interactie tussen de deeltjes, bepaald door
de hoek van de magnetische tilt θ en ϕ, is grotendeels verantwoordelijk voor de
kristallijne configuratie van het systeem, maar het effect neemt af door het verho-
gen van V0. Voor kleine waarden van V0, regelt θ de mate van anisotropie van het
systeem. Door gebruik te maken van de hoek ϕ is het mogelijk om de GS con-
figuratie af te stemmen. Voor het limietgeval waarbij de paarsgewijze interactie
maximaal anisotropisch is (θ = 90◦) hangt de grondtoestandsconfiguratie slechts
in kleine mate af van ϕ voor grote waarden van V0. Onze simulaties hebben aan
getoond dat de incommensurabiliteitsfactor niet enkel het stabiliteitsinterval van
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de fasen aanpast, zoals getoond door de fasediagrammen, maar dat het ook ver-
antwoordelijk is voor karakteristieke grondtoestandsconfiguraties vanwege zijn
symmetrie. Om deze karakteristieke fasen te vinden voor elke waarde van de
incommensurabiliteitsfactor is het nodig om θ en ϕ af te stemmen naar geschikte
waarden.

De grote verscheidenheid aan keten-achtige fasen in het geanalyseerde model
stelt ons in staat om te suggereren dat het effect van deze parameters op het sys-
teem vergelijkbaar gaat zijn voor grotere waarden van de dichtheid. Het aantal
fasen kan hierbij toenemen maar de overgangen tussen de fasen zullen kwalitatief
vergelijkbaar zijn. Dit kan zeer nuttig zijn als invoerparameter voor experimen-
ten met magnetische deeltjes, waarbij een sinusvormige opsluiting wordt gere-
aliseerd door gebruik te maken van ruimtelijk variërende lichtgebieden. Zoals
gebruikt bij systemen van colloidale deeltjes

In hoofdstuk 7, werd de zelforganisatie van sferische nanodeeltjes in sferi-
sche assemblages onderzocht. Dit zowel experimenteel, in samenwerking met
de onderzoeksgroepen EMAT en CIC biomaGUNE, en theoretisch. De formatie
van Au assemblages door–middel van hydrofobe krachten werd gekozen als case
study. We stelden een nieuw model voor, gebaseerd op een concurrentie tussen
aantrekkende en afstotende interacties. Met dit model waren we in staat om onze
parameters te relateren aan het experiment, en we vonden een uitstekende over-
eenkomst tussen experimenteel waargenomen en theoretisch voorspelde confi-
guraties. Deze configuraties zijn het gevolg van de neiging van het systeem tot
dichte bolstapeling, en van de vorming van een schillenstructuur door de sterke
aantrekking. Hoe sterker de aantrekkingskracht, hoe meer deeltjes zich op een
bepaalde schil kunnen bevinden. Dit proces is nauw verwant aan het fenomeen
van oppervlaktespanning waarbij de aantrekkingskracht tussen de atomen of mo-
leculen leidt tot het minimaliseren van het buitenoppervlak. Deze concurrentie
leidt, in het geval van een sterke attractie, tot een sequentiële vorming van regel-
matige veelvlakken.

Ons theoretisch model kan worden gebruikt om nieuwe 3D-assemblages te
construeren op een gecontroleerde en efficiënte manier. Dit is van belang voor
verschillende wetenschappelijke toepassingen waarvoor een specifieke 3D as-
semblage van nanodeeltjes nodig is, zoals bij metamaterialen of assemblages
met een geoptimaliseerde hdichtheid.

In hoofdstuk 8, bestudeerden we een 3D systeem voor deeltjes die interage-
ren met een concurrerende potentiaal zonder een externe opsluitingspotentiaal.
De grondtoestandsconfiguratie werd numeriek bepaald, de formatie van de as-
semblage werd in detail bestudeerd, alsook de invloed van de sterkte en bereik
van de attractieve interactie op de finale structuur.

Onze simulaties hebben aangetoond dat het bereik van de attractieve poten-
tiaal het aantal deeltjes per schil bepaalt, en dat het de controlerende parameter
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is tijdens de formatie van een nieuwe schil wanneer het aantal deeltjes in het
systeem toeneemt. Anderzijds is de sterkte van de interactie van primair belang
voor de grootte van de cluster, en de positie van de deeltjes binnenin de cluster.

Onze analyse heeft aangetoond dat de sferisch-achtige configuratie zich voor-
doet als een rechtstreeks gevolg van de sterkte van het attractief deel van de po-
tentiaal, terwijl de interactie met een kort bereik de oorzaak is voor de formatie
van planaire zijvlakken. We hebben een Mendeljev-achtige tabel opgesteld voor
verschillende parametercombinaties. Vanuit deze resultaten kunnen we conclu-
deren dat, zelfs als de distributie van het aantal deeltjes per schil varieert afhan-
kelijk van de waarden van de interactieparameter, deze variatie gebeurt op een
systematische wijze, Dit laat ons toe om het aantal deeltjes per schil te controle-
ren en om de configuraties nauwkeurig in te stellen.
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p. 073013, 2013.

[163] L. D. Carr, D. DeMille, R. V. Krems, and J. Ye New. J. Phys., vol. 11,
p. 055049, 2009.

[164] S. Herrera-Velarde and R. Castaneda-Priego J. Phys.: Condens. Matter,
vol. 19, p. 226215, 2007.

[165] C. Reichhardt and C. J. Olson-Reichhardt Phys. Rev. E, vol. 85, p. 051401,
2012.

[166] C. Dalle-Ferrier, M. Kruger, R. D. L. Hanes, S. Walta, M. C. Jenkins, and
S. U. Egelhaaf Soft Matter., vol. 7, p. 2064, 2011.

[167] T. Tlusty and S. A. safran Science, vol. 290, p. 1328, 2000.

[168] Y. Yang, L. Gao, G. P. Lopez, and B. B. Yellen J. Chem. Phys., vol. 135,
p. 034501, 2011.

[169] S. Roldán-Vargas, F. Smallenburg, W. Kob, and F. Sciortino J. Chem.
Phys., vol. 139, p. 244910, 2013.

[170] M. A. Annunziata, A. M. Menzel, and H. Löwen J. Chem. Phys., vol. 138,
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and T. E. Mehlstäubler Nat. commun., vol. 4, p. 2291, 2013.

[172] C. Bechinger, M. Brunner, and P. Leiderer Phys. Rev. Lett., vol. 86, p. 930,
2001.

[173] M. Grzelczak, J. Vermant, E. M. Furst, and L. M. Liz-Marzán ACS Nano,
vol. 4, p. 3591, 2010.

[174] L. Zhenda and Y. Yadong Chem. Soc. Rev., vol. 41, p. 6847, 2012.

[175] E. V. Shevchenko, D. V. Talapin, A. L. Rogach, A. Kornowski, M. Haase,
and H. Weller J. Am. Chem. Soc., vol. 124, p. 11480, 2002.

[176] M. R. Buck, J. F. Bondi, and R. E. Schaak Nat. Chem., vol. 4, p. 37, 2012.

[177] W. W. Yu, E. Chang, R. Drezek, and V. L. Colvin Biochem. Biophys. Res.
Commun., vol. 348, p. 781, 2006.

[178] N. V. Long, N. D. Chien, T. Hayakawa, H. Hirata, G. Lakshminarayana,
and M. Nogami Nanotechnology, vol. 21, p. 035605, 2010.
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