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1
Introduction

Due to the significant progress in nanofabrication, high-quality superconducting metallic nanofilms and nanowires are now attainable where effects due
to quantum confinement are not destroyed or shadowed by the scattering on
structural imperfections and impurities. As a result, such nanoscale superconducting systems may have properties significantly different as compared to
bulk superconductors. Their potential applications in microscopic electronic
circuits and nano-sensors require a solid knowledge of the geometrical and
magnetic effects on nanoscale superconductivity.
Recently, single-crystalline metallic nanofilms [1–7] and single-crystalline
and polycrystalline nanowires [8–12] have been fabricated. In particular, robust superconductivity in single-crystalline Pb and In nanofilms has been
observed even for film thickness down to one atomic layer [13]. This is opposed to previously investigated metallic films where superconductivity was
strongly suppressed due to significant structural imperfections and impurities.
For nanowires, their quality and crystalline structure are also crucial for their
superconducting properties. In particular, amorphous MoGe nanowires [14]
exhibit a pronounced decrease of the critical temperature Tc when decreasing
the nanowire width. Here the electron mean free path is significantly smaller
than the diameter of the nanowire. On the contrary, the polycrystalline (but
made of strongly coupled grains) Al nanowires [9, 15] and single-crystalline
Sn [16] and Pb [17]) nanowires exhibit an increase of Tc with decreasing width
of the nanowire. The electron mean free path in the high-quality nanowires
is larger than or compatible to the nanowire diameter. Similarly, the mean
free path in single-crystalline metallic nanofilms exceeds the nanofilms thickness (see e.g., [2]). Thus, a remarkable feature of both high-quality nanofilms
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and nanowires is that the transverse (perpendicular) electron motion is not
significantly influenced by scattering on imperfections.
In this case the single-particle energy spectrum is discretized in the transverse (perpendicular) quantum-confined direction due to the formation of discrete electron levels. As a result, the conduction band splits up into a series
of single-electron subbands, and the bottom of each subband measures the
corresponding discrete energy. The existence of the subband structure in
nanofilms has been confirmed by angle-resolved photoemission spectroscopy
of atomically uniform Ag nanofilms on Fe(111) [18], and by scanning tunneling spectroscopy of Pb nanofilms on Si(111) [5, 19]. The single-electron subbands shift in energy when changing the nanofilm thickness of the nanowire
width. When the bottom of a subband passes through the Fermi surface,
an increase in density of the contributing single-electron states occurs which
leads to an enhancement of the superconducting order parameter and other
basic superconducting characteristics, i.e., the superconducting resonance predicted by Blatt and Thompson more than 50 years ago [20]. As a result,
the superconducting properties oscillate with the thickness, i.e., quantum-size
oscillations. The subsequent 40 years after the paper by Blatt and Thompson [20], very few experimental groups reported the observation of possible
signatures of such behavior. Structural defects were a serious obstacle preventing a definite conclusion that time. Recently, such oscillations of the
critical superconducting temperature and critical magnetic field were finally
observed with high accuracy in single-crystalline Pb nanofilms [3, 5, 19, 21].
This renewed interest in the interplay of quantum confinement with superconductivity. In particular, it was predicted that quantum confinement results
in: (i) the formation of Andreev-type quasiparticles [22]; (ii) in the cascade
scenario of the superconducting-to-normal transition [23]; (iii) in an enhanced
spatially distributed pair condensate [20, 22–27], etc. Motivated by significant experimental achievements and recent theoretical developments, in this
thesis we concentrate on the key question: What is the effect of the quantum
confinement on superconductivity of high-quality nanofilms and nanowires?
This thesis is focused on the clean limit and based on a numerical solution
of the Bogolibov-de Gennes (BdG) equations arranged for a superconducting
nanoslab (modeling the nanofilm) and for superconducting nanocylinder and
hollow nanocylinder (modeling the nanowire).
The present thesis is organized as follows:
Chapter 1 introduces a brief historical survey of superconductivity and
outlines the phenomenological London and Ginzburg-Landau equations. Furthermore, the microscopic theories including the Bardeen-Cooper-Schrieffer
(BCS) theory, the BdG equations and spin-generalized BdG equations are discussed, and the numerical approaches to solving these equations are described.
In the last part of this chapter, two kinds of nanofabrication technologies, i.e.,
the molecular beam epitaxy and the lift-off lithography, are introduced, as
well as the scanning tunneling spectroscopy.
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Chapter 2 is focused on the effect of the spatially dependent Hartree-Fock
potential in the BdG equations on the superconducting order parameter ∆(r)
and the critical temperature Tc . In bulk superconductors, the Hartree-Fock
mean-field potential is spatially uniform and so gives the same contribution
to both the single-electron energies and to the chemical potential. Thus, ∆(r)
and Tc that depend on the single-electron energies measured from the chemical
potential, is unaltered when switching on the Hartree-Fock interaction. This
is not the case in nanosized superconductors where the presence of quantum
confinement breaks the translational invariance. Investigating a nanocylinder,
we find that the curve representing the thickness-dependent oscillations of the
critical superconducting temperature is shifted up to larger diameters in the
presence of the spatially dependent Hartree-Fock field.
In Chapter3 we study multi-band(subband) superconductivity in a hollow
nanocylinder. When changing the inner radius and thickness of the hollow
nanocylinder, we find a crossover from an irregular pattern of quantum-size
superconducting oscillations typical of nanowires to an almost regular regime
specific for superconducting nanofilms. We show that the formation of singleelectron subbands results in multiple superconducting gaps due to the interplay between quantum confinement and the Andreev-reflection mechanism.
The difference between the subband superconducting gaps is significant in
the irregular regime (which is similar to the pattern of quantum-size oscillations of the superconducting gap shown in typical nanowires) but the gaps are
almost equal when coming to the regular side of the crossover. Here the ratio
of the energy gap to the critical temperature approaches its bulk value while
it is reduced by 20%-30% because of the confinement-driven Andreev-type
states proliferating in the irregular regime.
In Chapter 4 we investigate the superconductor-to-normal transition driven
by a parallel magnetic field in a superconducting hollow nanocylinder. In
particular, we show that the formation of multiple single-electron subbands
results in the cascade scenario of the superconductor-to-normal transition.
When increasing the parallel magnetic field, the order parameter decays through
a cascade of jumps, and each jump is associated with the onset of the depairing
in one of the occupied subbands. Such quantum-size cascades vary with the
confining geometry i.e., when changing the inner radius (R) and wall thickness
(d) of the hollow nanocylinder. The jumps in the order parameter as function of the magnetic field become less pronounced when increasing the ratio
R/d, i.e., when the nanofilm-like regime is approached. We also investigate
the thermal smoothing of the cascades and the smoothing that occurs due to
surface roughness.
Chapter 5 describes an intriguing possibility of molecule-like superconducting pairing in single-crystalline superconducting nanofilms. Quantum
confinement of the perpendicular motion of electrons results in the formation
of a series of single-electron subbands. The energetic position of each subband
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can vary significantly with changing nanofilm thickness, substrate material,
protection cover and other details of the fabrication process. One may realize
the situation that the bottom of one of the available subbands is situated in
the vicinity of the Fermi level. We demonstrate that the character of the superconducting pairing in such a subband changes dramatically and exhibits a
clear molecule-like trend, which is very similar to the crossover from the BCS
regime to Bose-Einstein condensation observed in trapped ultracold fermions.
For Pb nanofilms with thickness of 4 and 5 monolayers this will lead to a
spectacular scenario: up to half of all the Cooper pairs nearly collapse i.e.,
their in-plane radius shrinks down to a few nanometers.
In Chapter 6 we investigate the impact of the thickness-dependent variations of the phonon mediated electron-electron coupling on the critical temperature and excitation gap in single-crystalline superconducting nanofilms.
To date, several experimental groups reported measurements of the thickness
dependence of Tc in atomically uniform single-crystalline Pb nanofilms. The
reported amplitude of the Tc -oscillations varies significantly from one experiment to another. Here we demonstrate that the reason for this unresolved
issue is an interplay of the quantum-size variations in the single-electron density of states with thickness-dependent oscillations in the phonon mediated
electron-electron coupling. Such oscillations in the coupling depend on the
substrate material, the quality of the interface, the protection cover and other
details of the fabrication process, changing from one experiment to another.
This explains why the available data do not exhibit one-voice consistency
about the amplitude of the Tc -oscillations.
In Chapter 7 we investigate a single-vortex numerical solution of the BdG
equations for a two-band s-wave superconductor quantum-confined in a cylinder with radius of about the Ginzburg-Landau coherence length. We calculate
the healing lengths of the two band condensates and determine how they depend on temperature and the interband Josephson-like coupling γ. We show
that two-band superconductors harbor hidden criticality deep in the superconducting state, stemming from the critical temperature of the weaker band
taken as an independent system. For sufficiently small interband coupling γ
the coherence length of the weaker band exhibits a remarkable deviation from
the conventional monotonic increase with temperature, namely, a pronounced
peak close to the hidden critical point.

INTRODUCTION TO SUPERCONDUCTIVITY

1.1

5

INTRODUCTION TO SUPERCONDUCTIVITY

1.1.1

Historical survey

Superconductivity was first observed in 1911 by Heike Kamerkingh Onnes [28].
When he cooled mercury to the temperature of liquid helium around 4.2 K,
its electrical resistance suddenly disappeared rather than gradually as seen in
Fig. 1.1. This phenomenon was called superconductivity, and the transition
temperature is called the critical temperature Tc . Two year later, he was
awarded the Nobel Prize in Physics “for his investigations on the properties
of matter at low temperatures which led, inter alia, to the production of liquid
helium”. In more accurate experiments, it was found that the resistivity of
bulk superconductors is zero at the level of 10−24 Ω cm, which is 15 orders
of magnitude less than the resistance of high-purity copper at 4.2 K [29].
Besides mercury, many other metals (e.g., lead, tin, aluminum, etc.), alloys
and intermetallic compounds also become superconducting as the temperature
drops to a certain value. In superconductors, once an electric current has
been set up it will persist for ever. Such non-dissipative current is called
supercurrent. Superconductors were simply regarded as ideal conductors with
zero resistance, until the discovery of the Meissner-Ochsenfeld effect.

Fig. 1.1

Resistance versus temperature of mercury measured in 1911 [28].

In 1933, Walter Meissner and Robert Ochsenfeld discovered that a macroscopic superconductor repels a magnetic field if it is relatively weak [30] as
shown in Fig. 1.2. Such repulsion of magnetic flux is independent of the
sample’s history, i.e., the sequence of applying of the magnetic field and adjusting the temperature. It means that the superconducting state is a new
thermodynamical state and the transition from the normal state to the super-
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conducting state can be treated as a phase transition. It was also found that
superconductivity can be destroyed when increasing the external magnetic
field up to a certain value, which is called the critical magnetic field Hc . The
Meissner-Ochsenfeld effect shows that the superconducting state has a lower
free energy than the normal state. From the analysis of the entropy [29] of a
superconductor and the empirical temperature dependence of Hc , one can find
that the superconducting state is more ordered than the normal state, and
in the presence of a magnetic field all the transitions from the superconducting state to the normal state are first-order phase transitions, while without
a magnetic field the transition at the critical temperature is a second-order
phase transition [29].

Fig. 1.2 In the left panel, a normal sphere sample is located in the presence of a
relatively weak magnetic field in the left panel. In the right panel, the sample becomes
superconducting and repulses the magnetic flux when cooling the temperature under
Tc . For a ideal conductor, in this procedure the magnetic field remains inside of the
sample as the temperature drops.

In 1935, Fritz and Heinz London represented two equations which can phenomenologically explain the above two basic electrodynamic properties [31].
These equations can be derived from the Drude model for the electrical conductivity and minimization of the free energy with respect to the external
magnetic field [32]. In this theory, both the electric and magnetic fields are
assumed to be weak enough, and the density of superconducting electrons is
position-independent. Although London equations can not describe the spatial distribution of the density of the superconducting electrons, it introduces
one of the most important characteristic lengths in superconductivity: the
magnetic field penetration depth λ (see in Fig. 1.3).
In 1950, Ginzburg and Landau developed a very powerful phenomenological
theory of superconductivity [33] based on the Landau’s theory of second-order

INTRODUCTION TO SUPERCONDUCTIVITY
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Fig. 1.3 Variations of square of the superconducting order parameter ψ(x) and the
external magnetic field h(x) in the interface between the normal and superconducting
domains [32]. ξ(T ) and λ(T ) are the temperature dependent coherence length and
magnetic field penetration depth, respectively.

phase transitions. In 2003, Ginzburg won a shared Nobel Prize in Physics “for
pioneering contributions to the theory of superconductors”. The GinzburgLandau (GL) theory consists of two equations which are obtained by minimizing the free energy expanded in terms of the order parameter with respect
to the fluctuations in the order parameter and the vector potential [32]. The
physical meaning of the order parameter was explained by the later microscopic BCS theory, however, the square of its absolute value in GL theory
is regarded as the density of the superconducting electrons. Without exploring the underlying microscopic mechanism of superconductivity, this theory
correctly describes some of the superconducting phenomenon and introduces
both of the two characteristic lengths in superconductivity (see in Fig. 1.3):
the magnetic field penetration depth λ and the coherence length ξ which characterizes the spatial variations of the order parameter. The GL theory is valid
in the vicinity of Tc .
In 1957, John Bardeen, Leon Cooper, and John Schrieffer proposed the
first widely-accepted microscopic theory for superconductivity, i.e., BCS theory [34]. They were awarded jointly the Nobel Prize in Physics 1972 “for their
jointly developed theory of superconductivity, usually called the BCS-theory”.
The superconductors well described by this theory are called the conventional
superconductors or BCS superconductors, differing from the high-Tc superconductors. The foundation of the BCS theory is that electrons in the Debye
window around the Fermi level with opposite momenta and spins are bounded
into Cooper pairs due to the attractive electron-electron interaction mediated
by phonons. Based on the trial wave function of the ground state of superconductivity, BCS theory gives the difference in energy between the superconducting state and the normal state, the temperature dependent energy gap in
the energy spectrum and density of states of quasiparticles, the ground state
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of superconductivity, and so on. In contrary to the Ginzburg-Landau theory,
BCS theory works at all the temperature bellow Tc , and has been extended
for inhomogeneous superconductivity, known as the BdG equations [35] which
is the major theory applied in this thesis.

Fig. 1.4 The magnetic induction B (i.e., the flux per area) as a function of the external
magnetic field H in type I and type II superconductors [32].

Fig. 1.5 Abrikosov flux lattice (vortex array) produced by a magnetic field H = 1 T
in NbSe2 [36].

It was in the same year that Abrikosov classified the superconductors as
type I and type II (see in Fig. 1.4) according to the parameter κ = λ/ξ and
predicted the existence of vortex array (see in Fig. 1.5) in the mixed state of
type II superconductors [37] which was confirmed in experiment in 1967 [38].
Abrikosov won a shared Nobel Prize in Physics “for pioneering contributions
to the theory of superconductors” in 2003. For a type I superconductor,
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with increasing the external magnetic field the system exhibits only MeissnerOchsenfeld effect before superconductivity is destroyed, i.e., the field reaches
Hc . For a type II superconductor, under a certain magnetic field Hc1 (the
lower critical magnetic field) the system shows Meissner-Ochsenfeld effect.
With increasing the field, the magnetic flux deeply penetrates the sample
and coexists with the superconductivity. When the magnetic field reaches a
certain value Hc2 (the upper critical field) the superconductivity of the sample
is destroyed. By using Green functions, Lev Petrovich Gor’kov showed in 1959
that in the case of a contact interaction of the electron-electron coupling, the
GL theory is in fact a limiting form of the BCS theory in the vicinity of Tc
and the order parameter in the GL theory is proportional to the energy gap
in the BCS theory.

Fig. 1.6

Single Josephson junction with A, B superconductors and C a thin insulator.

In 1962, Brian Josephson predicted that the electric current can flow between two superconductors even when they are separated by a very thin insulator (i.e., Josephson junction as seen in Fig. 1.6) without any voltage
applied [39]. This was verified two year later by P. W. Anderson and A.
H. Dayem [40]. Josephson won a half of the Nobel Prize in Physics in 1972
“for his theoretical predictions of the properties of a supercurrent through a
tunnel barrier, in particular those phenomena which are generally known as
the Josephson effects”. Josephson effects exhibit the importance of the phase
difference between the GL complex order parameter of the two superconductors composing the junction, and has plenty of practical applications, e.g. the
superconducting quantum interference device (SQUID) and superconducting
qubits.
In 1986, Alex Müller and Georg Bednorz discovered the first high-Tc superconductor the layered copper oxide BaLaCuO with Tc about 35 K [41]. The
next year, they were awarded the Nobel Prize in Physics “for their important
break-through in the discovery of superconductivity in ceramic materials”.
High-Tc superconductors belong to the type II superconductors. Many other
high-Tc superconductors have been found, subsequently. In 1987, YBCO
was discovered to be superconducting with a Tc of 90 K and an estimated
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Hc2 between 80 and 180 T [42]. In 1988, Bi2 Sr2 Ca2 Cu3 O10+x (Bi-2223) and
Tl2 Ba2 Ca2 Cu3 O10 (Tl-2223) were discovered to have Tc equal to 105 K [43]
and 120 K [44], respectively. In 1993, mercury barium calcium copper oxide
HgBa2 Ca2 Cu3 O8+x (Hg-1223) was found to be superconducting with Tc equal
to 135 K [45]. One year later, it was found that under high pressure, its Tc
can even reach 164 K [46], which is the highest Tc up to now. The complex
physics of the high-Tc superconductors can not be explained by the BCS theory. Comparing with the BCS superconductors, the high-Tc superconductors
have much higher Tc , and the anomalous normal states in the underdoped
regim which strongly deviates from the Fermi liquid picture. It is generally
believed that the superconductivity in high-Tc superconductors can emerge
from electron-electron repulsive interaction [47]. Although there are intensive
research and many achievements in characterization and theoretical model,
the mechanism that causes the superconductivity in high-Tc superconductors
is one of the major unsolved problems of the theoretical condensed matter
physics.

Fig. 1.7 The time line of the Tc of superconductors according to the data from the Department of Energy of the United States - Basic Energy Sciences (see http://www.ccasweb.org/superconductivity/).

Recently, many other kinds of superconductors have been discovered, such
as superconducting 4 Å single-walled carbon nanotubes with Tc = 20 K [48],
heavy fermion superconductors (e.g., PuCoGa5 with Tc = 18.5 K [49] and
PuRhGa5 with Tc = 8.7 K [50]), two-band superconductor MgB2 with highest Tc = 39 K [51] which is the highest Tc of the phonon-mediated supercon-

INTRODUCTION TO SUPERCONDUCTIVITY

11

ductors, crystalline C60 fullerenes with Tc = 40 K [52], iron-based superconductors (e.g., LaFePO with Tc = 4 K [53] and LaFeAs(O,F) with Tc = 43 K
under pressure [54]) which can be useful to form another family of non-BCS
superconductors.
1.1.2

Applications of superconductivity

Superconductivity which shows a macroscopic quantum effect is one of the
great scientific discoveries of the 20th Century. By utilizing its fascinating
and unexpected properties, superconductivity has already led to many new
commercial products that are of importance in human’s daily life and in scientific research, such as magnetic resonance imaging (MRI), nuclear magnetic
resonance (NMR), magnetic levitation (i.e., maglev), high intersity magnets
for high-energy physics accelerators, plasma fusion reactors, superconducting wires, etc. Besides these, the ongoing development of new applications
includes superconducting transformers, underground cables, more rapid and
efficient magnetically levitated trains and railway traction transformers, more
compact and less costly MRI systems, powerful magnets for the industry, etc.
Compared with conventional products, the superconductor-base products are
extremely environmentally friendly with no greenhouse gases, since they are
cooled by non-flammable liquid nitrogen or helium. Here we briefly introduce
the principles behind these applications.
The property of zero resistance of the electric current is exploited in applications, such as superconducting wires made of niobium-titanium or high-Tc
superconductors (e.g., YBCO). Superconducting wires have higher maximum
current densities and zero power dissipation in comparison with copper or
aluminum. The ribbon-shaped YBCO wires made by the American Superconductor company with 100 meters long and just 4-mm wide can carry a current
of up to 140 Amperes when cooled with liquid nitrogen (i.e., at temperature
of about 77 K), which is about 150 times as much as a standard copper wire
of the same dimension can carry. Additionally, such wires become superconducting magnets with high magnetic fields when made into coils and subject
to a strong supercurrent. In 2007, the US National Research Council made
a magnet with windings of YBCO which achieved a magnetic field of 26.8 T.
The superconducting magnets are the basis of some other applications, e.g.,
magnetic levitation, MRI machine and high-energy Physics accelerators.
Based on superconducting loops with two Josephson junctions, the direct
current superconducting quantum interference device (DC SQUID, as seen
in Fig. 1.8) is the most sensitive magnetometer with an accuracy as high
as 5 × 10−18 T. For comparison, the earth’s magnetic field is of the order
of 10−4 T, and some processes in animals produce magnetic fields between
10−9 T and 10−6 T. The extreme sensitivity of SQUIDs makes them play an
important role in many different fields. Magnetoencephalography (MEG) in
diagnostic medicine uses an array of SQUIDs to measure the weak magnetic
field in brains or stomachs, and the MRI uses SQUIDs as detectors. Another
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case is the scanning SQUID microscope, which also uses a SQUID as probe.
This kind of detectors is applied in oil prospecting, mineral exploration, earthquake prediction and geothermal energy surveying, even in the detection of
gravitational waves.

Fig. 1.8

Illustration of a superconducting quantum interference device (SQUID).

With the increase of the critical temperature of high-Tc superconductors,
it is widely believed that more reliable and efficient superconducting products
will emerge.

1.2
1.2.1

MICROSCOPIC THEORIES OF SUPERCONDUCTIVITY
BCS theory

As the first well accepted microscopic theory for superconductivity, the BCS
theory has achieved huge success in explaining the superconductivity of type
I and type II superconductors. Even in high-temperature superconductors,
many experiments, e.g., AC Josephson effect, Little-Parks oscillations, Andreev reflection, etc., have shown that the effective charge of the supercurrent
carriers is twice the electron charge, i.e., the superconducting electrons with
opposite momenta and spins are bounded together as Cooper pairs, like in the
case of BCS superconductors. To some extent, the concept of Cooper pairs
and their quantum overlap is the core of the BCS theory to form a new coherent state. In general, there are many pairing mechanisms besides the so-called
s-wave pairing (i.e., attractive interactions between electrons in momentum
space is isotropic), but in this thesis only s-wave pairing is taken into account
since we focus on the properties of nanostructures made of conventional metallic superconductors. In this subsection, first the BCS reduced Hamiltonian is
obtained from the effective electron-phone interaction following the treatment
of de Gennes [35]. Second, Cooper pairs are introduced based on the reduced
Hamiltonian. At last, we deduce the ground state, the condensed energy and
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the gap energy of the quasiparticle spectrum for a homogenous superconductor at zero temperature. The case of finite temperature will be discussed in
Subsection 1.2.2.

Fig. 1.9 Phonon mediated electron-electron interaction. (a) The electron (k2 , σ2 )
emits a phonon of wave vector q, absorbed by the electron (k1 , σ1 ). (b) The electron
(k1 , σ1 ) emits a phonon of wave vector −q, absorbed by the electron (k2 , σ2 ).

1.2.1.1 BCS reduced Hamiltonian The electron-phonon interaction was first
proposed by Frölich in 1950. The mechanism can be described as follows,
a virtual phonon emitted by an electron traveling through a crystal is absorbed by another electron (see Fig. 1.9). In fact the virtual phonon is the
deformation or polarization of the crystal caused by one electron. When another electron passes through this region, it feels an attractive or repulsive
interaction from the environment. In this way, the behavior of emission and
absorption of a virtual phonon results in a retarded interaction between these
two electrons. The Hamiltonian of such interaction is as follows,
Hef f =

1
2

X

Vk1 ,q Ck+1 +q,σ1 Ck+2 −q,σ2 Ck2 ,σ2 Ck1 ,σ1 ,

(1.1)

q,k1 ,k2 ,
σ1 ,σ2

where k1 and k2 are the wave vectors of electrons, q is the wave vector of
the virtual phonon, σ1 and σ2 are the spins of electrons. C + and C are the
creation and destruction operators of electrons, the interaction potential is of
the form
~ωq
Vk1 ,q = 2|Dq |2
(1.2)
(ξk1 +q − ξk1 )2 − (~ωq )2
with Dq proportional to the ion-electron interaction, ξ the energy of electrons
and ωq the frequency of phonons. From Eq. (1.2), it is found that this interaction is attractive (Vk1 ,q < 0) in the region |ξk1 +q − ξk1 | < ~ωq ≈ ~ωD ,
while beyond this range it turns to be repulsive. ωD is the Debye frequency.
Taking into accout the screening Coulomb effect, the total interaction matrix
2
ωq2
2
element is obtained as q4πe
2 +k2 (1 + ω 2 −ω 2 ) (with ks proportional to the electron
s
q
density) in the jellium model. The BCS theory considers the total interaction
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as attractive inside the Debye window around the Fermi level and approximately as constant (−V ), while the repulsive interaction outside the shell is
neglected:

V > 0 if |ξk1 +q − ξk1 | < ~ωD ,
(1.3)
V = 0 otherwise.
So the Hamiltonian of the total interaction between electrons is
1 X
V Ck+1 +q,σ1 Ck+2 −q,σ2 Ck2 ,σ2 Ck1 ,σ1 .
H0 = −
(1.4)
2 q,k ,k ,
1 2
σ1 ,σ2

Fig. 1.10
K − k.

The region (shadow) of the attractive electrons with wave vectors K and

Further, we transform the wave vectors (k1 , k2 , q) to another three wave
vectors (K, k, k0 ) through the following relations,
K = k1 + k2 ,
k = k1 ,

(1.5)

0

k = k1 − q.
As shown in Fig. 1.10, only the electrons occupying the k and K − k states
within the dashed region can be coupled by the attractive interaction. We take
into account only the term with K = 0 (i.e., k1 = −k2 ) because the dashed
area reaches maximum and such term gives the most important contribution.
On the other hand, the electron couple with opposite spins has lower energy
than the one with the same spins due to the Pauli’s exclusion principle. So,
we take the spin indices in Eq. (1.4) as σ 0 = −σ. Thus, including the
kinetic energy (ξk ) of electrons measured from the Fermi level EF , the total
Hamiltonian known as the BCS reduced Hamiltonian is written as
X
X
+
+
Ĥ =
ξk Ckσ
Ckσ −
Vkk0 Ck+0 ↑ C−k
(1.6)
0 ↓ C−k↓ Ck↑ ,
k,σ

k,k0

where the matrix element of the interaction Vkk0 can be approximated following the BCS theory

V (> 0) if |ξk | and ξk0 < ~ωD ,
0
Vkk =
(1.7)
0
otherwise.
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The reason for the choice of the grand canonical Hamiltonian is that the
number of electrons in the system is not conserved.
1.2.1.2 Cooper pair Now, we consider the scattering states of two coupled
electrons with opposite momenta and spins above the Fermi level at T = 0
K. All the electrons under the Fermi level are considered as in the normal
state and to be already occupied. The eigenstates |ψi of the BCS reduced
Hamiltonian are linear combination of all the possible scattering states, i.e.,
X
+ +
|ψi =
a(k)Ck↑
C−k↓ |F i,
(1.8)
|k|>kF

with |F i the ground state (being |F i the Fermi sea filled by independent
quasiparticles). The summation is taken over states with 0 < ξk < ~ωD , so
following Eq. (1.7) we have Vkk0 = V . The normalization
condition on the
P
eigenstates |ψi determines a condition on a(k), i.e., |k|>kF |a(k)|2 = 1.
The energy of two coupled electrons (E ) is obtained from the eigen-energies
of the reduced Hamiltonian by removing the kinetic energy of the electrons
under the Fermi level,
X
X
E=2
ξk |a(k)|2 − V
a∗ (k0 )a(k).
(1.9)
|k|>kF

|k|,|k0 |>kF

P
By minimizing the quantity E − λ( |k|>kF |a(k)|2 − 1), being λ a Lagrangian
multiplier, we obtain the following equation
X
(2ξk − λ)a(k) = V
a(k0 ),
(1.10)
|k0 |>kF

from which λ and E can be obtained. First, λ is found to be equal to E by
multiplying a∗ (k) on both sides and summing over the wave vector k. Second,
by dividing (2ξk − λ) and summing over k, we get
1=V

X
|k0 |>kF

1
= N (0)V
2ξk − λ

Z

~ωD

0

dξ
2ξ − E

(1.11)

with N (0) the density of states per volume and spin of electrons at the Fermi
surface. In the weaking-coupling case N (0)V  1, we have
E = −2~ωD e−2/[N (0)V ] .

(1.12)

The negative total energy means that two electrons with opposite momenta
and spins over the Fermi level form a bound state (called a Cooper pair) in
the presence of a weak attractive interaction (even in the limit of vanishing
V ).
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1.2.1.3 Ground state and energy gap According to the fact that the formation of Cooper pairs can lead to a lower energy in comparison with the case
of two uncoupled electrons, Bardeen, Cooper and Schrieffer assumed that in
the ground state of superconductivity all electrons are in the form of Cooper
pairs. Although such assumption indicates an even number N of electrons in
the system, it is still suitable for the discussion of an electron gas (N ∼ 1023 )
because if there is one uncoupled electron its effect on the physical properties
can be neglected. The BCS trial wave function of the superconducting ground
state is as follows,
Y
+ +
|0i =
(uk + vk Ck↑
C−k↓ )|Vaci,
(1.13)
k

where |Vaci is the vacuum state (Ck,σ |Vaci = 0). Coefficients uk and vk taken
to be real are the probability amplitudes of the unoccupied and occupied
pairing state, respectively. The normalization condition for uk and vk is
u2k + vk2 = 1. In what follows, with the BCS reduced Hamiltonian Eq. (1.6)
and the above trial wave function of the ground state, we minimize the total
energy of the superconducting ground state Es = h0|Ĥ|0i in order to obtain
the total energy and coefficients uk and vk .
By inserting Eqs. (1.6) and (1.13) into the expression of the energy of the
ground state, we have
X
X
+
+
Es = h0|
ξk Ckσ
Ckσ −
Vkk0 Ck+0 ↑ C−k
0 ↓ C−k↓ Ck↑ |0i
k,k0

k,σ

=

2

X
k

ξk vk2

+

X

Vkk0 uk vk uk0 vk0 .

(1.14)

k,k0

Making use of the normalization condition for the real coefficients uk and vk ,
we introduce the variable θk
uk = sin(θk ) and vk = cos(θk ).

(1.15)

The minimization of the energy E in Eq. (1.14) with respect to θk gives the
relation
X
tan(2θk ) =
Vkk0 [sin(2θk0 )]/(2ξk ).
(1.16)
k0

We define two new quantities
X
1X
Vkk0 sin(2θk0 ),
∆k = −
Vkk0 uk0 vk0 = −
2 0
0
k

=

k
2
(∆k + ξk2 )1/2 ,

(1.17)

k

(1.18)

where ∆k is the gap energy and k is the quasiparticle energy as we will see
later. And, Eq. (1.16) is rewritten as
tan(2θk ) = −

∆k
,
ξk

(1.19)
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and the coefficients uk and vk results as follows
u2k

=

vk2

=

1
ξk 
1+
,
2
k
ξk 
1
1−
.
2
k

(1.20)
(1.21)

We take the matrix element Vkk0 as in Eq. (1.7), so the quantity ∆k actually
is independent of the wave vector k. From Eqs. (1.14), (1.17) and (1.20), the
total energy of the superconducting ground state is given by
Es =

X
k

ξ2
ξk − k
k

∆2
.
V


−

(1.22)

The energy difference between the superconducting ground state and the
normal state is
Es − En

=

Es −

X

2ξk

|k|<kF

=

2

X 

ξk −

|k|<kF

≈

1
− N (0)∆2 .
2

ξk2
k


−

∆2
V
(1.23)

In the last step, the weak-coupling-limit (i.e. N (0)V  1) is applied. It shows
that the energy of the superconducting ground state is lower than the energy
of the normal state.

Fig. 1.11 Momentum distribution of the occupied single-particle states (vk2 ) of the
fermionic system at zero temperature.
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The number of electrons of the ground state is
X
+
N =
h0|Ckσ
Ckσ |0i
kσ

=

2

X

vk2 .

(1.24)

k

In Fig. 1.11 we see that the Fermi surface is smeared out by the formation of
the Cooper pairs. Further, the occupied probability of the Cooper pair (k ↑,
−k ↓) is as follows,
h0|C−k↓ Ck↑ |0i = uk vk
∆
1
p
.
=
2 ξk2 + ∆

(1.25)

The formation of Cooper pairs in the case of the BCS approximation mainly
occurs around the Fermi level (ξk = 0).
The gap energy of a superconductor is the minimum energy required to
add/remove one electron into/from the specimen. From Eq. (1.14), we can
see that the contribution of the Cooper pair (k ↑, −k ↓) to the total energy
of the superconductor is
X
wk = 2ξk vk2 − 2uk vk
Vkk0 uk0 vk0
k0

= ξ k − k .

(1.26)

When we add one electron into the state q at zero temperature, there must
be no Cooper pair (q ↑, −q ↓). So, the energy of the new system is calculated
as follows
Wq

= Woriginal − wq + ξq
= Woriginal + q
q
= Woriginal + ξq2 + ∆2 .

(1.27)

From the above result, the gap energy of a superconductor at zero temperature
is ∆.
1.2.2

Bogoliubov-de Gennes equations

As we have seen in the BCS theory, the probability amplitudes of the unoccupied and occupied pairing states uk and vk are position-independent, which
leads to the difficulty of applying the BCS theory to inhomogeneous systems.
The approach to superconductivity in inhomogeneous systems applied in this
thesis is the BdG equations [35] which are a generalization of the HartreeFock equations for the case of superconductivity. From the BdG equations,
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the quasiparticle energy spectrum and the spatially dependent gap energy at
any temperature can be calculated in the presence or absence of a magnetic
field. The BdG equations consists of two Schrödinger-like equations coupled
by a pair potential (also called the order parameter). Together with the expressions (called the self-consistency conditions) of the Hartree-Fock potential
and the order parameter, the BdG equations are solved self-consistently. In
this subsection, we first obtain the BdG equations and the self-consistency
conditions following de Gennes’ method [35]. Second, the spin generalized
BdG equations are introduced as well as the corresponding self-consistency
conditions. Third, two numerical approaches to the BdG equations are given
in detail for samples of different geometries (e.g., cylinders, hollow cylinders
and films): solving the full BdG formalism and solving the BdG equations
with Anderson’s approximation.
1.2.2.1 Bogoliubov-de Gennes equations Here we start by rewriting the Hamiltonian of an interacting electron system in terms of field operators Ψ̂(rσ),
Ĥ

=

H0

=

Ĥ0 + Ĥ1 ,
Z
X
Ψ̂† (rα)He (r)Ψ̂(rα),
dr

(1.28)
(1.29)

α

H1

=

1
− V
2

where
He (r) =

Z
dr

X

Ψ̂† (rα)Ψ̂† (rβ)Ψ̂(rβ)Ψ̂(rα),

(1.30)

αβ

1
eA 2
− i~∇ −
+ U0 (r) − µF ,
2me
c

(1.31)

with A the vector potential of the external magnetic field, and µF the chemical
potential. There are several simplifications in the above expressions. In H0 ,
the effect of the magnetic field on the electron spins is neglected, and the
external one-particle potential U0 (r) is taken to be independent of the spin of
the electron. The interaction (V > 0) between two electrons is also considered
as spin-independent and of the form of a contact potential, i.e., in the delta
function approximation. The field operators
X
Ψ̂(rα) =
wk (r)Ckα
(1.32)
k

satisfy the anticommutation rules
[Ψ̂(rα), Ψ̂† (r0 β)]+ = δαβ δ(r − r0 ),
[Ψ̂(rα), Ψ̂(r0 β)]+ = 0,

(1.33)
(1.34)

with {wk (r)} being a complete set of single-electron wave functions.
The interaction Hamiltonian H1 in Eq. (1.30) comprises the product of four
field operators is too complex in order to handle it directly. As a mean-field
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approximation, we can replace V Ψ̂† Ψ̂† Ψ̂Ψ̂ by the sum of the terms including
the product of two field operators and one average potential. As a result, we
obtain an effective Hamiltonian given by
X
Z
 †

Ĥeff =
dr
Ψ̂ (rα)He (r)Ψ̂(rα) + U (r)Ψ̂† (rα)Ψ̂(rα)
α


+∆(r)Ψ̂† (r ↑)Ψ̂† (r ↓) + ∆∗ (r)Ψ̂(r ↓)Ψ̂(r ↑) .

(1.35)

The physical meaning of the effective Hamiltonian is clear. Its first term
stands for the kinetic energy of electrons, the second term with the HartreeFock potential U (r) is the interaction energy, and the last two terms with the
order parameter ∆(r) appear due to the formation of the Cooper pairs. The
commutators [Ĥeff , Ψ̂(rα)] are
[Ψ̂(r ↑), Ĥeff ] = [He (r) + U (r)]Ψ̂(r ↑) + ∆(r)Ψ̂+ (r ↓)
+

[Ψ̂(r ↓), Ĥeff ] = [He (r) + U (r)]Ψ̂(r ↓) − ∆(r)Ψ̂ (r ↑).

(1.36)
(1.37)

Because the effective Hamiltonian has a quadratic form in the field operators, it can be diagonalized by performing the generalized Bogoliubov-Valatin
transformation

X
†
∗
Ψ̂(r ↑) =
un (r)γn↑ − vn (r)γn↓
(1.38)
n


X
†
∗
Ψ̂(r ↓) =
un (r)γn↓ + vn (r)γn↑ ,

(1.39)

n

where un (r) and vn (r) (the coherence factors) are called the particle-like and
+
still
hole-like wave functions, respectively. The new operators γnσ and γnσ
obey the anticommutation rules
†
[γnα , γmβ
]+ = δαβ δnm ,

(1.40)

[γnα , γmβ ]+ = 0,

(1.41)

The final effective Hamiltonian should have the diagonal form
X
†
Ĥeff = Eg +
n γnα
γnα ,

(1.42)

nα

where Eg is the energy of the ground state, n is the energy of quasiparticles,
†
γnα
and γnα can be regarded as the creation and destruction operators of
quasiparticles (bogolons), respectively. With the commutation relations Eqs.
(1.41), we obtain the following commutators
[Ĥeff , γnα ] = −n γnα ,

(1.43)

†
[Ĥeff , γnα
]

(1.44)

=

†
n γnα
.
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Now inserting the transformations of Eqs. (1.39) into Eqs. (1.37) and using
the relations given in Eqs. (1.44), we compare the coefficients of operators
+
γnα and γnα
, and obtain the BdG equations:


He (r) + U (r)
∆(r)
∆∗ (r)
−He∗ (r) − U (r)



un (r)
vn (r)




= n

un (r)
vn (r)


.

(1.45)

From the BdG equations, it can be proved that the wave functions un (r) and
vn (r) obey the normalization condition
Z

dr[u∗n (r)um (r) + vn∗ (r)vm (r)] = δnm .

(1.46)

1.2.2.2 Self-consistency conditions In order to solve the BdG equations (1.45),
we determine the Hartree-Fock potential U (r) and the order parameter ∆(r)
by the requirement that the variation of the free energies calculated from the
full Hamiltonian Eq. (1.28) and from the effective Hamiltonian Eq. (1.35)
should be equal to zero [35, 55].
The free energy of the system is
F = hH0 + H1 i − T S,

(1.47)

where the brackets hi stand for the ensemble average over the eigenvalues and
eigenfunctions of the effective Hamiltonian at temperature T , and S is the
entropy. According to the Wick theorem, the average hΨ̂† Ψ̂† Ψ̂Ψ̂i in the above
expression can be simplified
hΨ̂† (1)Ψ̂† (2)Ψ̂(3)Ψ̂(4)i = hΨ̂† (1)Ψ̂† (2)ihΨ̂(3)Ψ̂(4)i

(1.48)

†

†

(1.49)

†

†

(1.50)

− hΨ̂ (1)Ψ̂(3)ihΨ̂ (2)Ψ̂(4)i
+ hΨ̂ (1)Ψ̂(4)ihΨ̂ (2)Ψ̂(3)i.
The variation of the free energy can be written as
Z
δF =

dr

X

δhΨ̂† (rα)He (r)Ψ̂(rα)i

(1.51)

α

− V hΨ̂† (r ↑)Ψ̂(r ↑)iδhΨ̂† (r ↓)Ψ̂(r ↓)i
†

†

− V hΨ̂ (r ↓)Ψ̂(r ↓)iδhΨ̂ (r ↑)Ψ̂(r ↑)i

− V hΨ̂† (r ↑)Ψ̂† (r ↓)iδhΨ̂(r ↓)Ψ̂(r ↑)i


†
†
+ hΨ̂(r ↓)Ψ̂(r ↑)iδhΨ̂ (r ↑)Ψ̂ (r ↓)i − T δS = 0.

(1.52)
(1.53)
(1.54)
(1.55)
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On the other hand, the variation of the free energy of the effective Hamiltonian is written as
X
Z
δFeff = dr
δhΨ̂† (rα)[He (r) + U (r)]Ψ̂(rα)i
α




†
†
∗
+ ∆(r)δhΨ̂ (r ↑)Ψ̂ (r ↓)i + ∆ (r)δhΨ̂(r ↓)Ψ̂(r ↑)i − T δS = 0.
(1.56)
By comparing Eqs. (1.55) and (1.56), we find that they are the same if the
Hartree-Fock potential and the order parameter are taken as follows,
U (r)

= −V hΨ̂† (r ↑)Ψ̂(r ↑)i = −V hΨ̂† (r ↓)Ψ̂(r ↓), i

(1.57)

∆(r)

= −V hΨ̂(r ↓)Ψ̂(r ↑)i = V hΨ̂(r ↑)Ψ̂(r ↓)i.

(1.58)

Now we replace the field operators Ψ̂(rα) in the above expressions by the
∗
of quasiparticles according to Eq. (1.39), and apply
operators γnα and γnα
the following mean values rules
†
hγnα
γmβ i = δnm δαβ fn ,

hγnα γmβ i = 0,

(1.59)

where fn is the Fermi distribution function
fn =

1
.
en /(kB T ) + 1

(1.60)

The Hartree-Fock potential and the order parameter are rewritten as

X
2
2
U (r) = −V
|un (r)| fn + |vn (r)| (1 − fn )
(1.61)
n

∆(r)

= V

X

un (r)vn∗ (r)(1 − 2fn ).

(1.62)

n

It is of great importance to notice that the summations in Eqs. (1.61) and
(1.62) are different. For the Hartree-Fock potential, all the electron states bellow or above the chemical potential (or, the Fermi level at zero temperature)
should be taken into account because this potential stands for the contribution from all the electrons. But, for the order which indicates the contribution
from the Cooper pairs (see Eq. (1.58)), the summation should be over only
the states within the Debye window around the chemical potential, i.e., the
energy of single electrons |ξn | < ~ωD with

Z
ξn = dr [u∗n (r)[He (r) + U (r)]un (r)

(1.63)
∗
+ vn (r)[He (r) + U (r)]vn (r)] .
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In the presence of a magnetic field, He (r)|A=0 is taken in the above expression.
Another quantity of great importance is the chemical potential µF , which
is determined from the mean electron density ne :
Z
X

2
ne =
dr
|un (r)|2 fn + |vn (r)|2 (1 − fn )
(1.64)
Ωvol
n
with Ωvol the volume of the specimen.
1.2.2.3 Gauge invariance The single-electron Hamiltonian He in the BdG
equations contains the vector potential A which can be changed to A0
A0 = A + ∇χ(r)

(1.65)

while the configuration of the external magnetic field h(r) keeps the same. It
can be proven [35] that the eigenvalues n of the BdG equations are gauge
invariant, i.e., they are unchanged by the gauge transformation Eq. (1.65).
Other quantities such as the wave functions un (r) and vn (r), the order parameter ∆(r), are gauge covariant:
ie

un (r)0 = un (r)e ~c χ(r) ,
ie

vn (r)0 = vn (r)e− ~c χ(r) ,
and

i2e

∆0 (r) = ∆(r)e ~c χ(r) .

(1.66)

(1.67)

There are two special choices of the gauge that give some convenient properties. One is called the London gauge. In this gauge one chooses the gauge
function χ(r) as
∇2 χ(r) = −∇ · A
n · ∇χ(r) = 0

in the sample

(1.68)

at the surface,

(1.69)

the new vector potential A0 satisfy the following properties
∇ · A0 = 0
0

n·A =0

in the sample

(1.70)

at the surface,

(1.71)

where n is a unit vector normal to the surface. In the other gauge, with vector
potential A the order parameter is of the form
∆(r) = |∆(r)|eiϕ(r) .

(1.72)

By choosing the gauge function
χ(r) = −

~c
ϕ(r),
2e

(1.73)

the new order parameter becomes
∆0 (r) = |∆(r)|.

(1.74)
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1.2.2.4 Spin generalized BdG equations Now we consider the single-electron
potential in the single-electron Hamiltonian He is spin dependent U0 (r, αβ).
The full Hamiltonian is
Z
X
 1
e
Ĥ = dr
Ψ̂† (rα) [
(−i~∇ − A)2 − EF ]δαβ + U0 (r, αβ) Ψ̂(rβ)
2m
c
α,β
Z
X
1
− V
dr
Ψ̂† (rα)Ψ̂† (rβ)Ψ̂(rβ)Ψ̂(rα).
2
α,β

(1.75)
On the other hand, the effective Hamiltonian is given as
Z
X


 1
e
(−i~∇ − A)2 − EF )δαβ + U0 (r, αβ) Ψ̂(rβ)
Ĥeff =
dr
Ψ̂† (rα) (
2m
c
αβ

†
†
∗
+∆(r)ραβ Ψ̂ (rα)Ψ̂ (rβ) + ∆ (r)ραβ Ψ̂(rα)Ψ̂(rβ) ,
(1.76)
where




0 1
.
−1 0
By introducing a generalized Bogoliubov transformation
X
†
∗
Ψ̂(rα) =
[uN α (r)γN + vN
α (r)γN ]
ρ=

(1.77)

(1.78)

N

with N indicating the translational and spin quantum numbers, we diagonalize
the effective Hamiltonian. Similar with the deduction of the BdG equations,
making use of the above transformation and the commutators ([Ĥeff , γN ] and
[Ĥeff , Ψ̂(rα)]), we obtain the spin generalized BdG equations
e
1
(−i~∇ − A)2 − EF ]uN α (r) + U0 (r, αβ)uN β (r)
2m
c
+ ∆(r)ραβ vN β (r)
1
e
−vN α (r) = [
(i~∇ − A)2 − EF ]vN α (r) + U0∗ (r, αβ)vN β (r)
2m
c
+ ∆∗ (r)ραβ uN β (r).
uN α (r) = [

The order parameter is given as
1 X
∆(r) = V
ραβ hΨ̂(rα)Ψ̂(rβ)i
2
αβ
X
∗
∗
=V
[uN ↓ (r)vN
↑ (r)fN + uN ↑ (r)vN ↓ (r)(1 − fN )].

(1.79)

(1.80)

N

The wave functions uN α (r) and vN α (r) satisfy the normalization condition:
2 Z
X
∗
dr[u∗M α uN α + vM
(1.81)
α vN α ] = δM N .
α=1
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1.2.3

Numerical approaches to BdG equations

There are several approaches to numerically solve the BdG equations, such
as e.g., the finite-difference method or the finite-element method. The basic
procedure of all these approaches splits into the following steps: (i) first, the
BdG equations are converted into corresponding matrix equation; (ii) second,
with an initial guess for the order parameter ∆(r) and an initial guess for
the Hartree-Fock potential U (r), the matrix equation is solved; (iii) third, the
eigenenergies n and eigenfunctions un (r) and vn (r) are employed to calculate
a new order parameter and a new Hartree-Fock field from the self-consistent
conditions given by Eqs. (1.61) and (1.62); (iv) fourth, we continue to perform
the previous three steps so that we reach the stable solutions iteratively for
∆(r), U (r), quasiparticle wave functions un (r) and vn (r), and quasiparticle
energy spectrum n .
In this subsection, we are focused on two numerical procedures to solve the
BdG equations for nanofilms and nanowires (below we consider nanocylinders and hollow nanocylinders). We again convert the BdG equations (1.45)
into a corresponding matrix equation. However, unlike the finite-difference
and finite-element methods, we expand the BdG equations in terms of the
single-electron wave functions φn (r) of nanofilms and nanocylinders, i.e., the
eigenfunctions of the single-electron Hamiltonian He (r) of the BdG equations:
He (r)ψn (r) = ξn0 ψn (r).

(1.82)

We note that in the present thesis, we consider two kinds of materials,
lead and aluminum, whose parameters used in the numerical calculations are
listed in Table 1.1. Since we employ the BdG equations in the parabolic band
approximation, an effective Fermi level has to be introduced to recover the
correct period of the quantum-size oscillations in experiment as discussed in
[26, 56].
Table 1.1 Material parameters used in the numerical calculations [26, 56].

Metal

~ωD

V N (0)

Fermi level in bulk

Effective Fermi level

Al
Pb

32.31 meV
8.27 meV

0.18
0.39

11.7 eV
9.47 eV

0.90 eV
1.15 eV

1.2.3.1 Solving the full BdG equations To solve the BdG equations numerically, the particle-like and hole-like wave functions un (r) and vn (r) are expanded in terms of the single-electron wave functions ψn (r), because all the
ψn (r) form a complete basis of functions. The terms in the expansions of un (r)
and vn (r) include all single-electron wave functions with energies located in
the Debye window around the chemical potential. With these expansions the
BdG equations (1.45) are converted into a matrix equation for the expansion coefficients. The significant advantage of this method as compared to
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the finite difference and finite-element schemes is a much smaller size of the
numerical matrix. This is because the number of transverse (perpendicular)
modes in nanowires and nanofilms is not large. Solving the matrix equation iteratively, often convergence is reached, and the original quantities (e.g., un (r)
and vn (r), ∆(r) and U (r)) are reconstructed.
At the beginning of the calculation, the bulk value of the order parameter
is chosen as the initial guess for ∆(r). In the presence of a magnetic field,
the initial input for the calculation can be the order parameter calculated
from the previous value of the magnetic field. In this way, by increasing and
decreasing the magnetic field, we can check the possible hysteretic behavior. The convergence of this algorithm is sensitive to temperature and the
magnetic field. Far away from the superconductor-to-normal transition, the
self-consistent calculation is well convergent and stable. But, in the vicinity
of the superconductor-to-normal transition the convergence becomes rather
capricious and depends strongly on the initial guess of the order parameter.
Here it is of importance to correctly estimate the number of iterations needed
to reach the desired accuracy.
1.2.3.2 Anderson’s approximation Anderson’s approximation [57] to the BdG
equations is of great importance, because the physics behind the numerical results can be well understood from such a semi-analytical solution to the BdG
equations. This approximation assumes that the particle-like un (r) and holelike vn (r) wave functions are proportional to the corresponding single-electron
wave function, it takes only the time-reversal pairing into account. In the cases
of nanofilms and nanowires, Anderson’s approximation gives very accurate solutions, since the conduction band splits up into a series of subbands, and the
distance between subbands significantly suppresses the non-time-reveral pairing. This is justified for ultrathin nanofilms and narrow nanowires. Indeed,
for sufficiently small confined dimensions, the energy spacing between the
neighboring subbands is large enough, and it supplies almost the exact result.
Based on the Anderson approximation, the BdG equations are reduced to a
BCS-like self-consistent equation for a set of the subband-dependent energy
gaps. Solving this formalism is much less time consuming.
In the presence of the external magnetic field, the single-electron Hamiltonian He 6= He∗ , i.e., the time-reversal symmetry is broken and use of Anderson’s recipe becomes questionable. However, there are plausible exceptions
like the set-up of a magnetic field parallel to the cylindrical nanowire. Here,
when the term proportional to A2 in He is neglected (which is a very good
approximation for nanowires), the eigenfunctions of He and He∗ remain the
same (although their eigenvalues are different). In this case, the Anderson
approximation still yields very good results with corrections less than a few
percents (see e.g., Ref. [23]).
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High-quality metallic nanostructures are available due to recent advances in
nanofabrication technologies. In particular, Sn and Al nanowires (both made
of strongly coupled grains [9–11] and single-crystalline [8, 16, 58]) with diameters down to 8 − 10 nm and single-crystalline superconducting Pb and In
nanofilms [2–6, 13, 19, 59–61] with thicknesses down to a few monolayers (ML)
have been fabricated. Their superconducting properties have been studied experimentally through several techniques. In this section, we will describe two
major nanofabrication technologies and some observation techniques used in
experiments to explore superconductivity in nanostructures.
1.3.1

Nanofabrication technologies

In principle, nanofabrication technologies fall into two general classes: the
bottom-up approaches and the top-down approaches. The bottom-up approaches, such as molecular beam epitaxy (MBE), metal-organic chemical
vapor deposition, self-assembly and nanofabrication by scanning probe techniques, manipulate and combine the atoms or molecules to form larger nanoscale
structures, while the top-down approaches, such as lift-off lithography, microimprint lithography, electron-beam lithography and X-ray lithography, are
mostly based on microfabrication techniques. Here we briefly introduce two
common methods used in producing high-quality nanofilms and nanowires:
MBE and Lift-off lithography.
1.3.1.1 Molecular beam epitaxy Molecular beam epitaxy, invented by J. R.
Arthur and Alfred Y. Cho [62] in 1960s, is often used to deposit single crystalline nanofilms [13, 17, 21, 63] and nanowires [64].
In molecular beam epitaxy, elements in extreme-pure form are heated in
effusion cells (see Fig. 1.12) until they are converted from the solid state
to vapor slowly. The gaseous atoms or molecules are sputtered out of the
cells and condensed on the substrates in single crystalline form with a slow
deposition rate (e.g., 0.2 ML/min in fabricating Pb nanofilms [21]). The
slow deposition rate is the most important characteristic, which allows the
nanofilms or nanowires to grow epitaxially. And due to the slow deposition
rate, molecular beam epitaxy has to be placed in high vacuum or ultra-high
vacuum (10−8 Pa) to reduce the level of impurity in the sample. In addition,
the ultra-high vacuum condition can be maintained by a cooling system of
cryopumps and cryopanels cooling with liquid nitrogen at temperature about
77 Kelvin.
During the process, the growth of the single-crystalline sample is often monitored by the reflection high energy electron diffraction (RHEED) which only
gathers information of surface layers of the sample by analyzing the diffraction pattern generated by shooting high energy electron beam at the sample
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Fig. 1.12

Sketch of the molecular beam epitaxy system.

with a glancing angle. In most cases, the substrate needs to be heated to several hundred degrees Celsius and rotated at a certain speed to eliminate the
possible imperfection in the sample. The thickness of the sample is controlled
by a computer, which can adjust shutters in front of each effusion cell. Such
high precise control has led to the fabrication of one-atomic-layer metal films
[13].
1.3.1.2 Lift-off lithography The powerful lift-off lithography, combined with
other technologies such as electron-beam lithography, is able to create structures with size from centimeter scale to nanoscale, including high-quality
nanofilms and nanowires.
The process of lift-off lithography is shown in Fig. 1.13. The pattern of
the target specimen is first etched in a sacrificial stencil layer deposited on a
well prepared substrate. After that the target material is deposited over the
whole sacrificial stencil layer and the substrate. So, both the etched region on
the substrate and the surface of the sacrificial stencil layer are covered by the
target material. Then, the sacrificial layer is washed away and the redundant
target material covering it is lifted-off. In the end, the target structure is left
on the surface of the substrate.
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Fig. 1.13 Sketch of the lift-off lithography: I. preparation of the substrate, II. deposition of the sacrificial stencil layer, III. patterning the sacrificial layer, creating an
inverse pattern, IV. deposition of the target sample, V. remove the sacrificial layer,
VI. final sample.

After the fabrication of nanostructures, the condition of the surface can be
examined by RHEED, scanning tunneling microscope (see Subsection 1.3.2.1),
or transmission electron microscope (TEM) in the bright field imaging mode
(in such mode, the contrast formation is formed by the absorption of electrons
in the sample, as well as the interference of electron waves that penetrating
through the sample and the incoming electron waves). The information of
the specimen structure can be extracted from diffraction images taken by
the TEM. Fig. 1.14 from Ref. [16] shows high-resolution TEM images of a
metallic Sn nanowire covered completely by a well graphitized carbon layer.
Typically around 10-12 carbon walls surround the tin nanowire.
1.3.2

Experimental characterization of nanoscale superconductivity

Resistivity measurement and scanning tunneling spectroscopy are commonly
used to determine the critical temperature and the critical magnetic field of
superconducting nanowires and nanofilms. In a resistivity measurement, the
temperature-dependent or magnetic-field-dependent resistance is measured,
while in scanning tunneling spectroscopy (STS) a scanning tunneling micro-
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Fig. 1.14 High-resolution TEM image showing the high degree of crystallinity of both
the multi-walled carbon nanotubes and the metallic Sn nanowires. The preferential direction of growth is the h001i direction pointing more or less along the nanowire axis.
The insets are the corresponding selected-area electron diffraction patterns, experimental (right) and simulated (left) (an inset of the plane (001) of β-Sn is presented).
[16]

scope (STM) is used to measure the density of states (DOS) in the sample.
In this subsection, a short introduction to STM and STS is given.
1.3.2.1 Scanning tunneling microscope and spectroscopy Scanning tunneling
microscope, invented by Gerd Binnig and Heinrich Rohrer in 1981, is widely
used to obtain atomic-scale images of metal surfaces and the local density of
states (LDOS) of electrons (for superconductors, the LDOS of quasiparticles
is measured). The physical foundation of the STM is the quantum tunneling
of electrons between the tip and the sample.
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An illustration of the STM setup is shown in Fig. 1.15. A tip positioned
above the sample can scan horizontally in x and y directions. When a negative
voltage is applied on the sample and the distance between the tip and sample
is short enough, electrons from occupied states at the surface of the sample
tunnel into the unoccupied states of the tip. The strength of the tunneling
current IT strongly depends on the distance between the tip and the sample,
as well as on the applied bias UT and the LDOS of the sample and the tip.

Fig. 1.15 A schematic STM system: with applying a negative voltage on the sample
electrons tunnel from occupied states at the surface of the sample into unoccupied
states of the tip. The topography of the sample is measured by keeping the tunneling
current constant while scanning the tip over the surface. During the operation, the
height of the tip which follows a contour of constant local density of states represents
the topography of the specimen.

The STM can work in two modes, called constant current mode and constant height mode. In the first mode, the topography of the sample is mapped
into image by recording the motion of the height of the tip when scanning the
sample with constant tunneling current and applied bias. In such case the
tip follows a contour of constant LDOS of the sample. Fig. 1.16 from Ref.
[19] shows the topography of a 2 ML Pb nanofilm on Si substrate with an
accuracy higher than 1 nm. The yellow color indicates the Pb atoms with the
maximum height, while the black shows the surface of the Si substrate.
In the constant height mode, the scanning tunneling spectrum, which is
the relation between the DOS and the energy of tunneling electrons (set by
the bias voltage UT ), is obtained. The electron tunneling current is measured
as a function of the bias voltage with fixing the height of the scanning tip.
The relation among the tunneling current, the bias voltage and the LDOS of
the sample is described by the following equation [6]:
Z ∞
dI
ρs (E) 0
= −Gnn
f (E − eUT )dE,
(1.83)
dV
−∞ N (0)
where Gnn is the Ohmic conductance between the tip and the sample, f 0 (E)
is the derivative of the Fermi function, and the ratio between the supercon-
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Fig. 1.16 A STM image of a 2 ML Pb nanofilm on Si substrate. The thickness of one
monolayer for Pb nanofilms is 0.286 nm. [19]

Fig. 1.17 (Left panel) Normalized conductance spectra (nonblack colors) taken by
STM were fitted using the BCS-like formula for the tunneling conductance (black).
(Right panel) The energy gaps (∆) at several temperatures were obtained from the
left panel and plotted as blue squares. The blue curve is a fitting of these energy gap
data using a BCS-like gap equation to obtain a Tc of about 4.9 K for 2 ML Pb naofilm
in Fig. 1.16. [19]

ducting and the normal DOS of a homogeneous bulk sample is given by
|E|
ρs (E)
= θ(E − ∆) √
N (0)
E 2 − ∆2

(1.84)

with θ(x) the unit step function and ∆ the energy gap. To be more realistic,
the broadening introduced by the voltage modulation is taken into account.
From Eq. (1.83), it is found that the dI/dV corresponds to the electron
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density of states at the local position of the tip. For example, in the left panel
of Fig. 1.17, normalized conductance spectra, at various temperatures for Pb
nanofilms shown in Fig. 1.16, are fitted with the BCS-like DOS in Eq. (1.84)
to obtain a temperature-dependent energy gap ∆(T ). The right panel shows
the energy gap calculated with BCS theory (the blue curve) and the fitted
results (the blue squares).

2
Effect of spatial Hartree-Fock potential of
the BdG equations

2.1

INTRODUCTION

Quantum confinement breaks the translational symmetry and the superconducting order parameter becomes position dependent. The well-known BCS
ansatz for the ground state wave function is not applicable in this case, and the
BdG equations are a relevant tool to investigate equilibrium superconducting
properties. Recent numerical studies of the BdG equations for nanofilms [26]
and nanowires [24, 25, 65, 66] show that the transverse quantum confinement has a substantial impact on the superconducting properties. However,
the BdG equations investigated in [24–26, 65, 66], were solved without the
Hartree-Fock (HF) potential. The reason is that in bulk, the superconducting
properties are not sensitive to the HF term in the BdG equations [67] and,
so, the common expectation is that a similar conclusion holds for the broken
translational symmetry. However, there is no detailed investigations on this
subject and, so, such a study is needed.
In the bulk BdG equations, the HF potential is not spatially dependent
producing the same contribution to all single-electron energies, with no dependence on the relevant quantum numbers. Hence, the Fermi level (the
chemical potential) acquires the same contribution, as well, and the singleelectron energies measured from the Fermi level are not changed. The BdG
equations are derived within the grand canonical formalism and, the electron
energies appearing in the basic expressions absorb the chemical potential.
As a result, the superconducting properties are insensitive to the HF potential. The situation is different in the presence of quantum confinement.
The translational symmetry is now broken, the HF mean field is position dependent, and, its contribution to the single-electron energies depends on the
35
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relevant quantum numbers. Furthermore, the single-electron wave functions
themselves are influenced by the presence of the HF field, i.e., an additional
spatially-dependent potential. Therefore, one can expect that the HF term in
the BdG equations can change the superconducting properties in the presence
of quantum confinement. It is of importance to clarify to what extent this
will be true. In particular, this concerns the thickness-dependent oscillations
(i.e., quantum-size oscillations) of the superconducting properties typical of
high-quality nanofilms and nanowires [2–4, 7, 24–26].
By numerically solving the BdG equations for a superconducting clean
nanocylinder, we investigate in this chapter how the HF term influences the superconducting solution in the presence of quantum confinement. The chapter
is organized as follows. In Sec. 2.2 we outline the formalism of the BdG equations for a nanocylinder. In addition, Anderson’s approximate semi-analytical
solution to these equations is constructed here under the assumption that the
single-electron wave functions do not change in the presence of the HF interaction. This makes it possible to check the effect of the HF field on the relevant
wave functions. In Sec. 2.3 we investigate and discuss numerical results of
the BdG equations with and without the HF term and compare them with
Anderson’s approximation.

2.2

THEORETICAL FORMALISM

In nanocylinders, it is convenient to use cylindrical coordinates ρ, ϕ and z.
In this case the order parameter and HF potential in the BdG Eqs. (1.45)
and the self-consistent conditions depend only on the transverse coordinate,
i.e., ∆(ρ) and ΦHF (ρ), and quasiparticle wave functions uν (r) and vν (r) are
represented in the form (ν = {j, m, k})


uν (r)
vν (r)



eımϕ eıkz
= √ √
2π L



ujmk (ρ)
vjmk (ρ)


,

(2.1)

with j controlling the number of nodes in the transverse direction, m the
azimuthal quantum number, and k the wave vector of the quasi-free electron
motion along the nanocylinder. Inserting Eq. (2.1) into Eqs. (1.45), we recast
the BdG equations as


Ejmk − Lρ − ΦHF (ρ) ujmk (ρ) = ∆(ρ)vjmk (ρ),


Ejmk + Lρ + ΦHF (ρ) vjmk (ρ) = ∆(ρ)ujmk (ρ),

(2.2)
(2.3)

where ∆(ρ) is real, and
Lρ = −


~2  ∂ 2
1 ∂
m2
2
+
−
−
k
−EF .
2me ∂ρ2
ρ ∂ρ
ρ2

(2.4)
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The self-consistency relations Eqs. (1.61) and (1.62) can be rewritten as,


g P
∆(ρ) = 2πL
(2.5)
jmk∈C ujmk (ρ)vjmk (ρ) 1 − 2fjmk ,
i
h

g P
2
(2.6)
(ρ) 1 − fjmk ,
ΦHF (ρ) = − 2πL jmk u2jmk (ρ)fjmk + vjmk
with ujmk (ρ) and vjmk (ρ) real. To numerically solve Eqs. (2.2) and (2.3), we
expand the transverse particle-like and hole-like wave functions as
!

 X
ujmk,J
ujmk (ρ)
=
ϑJm (ρ),
(2.7)
vjmk (ρ)
vjmk,J
J
with

√

ϑJm (ρ) =

2
ρ
Jm (αJm ),
RJm+1 (αJm )
R

(2.8)

where Jm (x) is the Bessel function of the first kind of the m-order, and αJm
is the Jth zero of this function. This allows one to convert Eqs. (2.2) and
(2.3) into a matrix form. Then, a numerical solution can be obtained by
diagonalizing the corresponding matrix, and self-consistency is reached by
iterating Eqs. (2.5) and (2.6). One should keep in mind the normalizition of
the quasiparticle wave functions Eq. (1.46), so,
ZR

2
dρ ρ[u2jmk (ρ) + vjmk
(ρ)] = 1.

(2.9)

0

As seen, the vector (ujmk,J ; vjmk,J )T (J = 0, 1, . . .) is normalized.
In addition to the above procedure, below we use the Anderson approximate solution. Within this approximation, instead of the expansion given by
Eq. (2.7), it is assumed that
ujmk (ρ) = Ujmk ϑjm (ρ), vjmk (ρ) = Vjmk ϑjm (ρ).

(2.10)

Equation (2.10) means that we seek a minimum of the BdG thermodynamic
functional in the subspace of ujmk (ρ) and vjmk (ρ) proportional to the eigenfunctions of Lρ . Notice that it is possible to deal with Anderson’s recipe, invoking the eigenfunctions of Lρ + ΦHF (ρ). However, below we are interested
in Eq. (2.10) because it helps to clarify how a change in the single-electron
wave functions due to the HF potential, can contribute to the problem of
interest. To be accurate, the Anderson approximation should be based on the
true single-electron wave functions. We recently found that in this case the error in Anderson’s solution for D . 2 − 3 nm is less than one-two percents [68].
Hence, comparing the results of numerically solving Eqs. (2.2) and (2.3) with
the data based on Eq. (2.10), we can reach unambiguous conclusions about
the role of the changes in the single-electron wave functions due to the HF
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g
Fig. 2.1 Contour plot of the interaction-matrix elements gj 0 m0 ,jm in units of − 2πL
0
for the case with radius R = 2 nm and j = j = 1.

interaction. As follows from Eq. (2.10) [see, for instance, [68]], the Anderson
approximation results in the BCS-like self-consistent equation
∆ j 0 m0 = −


1 X gj 0 m0 ,jm ∆jm 
q
1 − 2fjmk ,
2
2
ξjmk
+ ∆2jm
jmk∈C

(2.11)

with
∆jm

ZR
= dρ ρ ϑ2jm (ρ) ∆(ρ)

(2.12)

0

and the interaction-matrix element given by

gj 0 m0 ,jm

g
=−
2πL

ZR
dρ ρ ϑ2j 0 m0 (ρ) ϑ2jm (ρ).

(2.13)

0
g
The contour plot Fig. 2.1 shows gj 0 m0 ,jm in units of − 2πL
for the case
0
with radius R = 2nm and j = j = 1 as a function of m and m0 . We can
see that the elements with the same m0 and m have the maximum absolute
value, which means the every Josephson coupling from other subbands gives
less contribution than the inner coupling of a subband.
For the single-electron energy appearing in Eq. (2.11) we have

ξjmk =

2
i
~2 h αjm
2
+
k
+ Φjm − EF ,
2me R2

(2.14)
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where
Φjm

ZR
= dρ ρ ϑ2jm (ρ) ΦHF (ρ).
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(2.15)

0

Inserting the self-consistant condition of the HF potential Eq. (1.61) into
Eq. (2.15), one obtains
Φj 0 m 0 =

h
ξjmk (1 − 2fjmk ) i
1X
.
gj 0 m0 ,jm 1 − q
2
2
ξjmk
+ ∆2jm
jmk

(2.16)

We should not forget about EF appearing in the single-electron energy given
by Eq. (2.14). It is fixed through the mean electron density:
2 X
[|uν (r)|2 f (Eν ) + |vν (r)|2 (1 − f (Eν ))]
πR2 L ν
ξjmk (1 − 2fjmk ) i
1 Xh
1− q
,
=
2
πR L
2
ξjmk
+ ∆2jm
jmk

ne =

(2.17)

where f (E) is the Fermi distribution function.
Thus, in the Anderson approximation introduced by Eq. (2.10), one needs
to solve Eqs. (2.11) and (2.16), keeping Eq. (2.17). As already mentioned
above, comparing a numerical solution of Eqs. (2.2) and (2.3) with the solution
based on Anderson’s recipe, we can check the effect of the HF interaction on
the single-electron wave functions.

2.3

NUMERICAL RESULTS

In this section we investigate and discuss numerical self-consistent solutions
of Eqs. (2.2) and (2.3) with the HF potential (the full version) and without
it (the truncated version, by setting ΦHF (ρ) = 0 in the relevant expressions).
Results are also compared with a solution of Eqs. (2.11) and (2.16). All the
calculations are performed with the parameters typical for aluminum [35, 67]:
~ωD = 32.31 meV; gN (0) = 0.18, with N (0) = me kF /(2π 2 ~2 ) the bulk
density of single-electron states at the Fermi level and kF the bulk Fermi
wavevector. For these parameters the bulk BCS coherence length ξ0 = 1.6 µm
is significantly larger than the nanocylinder diameter. However, contrary to
the ordinary Ginzburg-Landau picture, the superconducting order parameter
now exhibits significant spatial variations in the transverse direction due to
the broken translational symmetry. The length of the nanocylinder is taken
as L = 1 µm  λF = 2π/kF . This is an optimal choice, upholding, on
one side, the use of periodic boundary conditions in the z direction and, on
the other side, it results in a reasonable calculational time. As opposed to
the truncated BdG equations, their full version requires much more time for
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convergence of the numerical procedure, and this time increases proportionally
with L2 . Numerically solving the Anderson equations (2.11) and (2.16) is less
time-consuming and, so, we take L = 5 µm in this case.
In Fig. 2.2(a) the spatially averaged order parameter
¯ = 2
∆
R2

ZR
dρ ρ∆(ρ),
0

calculated from Eqs. (2.2) and (2.3) where ∆(ρ) is the total order parameter given in Eq. (2.5), is plotted in units of the bulk order parameter
(∆bulk = 0.25 meV) versus the nanocylinder diameter with and without the
HF mean field. In Fig. 2.2(b) the corresponding critical temperature Tc (in
units of the bulk one) is given. As seen, both data-sets exhibit pronounced
size-dependent oscillations, typical of high-quality superconducting nanofilms
and nanowires with uniform thickness [2–4, 7, 24–26]. Such oscillations result
from single-electron subbands forming due to the transverse quantization of
the electron motion. With an increase in the nanowire diameter, the subbands
shift down in energy. Each time when a new subband comes into the Debye
window around the Fermi level, the number of single-electron states contributing to the superconducting order parameter increases, and a size-dependent
superconducting resonance develops. As follows from Fig. 2.2, the quantumsize oscillations corresponding to the full version of the BdG equations are
somewhat shifted up. The mean distance between neighboring superconducting resonances is controlled by the bulk Fermi wavelength λF and, so, the shift
magnitude is roughly proportional to λF . For typical metallic parameters this
magnitude is about the unit-cell dimensions. However, for low-carrier-density
materials, e.g., superconducting semiconductors (see, for instance, [69–72] and
recent papers on boron-doped diamond [73, 74] and boron-doped silicon [75]),
such a shift can approach the scale of few nanometers. The difference between
the two sets of data in Fig. 2.2 is most significant for those diameters, where
a size-dependent superconducting resonance in the case without the HF interaction is already present while in the full version such a resonance only
starts to develop. The difference is not so significant but still survive when
the resonance comes into its decay stage. When the resonance is fully decayed (the off-resonant regime), the HF corrections are practically negligible,
and we arrive at the situation similar to bulk. Notice that small differences
between the numerical results of the full and truncated BdG equations in the
off-resonant regime (due to beating patterns of the corresponding curves), are
because of the chosen nanowire length. Indeed, as follows from calculations
for several selected off-resonant diameters, such beating patterns disappear
when L increases up to 20 − 30 µm, and the results with and without the HF
interaction approach each other.
Notice that maxima of Tc /Tc,bulk in Fig. 2.2(b) are generally higher than
¯ ∆
¯ bulk in Fig. 2.2(a). This is due to formation of new Andreev-type
those of ∆/
states induced by the transverse quantum confinement. The quasiparticles
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¯
Fig. 2.2 (a) The spatially averaged superconducting order parameter ∆/∆
bulk , (b)
¯
critical temperature Tc /Tc,bulk and (c) ∆/(kB Tc ) versus the nanowires diameter D as
calculated from the BdG equations (2.2) and (2.3) at zero temperature. In panel (c)
only the results without the HF potential are shown. The dotted horizontal lines in
panels (a) and (b) correspond to one, while in panel (c) it stands for the bulk value
¯
1.763 of the ratio ∆/(k
B Tc ).

in such states avoid local maximum regions of the spatial order parameter,
i.e., in some sense the order parameter seems to be the potential barrier for
quasiparticles, so the corresponding subband energy gap drops significatly
especially at the resonant points of the order parameter (see details in [22]).
¯
Thus, a decrease of ∆/(k
B Tc ) below the bulk value 1.763 at the resonant
points occurs (see Fig. 2.2(c) at about D = 2.3 nm). As seen from Fig. 2.2,
inclusion of the HF interaction can slightly reduce the resonant enhancements,
¯
with practically no effect on the ratio ∆/(k
B Tc ).
In Fig. 2.3 we present different quantities calculated with the full and truncated versions of Eqs. (2.2) and (2.3) for two diameters: the upper panel,
for D = 2.24 nm; and the lower panel, for D = 2.6 nm. The upper panel
represents the situation when a superconducting resonance is developed for
the truncated version but is not yet present for the full version of the BdG
equations. In Fig. 2.3(a) the superconducting order parameter ∆(ρ) calculated with (HF) and without the HF interaction (no HF, the inset), is plotted
versus the transverse coordinate ρ/R for T = 0. The spatial distribution of
the pair condensate is very different for these two cases: the data without the
HF interaction are larger by an order of magnitude, and even the profile of
∆(ρ) is different. In Fig. (2.3)(b) the local electron density, i.e.,
i
1 Xh 2
2
ne (ρ) =
ujmk (ρ)fjmk + vjmk
(ρ) 1 − fjmk ,
(2.18)
πL
jmk

is shown for the same diameter. As can be expected, now the difference
between the two data-sets is not so significant (we keep to the same value of
the mean electron density ne ). Due to the attractive character of the effective
electron-electron interaction, the HF potential forces electrons to go closer to
the nanocylinder center. However, the confining interaction has the major
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Fig. 2.3 Upper panel: (a) the superconducting order parameter ∆(ρ), (b) the local
2
(ρ) versus ρ/R for D = 2.24 nm.
density ne (ρ) and (c) the distribution u2jmk (ρ) + vjmk
The lower panel: the same but for D = 2.6 nm. The results for the truncated (no HF)
and full (HF) BdG equations are plotted.

effect on ne (ρ) as compared to the HF potential producing only some small
corrections. From the results for the local electron density, it is possible to
expect that the single-electron wave functions are also not very sensitive to
the HF interaction. For nanowires, |uν (r)| and |vν (r)| is nearly proportional
to the corresponding single-electron wave function [see discussion above, after
2
Eq. (2.10)]. Hence, due to Eq. (2.9), the quantity u2jmk (ρ) + vjmk
(ρ) can
provide us with the information about the single-electron distribution. In
2
Fig. 2.3(c) u2jmk (ρ) + vjmk
(ρ) is plotted versus ρ/R for the quantum numbers
most sensitive to including the HF interaction. We can indeed see that the
effect of the HF potential on the wave functions is minor. Similar conclusions
can be obtained from the lower panel of Fig. 2.3. The only exception is that
the superconducting order parameter in Fig. 2.3(d) [D = 2.6 nm] does not
change so much when including the HF potential. Notice that ne (ρ) given
in Fig. 2.3(e) is practically the same as in Fig. 2.3(b). However, this is not
2
true for u2jmk (ρ) + vjmk
(ρ) [compare panel (c) with panel (f)]. The point is
RR
that the integral 0 dρ ρ ne (ρ) = ne R2 /2 changes with the radius but for the
2
single-electron distribution u2jmk (ρ) + vjmk
(ρ) we have Eq. (2.9)].
From the results presented in Fig. 2.3, one expects minor effects on the
single-electron wave functions due to the incorporation of the HF interaction
. This expectation can be put on a more solid ground by using the Anderson
approximation based on Eqs. (2.11) and (2.15). We remind that the Anderson
approximation is quite good for superconducting nanowires provided that it
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Fig. 2.4 ∆/∆
bulk versus the nanowire diameter (T = 0): triangles correspond to the
Anderson approximation [the HF field is included]; stars and squares are the numerical
results of the full and truncated BdG equations, respectively.
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Fig. 2.5 HF versus no HF: ∆/∆
bulk as a function of the nanowire diameter D at
zero temperature [squares are the results of the truncated BdG equations (no HF
interaction); triangles are the results of the Anderson approximation, see Eqs. (2.11)
and (2.15).

involves the true single-electron wave functions. Equations (2.11) and (2.15)
follow from Eq. (2.10) and, hence, as assumed, the single-electron wave functions are not altered by our position-dependent HF interaction. If this is a
reasonable assumption, results of the Anderson approximation constructed in
this way, should be close to the results of the full BdG equations. As seen from
Fig. 2.4, this is indeed the case. We can conclude that the thickness-dependent
shift of the superconducting resonances in the presence of the HF interaction
has nothing to do with the single-electron wave functions. Its mechanism is
due to the fact that the position-dependent HF potential results in a change
of the single-electron energies measured from the Fermi level.
So far we considered extremely narrow nanowires, for the sake of simplicity.
However, a similar shift (≈ 0.01−0.02 nm) of the quantum-size oscillations due
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to the HF term survives until the total decay of the quantum-size oscillations
(up to diameters of about 50 − 70 nm). In particular, such a shift is clearly
seen in Fig. 2.5, where numerical results of the truncated BdG equations for
D = 10 − 10.5 nm are compared with a solution of Eqs. (2.11) and(2.15)
including the HF potential. Thus, we arrive at the following picture. In the
vicinity of a superconducting resonance, the bottom of some single-electron
subband is situated close to the Fermi level. Therefore, a repositioning of this
subband with respect to the Fermi level can result in a significant change of the
number of single-electron states in the Debye window and, so, in a remarkable
increase/decrease of superconducting characteristics. However, when bottoms
of all single-electron subbands are quite apart from the Fermi level, i.e., in the
off-resonant regime, a move of these subbands in energy produces much less
important effect on the number of single-electron states located in the Debye
window. This is why the decay of a superconducting resonance is accompanied
by a depletion of the influence of the HF potential.

2.4

CONCLUSIONS

Quantum confinement breaks the translational symmetry in nanostructured
superconductors. In this case, despite the delta-function approximation for
the electron-electron interaction, the HF potential becomes position dependent, and its contribution to the single-electron energy (measured from the
Fermi level) is a function of the relevant quantum numbers (contrary to bulk!).
By numerically solving the BdG equations for a clean metallic nanocylinder,
we have shown that such a feature results in a shift of the curve representing
the thickness-dependent oscillations of the critical temperature (the energy
gap, the order parameter etc.) to larger diameters. For metallic parameters it
is of about the typical unit-cell dimensions. Notice that this is quite enough
to completely change the pattern of thickness dependent oscillations of Tc
between the Pb nanofilms with even and odd numbers of monolayers (see
[3, 5, 19]). For low-carrier-density materials, e.g., superconducting semiconductors, such a shift increases significantly (proportionally to the relevant
Fermi wavelength) and can reach the scale of few nanometers or even larger.

Publications. The results presented in this chapter were published as:
• Yajiang Chen, M. D. Croitoru, A. A. Shanenko, and F. M. Peeters, Superconducting nanowires: quantum confinement and spatially dependent
Hartree-Fock potential, J. Phys.: Condens. Matter 21, 435701 (2009).

3
Multisubband superconductivity in hollow
nanocylinders

3.1

INTRODUCTION

Superconductivity in the presence of multiple bands can in general lead to a
wealth of unusual superconducting phenomena, such as, e.g., Leggett’s collective mode [76], Tanaka’s soliton [77–79] and fractional flux [80, 81]. The reason
is that the pair condensate can have different phases in different bands, which
brings new degrees of freedom. The multi-subband structure induced by quantum confinement results in additional important possibilities. Formed due
to the transverse quantization, subbands move in energy when changing the
nanowire/nanofilm thickness. In particular, this leads to quantum-size oscillations accompanied by significant enhancements each time when the bottom
of a new single-electron subband passes through the Fermi surface, i.e., the
quantum-size superconducting resonance [20]. Recently, quantum-size oscillations of the critical superconducting temperature Tc and critical magnetic field
Hc2 have been observed in Pb nanofilms [3, 5, 19]. Furthermore, the results
of a numerical self-consistent investigation of the BdG equations in Ref. [24]
shows that the superconducting resonances are responsible for a systematic
shift-up of Tc observed in aluminum and tin nanowires with a decrease in the
cross-section [8–11, 16]. Other interesting effects can be expected in highquality nanofilms and nanowires due to the formation of the multi-subband
structure, e.g., Andreev-types states induced by quantum confinement [22]
and a cascade character of the superconductor-to-normal transition driven by
a magnetic field/supercurrent [23, 65]. All this makes it possible to expect
that the multi-subband structure realized due to quantum confinement can
open new prospects of tailoring superconducting properties by changing the
main geometrical parameters of nanoscale superconductors.
45
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Despite recent progress, many details of the superconducting state in the
presence of the restricted dimensionality and multiple subbands remain unexplored. In particular, this concerns superconducting systems with an annular
confining geometry, e.g., a hollow nanocylinder or nanoring, representing a
promising choice for future superconducting nanodevices (see, e.g., recent papers on nanorings [82–85]). In the present Chapter we show that the superconducting condensate, energy gap and critical temperature of a hollow metallic
nanocylinder (with inner radius R, and thickness d) can be strongly modified
by changing R and d. The formation of multiple subbands results in quantumsize superconducting oscillations and in a multi-gap structure driven by the
interplay of quantum confinement with Andreev mechanism. Quantum-size
oscillations of the basic superconducting quantities as function of d exhibit
a qualitative change from an irregular regime at small inner radii to almost
regular oscillations for large R. At this crossover the multi-gap structure becomes degenerate. The ratio of the critical temperature to the energy gap
increases and approaches its bulk value, while being reduced by 20%-30% due
to Andreev-type states in the irregular regime. Our investigation is based on
a numerical self-consistent solution of the BdG equations in the clean limit.
The Chapter is organized as follows. In Sec. 3.2, we outline the formalism
of the BdG equations and discuss how to construct Anderson’s approximate
solution to the BdG equations for a hollow metallic nanocylinder. In Sec. 3.3
we demonstrate that results of a numerical solution of the BdG equations
are in very good agreement with those of Anderson’s approximation. This
allows us to abandon time-consuming numerical study of the BdG equations
in favor of solving the BCS-like equation. Then, the basic superconducting
properties, i.e., the order parameter, energy gap and critical temperature, are
investigated as function of the main geometrical parameters R and d.

3.2
3.2.1

FORMALISM
Bogoliubov-de Gennes equations for hollow nanocylinder

For the chosen geometry, the superconducting order parameter depends only
on ρ (ρ, ϕ, z are the cylindrical coordinates), i.e., ∆(r) = ∆(ρ). It implies that
we restrict ourselves to the case of zero net angular momentum of the condensate (no vortex) and zero net momentum along the z axis (no longitudinal
supercurrent). States with a finite net angular momentum have a much higher
kinetic energy in the case of interest. The particle-like and hole-like quasiparticle wave functions in the BdG equations Eqs. (1.45) can be represented
as
eimϕ eikz
eımϕ eıkz
(3.1)
un (r) = un (ρ) √ √ , vn (r) = vn (ρ) √ √ ,
2π L
2π L
where n = {j, m, k}, j is the radial quantum number controlling the number
of zeros of un (ρ) and vn (ρ) for R < ρ < R + d, m is the azimuthal quantum
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number, and k is the wave vector of the quasi-free electron motion parallel to
the nanocylinder. Due to transverse quantum confinement
un (r)
vn (r)

ρ=R

= un (r)

ρ=R

= vn (r)

= 0,

(3.2a)

= 0,

(3.2b)

ρ=R+d

ρ=R+d

while periodic boundary conditions are used in the longitudinal and azimuthal
directions.
For a numerical solution of the BdG equations, we expand the particlelike and hole-like radial wave functions ujmk (ρ) and vjmk (ρ) in terms of the
single-electron radial wave functions ψjm (ρ), i.e.,
X
Ujmk,j 0 ψj 0 m (ρ),
ujmk (ρ) =
(3.3a)
j0

vjmk (ρ) =

X

Vjmk,j 0 ψj 0 m (ρ).

(3.3b)

j0

We chose ujmk (ρ) and vjmk (ρ) real and, so, the expansion coefficients Ujmk,j 0
and Vjmk,j 0 are real, as well. Then, inserting Eq. (3.3) into BdG Eqs. (1.45),
the expansion coefficients Ujmk,j 0 and Vjmk,j 0 can be calculated together with
Ejmk by means of diagonalizing the relevant matrix. Iterations are invoked
to realize a self-consistent solution. The wave-function ψjm (ρ) is given by the
equation
h 1 ∂ ∂
m2 i
−
ρ
+ 2 ψjm (ρ) = χ2jm ψjm (ρ),
(3.4)
ρ ∂ρ ∂ρ
ρ
where ~2 χ2jm /(2me ) stands for the contribution of the radial and azimuthal
motion to the single-electron energy. Due to the quantum-confinement boundary conditions given by Eq. (3.2), one should set
ψjm (ρ)

ρ=R

= ψjm (ρ)

= 0.

(3.5)

ρ=R+d

From Eqs. (3.4) and (3.5) it follows that ψjm (ρ) can be written as
i
1 h
Ym (χjm R)Jm (χjm ρ) − Jm (χjm R)Ym (χjm ρ) ,
ψjm (ρ) = √
M

(3.6)

where Jm (x) and Ym (x) are the Bessel functions of the first and second kind
of mth-order and the normalization constant M is given by
M=

i
ρh
Ym (χjm R)Jm+1 (χjm ρ) − Jm (χjm R)Ym+1 (χjm ρ)
2

ρ=R+d

.

(3.7)

ρ=R

The transverse single-electron energy χjm = χjm (R, d) is a solution of
Jm (χjm R)

Ym (χjm R)

Jm (χjm (R + d)) Ym (χjm (R + d))

= 0,

(3.8)
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which follows from Eq. (3.5). Notice that generally, χjm has a complicated
dependence on the geometrical parameters R and d. However, in most cases
χjm is controlled by d: for R → 0 we get χjm ∝ 1/d, and a similar dependence
is found for R → ∞ or d → 0. This can also be seen from the Heisenberg
uncertainty principle because χjm can be interpreted as an average modulus
of the transverse electron momentum.
Below we consider material parameters typical of aluminum: ~ωD = 32.31
meV; gN (0) = 0.18, with N (0) the bulk density of states at the Fermi level.
Notice that we apply the parabolic band approximation. This implies working
with an effective Fermi level (for more details, see Ref. [25]). For aluminum
EF = 0.9 eV, which was obtained through a good agreement with the experimental data in Ref. [24]. With decreasing thickness, as assumed that the
electron density are constant, EF systematically shifts up from 0.9 eV due to
quantum-size effects. Such a shift can be appreciable (about 20%) for d ∼ 12 nm (EF is almost insensitive to R). In addition, each time when a new
single-electron subband passes through the Fermi surface, EF exhibits a kink
similar to the dependence of EF on the radius of a cylindrical nanowire. [25]
For the chosen parameters the bulk BCS coherence length and energy gap
are ξ0 = 1.5 µm  R, d and ∆bulk = 0.25 meV, respectively. The particular
choice of Al does not influence our conclusions. For instance, quantum-size
oscillations in a Sn hollow nanocylinder will also be present but with an amplitude that is a factor of 2 smaller. In addition, by the same reason, we do not
address any issue concerning a thickness-dependent change in the electronphonon coupling. Its increase due to the surface softening of the phonon
spectrum [86] or a possible substrate-induced decrease [3, 6] can result in
quantitative effects but do not alter the qualitative picture.
3.2.2

Anderson’s solution

Anderson’s solution means that ujmk (ρ) and vjmk (ρ) are taken to be proportional to ψjm (ρ) given by Eq. (3.6), i.e., the coefficients of the expansion in
Eq. (3.3) are assumed to be of the form (see Sec. 1.2.3.2)
Ujmk,j 0 = Ujmk δjj 0 , Vjmk = Vjmk δjj 0 ,

(3.9)

with δjj 0 the discrete delta-function. In this case the single-electron energy
reads
~2
(χ2 + k 2 ) − EF .
(3.10)
ξjmk =
2me jm
Inserting Eq. (3.9) into the BdG equations and, then, multiplying the resulting
expressions by ψjm (ρ), one can make a straightforward integration, which
yields
q
2
Ejmk = ξjmk
+ ∆2jm ,
(3.11)
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∆jm
Ujmk Vjmk = q
,
2
2 ξjmk + ∆2jm

49

(3.12)

with ∆jm given by
R+d
Z

∆jm =

dρ ρ ψjm (ρ)∆(ρ)ψjm (ρ).

(3.13)

R

Making use of the self-consistent condition of the order parameter together
with Eqs. (3.9) and (3.12), one obtains the following BCS-like self-consistent
equation:
X
∆jm
∆j 0 m 0 = −
Jj 0 m0 ,jm
[1 − 2f (Ejmk )],
(3.14)
2Ejmk
jmk

with the interaction matrix of the form
J

j 0 m0 ,jm

g
=−
2πL

R+d
Z

2
dρ ρ ψj20 m0 (ρ)ψjm
(ρ).

(3.15)

R

As mentioned above, Eq. (3.9) is a good approximation when there is no
significant pairing between electrons from different subbands (i.e., non-time
reversal pairing). It is more accuracy when the inter-subband energy spacing
δsub is compatible with or larger than the Debye energy ~ωD : in such a case we
have a negligible probability to pick up two non-time reversal single-electron
states in the Debye window, i.e., |ξjmk | < ~ωD . The above energy spacing
~2
can be taken as δsub ∼ 2m
(χ2j+1,m − χ2jm ). According to the remark about
e
the dependence of χjm on R and d after Eq. (3.8), one can approximate δsub
~2 π 2
as δsub ∼ 2m
2 , which is the inter-subband energy spacing for nanofilms.
e d
Using such a simplification, one obtains that Anderson’s approximation given
by Eq. (3.9) is good enough when
r
~
d.π
.
(3.16)
2me ωD
With typical metallic values ~ωD ≈ 10-30 meV, it follows from Eq. (3.16)
that d . 4-6 nm. In Sec. 3.3 we check this expectation through a numerical
analysis. Note that Eq. (3.16) is a necessary but not a sufficient condition
for the accuracy of Anderson’s approximation (3.9). It can be poor when
time-reversal symmetry is broken, e.g., in the presence of a magnetic field. In
this case the orientation of a magnetic field is of importance. For instance, if
it is parallel to the nanocylinder, one can still obtain quite accurate results
with Eq. (3.9). This is because the single-electron wave functions are not very
sensitive to such a magnetic field (they are the same in linear order in the
vector potential A, see Ref. [23]).
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Fig. 3.1 (Color online) The order parameter ∆(ρ) [at T = 0] as calculated from the
full BdG equations (solid curve) and from Anderson’s approximation (open squares):
(a) R = 7 nm, d = 3.17 nm; and (b) R = 7 nm, d = 3.76 nm.

3.3
3.3.1

RESULTS AND DISCUSSION
Accuracy of Anderson’s solution

In Fig. 3.1 the zero-temperature order parameter is plotted versus ρ as calculated from a numerical procedure based on Eq. (3.3) (solid curve) and
Anderson’s approximation (open squares). Two particular sets of R and d
are chosen: for R = 7 nm we subsequently consider d = 3.17 nm (a) and,
d = 3.76 nm (b). Each set represents a superconducting resonance and so ∆(ρ)
is enhanced as compared to the bulk zero-temperature gap ∆bulk = 0.25 meV.
As seen, both solutions give practically the same results (differences are found
to be less than 0.1%). For R = 7 nm the centrifugal term in Eq. (3.4) almost does not change with m on the energy scale controlled by ~ωD , i.e.,
~2 1
~2
1
2me ρ2 . 2me R2 ≈ 1 meV  ~ωD . So, the single-electron states with different azimuthal quantum numbers are nearly degenerate. In particular, for
R = 7 nm and d = 3.17 nm the lower edges of the single-electron subbands
with j = 4 and |m| = 0-13 are located in the Debye window. This bundle of
subbands makes major contribution to ∆(ρ) and other basic superconducting
characteristics at this resonant point due to an enhanced density of states.
At d = 3.76 nm the bottoms of the subbands with j = 5 and |m| = 0-14
are positioned in the vicinity of EF , which results in the resonance illustrated by Fig. 3.1(b). The number of local maxima of ∆(ρ) is equal to j + 1
and, so, increases by one when passing from panel (a) to panel (b). The
contribution
of a single-electron subband P
to the order parameter is given by
P
∗
2
∗
u
(ρ)v
(ρ)(1
−
2f
)
≈
ψ
(ρ)
jmk
jmk
jm
jmk
k
k Ujmk Vjmk (1 − 2fjmk ), which is
an oscillating function of ρ with j +1 local maxima. Note that j is the number
2
of nodes of ψjm (ρ) between ρ = R and ρ = R + d so that ψjm
(ρ) has j + 1
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local maxima. Therefore, when a superconducting resonance is governed by a
bundle of nearly degenerate subbands with the same radial quantum number
j, their input results in almost regular oscillations of ∆(ρ) as illustrated in
Fig. 3.1. We remark that there are also superconducting resonances controlled
by the subbands with different radial quantum numbers. In addition, when
R → 0 there are many examples of superconducting resonances controlled
by simply one or two subbands. In such cases the order-parameter profile
does not show regular oscillations. Its spatial distribution is very nonuniform
and close to that of the pair condensate in a cylindrical nanowire (see, e.g.,
Ref. [25]). Any changes in the profile of the order parameter and its spatially
averaged value do not have any effect on the accuracy of Anderson’s solution:
our numerical investigations for R = 0-15 nm and d = 0-10 nm shows negligible deviations (within 0.1-0.3 %) of the results of Eq. (3.9) from the full BdG
as data as based on the procedure of Eq. (3.3).
Thus, to abandon time-consuming numerical investigations that are based
on the expansion given by Eq. (3.3), we will use Anderson’s recipe of an
approximate semi-analytical solution to the BdG equations. As discussed
above, corrections to this approximation are insignificant for R = 0-15 nm
and d = 0-10 nm. For larger values of d one can expect more pronounced
deviations of Anderson’s solution [87].
3.3.2

Quantum-size oscillations

Quantization of the transverse electron motion results in superconducting
quantum-size oscillations, i.e., oscillations of the basic superconducting quantities when changing in the geometrical parameters of the sample. Fig. 3.2
¯ i.e.,
shows how the spatially averaged superconducting order parameter ∆,
¯ =
∆

2
d(2R + d)

R+d
Z

dρ ρ ∆(ρ),

(3.17)

R

for different values of R at T = 0 (open squares). The same result for a superconducting nanofilm is shown by the solid curve. Panel (a) illustrates such
thickness-dependent variations for R = 1.0 nm. As seen, the two sets of numerical results differ significantly from one another. It is known [20, 56] that
the thickness-dependent resonant enhancements in superconducting nanofilms
appear almost regularly, with period ∆d = λF /2. For small d this period systematically decreases by about a few percent due to the shift-up of EF when
decreasing d. The reason for such a regular appearance is that the singleelectron spectrum is proportional to ν 2 /d2 , with ν the relevant quantum number controlling the transverse electron motion in nanofilms. This picture is
different for nanowires. Here the quantum-size oscillations of superconducting
properties are irregular [24]. The difference in width between two neighboring
resonant enhancements strongly fluctuates along with their magnitudes. Note
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Fig. 3.2 (Color online) Crossover from an irregular to regular pattern of quantum¯ as function of d for inner radii
size oscillations: spatially averaged order parameter ∆
R = 1, 2, 8 and 15 nm.
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that the hollow superconducting nanocylinder for R = 1.0 nm and d = 1-4 nm
¯ that are super-imposed
exhibits rather nanowire-like irregular oscillations of ∆
¯
on top of the oscillations of ∆ in a corresponding nanofilm. From Fig. 3.2 we
¯ of a holnotice that with increasing R, the quantum-size oscillations in ∆
low nanocylinder approach more closely those of the corresponding nanofilm.
However, the resonant enhancements over the bulk zero-temperature energy
gap ∆bulk = 0.25 nm are still by a factor of two larger for the hollow nanocylin~2 m2
der. The centrifugal term 2m
2 in Eq. (3.4) is still of importance here: for
e ρ
2

1
~
ρ = R we have 2m
2 ∼ 9.52 meV, which is not negligible as compared to the
e R
Debye energy ~ωD = 32.31 meV. Therefore, the single-electron subbands with
¯ and this
different |m| produce well distinguished resonant enhancements of ∆,
¯
is the reason for the irregular variations of ∆ shown for the hollow nanocylinder in Figs. 3.2(a,b). For R & 7-9 nm the centrifugal term in Eq. (3.4) plays
a decreasing role, and the single-electron subbands with different |m| become
almost degenerate. This results in the formation of bundles of subbands with
the same radial quantum number j and different |m|. When a bottom of such
a bundle comes into the Debye window a superconducting resonance appears.
While increasing R, the sequence of these resonances exhibits a more regular
pattern and, finally, we arrive at the nanofilm regime of the quantum-size
oscillations. As seen from Fig. 3.2(c) and (d), this regime is already well approached at R = 8 and 10 nm. However, the deviations are still about 20%
in panel (c) and are reduced to about 10% in (d). Thus, changing the geometrical parameters R and d results in a qualitatively different design of the
single-electron subbands. The irregular distribution of the transverse electron
¯ (and other
levels at small R leads to irregular quantum-size oscillations of ∆
basic superconducting quantities) with d [irregular regime]. For sufficiently
large R the formation of bundles of the subbands with the same radial quantum number j but different m makes the quantum-size oscillations regular,
yielding almost equidistant superconducting enhancements [regular regime] at
dj = 1.09, 1.79, 2.42, 3.1, and 3.75 nm for j = 1-5, respectively. The reason
for the observed crossover from the irregular pattern to the regular regime is
the interplay of quantum confinement and sample geometry.
Figure 3.3 adds more information to the discussion of the previous paragraph. Here the radial profiles of the order parameter ∆(ρ) are plotted for a
series of the superconducting resonances. Inner radii are taken the same as
in Fig. 3.2. Thicknesses are chosen so that to take the most profound resonant enhancement in the vicinity of d = dj for j = 1-5. (the concrete values
of d are given in Fig. 3.3). When comparing these profiles with the spatial
distribution of the pair condensate in aluminum nanofilms at d = dj , [56]
one can find pronounced differences for the irregular regime illustrated in
panels (a) and (b). First of all, enhancements of ∆(ρ) for the nanocylinder
are more significant, which can also be seen from Figs. 3.2(a,b). Second,
nanofilms are specified by the symmetric order-parameter distribution, i.e.,
∆(ρ)|ρ=R+x = ∆(ρ)|ρ=R+d−x . Such a symmetry does not generally hold for
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the hollow nanocylinder. This is clearly seen in panels (a) and (b). As for
Figs. 3.3(c,d), we arrive at the regular regime and there are no significant
deviations from the film-like spatial distribution of the superconducting condensate. As already mentioned in Sec. 3.3.1, here the number of local maxima
of ∆(ρ) is equal to j + 1, where j is the radial quantum number related to
the bundle of the subbands governing the corresponding superconducting resonance in the regular regime. The distance between two neighboring maxima
is close to λF /2, with λF = 2π~/(2me EF )1/2 the 3D Fermi wavelength for our
effective Fermi level. Note that a superconducting resonance appears exactly
at the point where the relevant bundle of single-electron subbands touches
the Fermi surface. As the number of the local maxima in ∆(ρ) increases by
one from a resonant to the next one, we can expect that the difference in d
for two neighboring resonances is also λF /2. Recall that for d = 1-3 nm EF
is systematically shifted up from 0.9 eV with a decrease of d (see the discussion in the last paragraph of Sec. 3.2.1). Dependence of EF on R is almost
negligible.
Notice that, as seen from Eq. (3.14), the resonant enhancements of superconducting properties depend on the interaction matrix elements Jj 0 m0 ,jm .
So, a minor disorder, e.g., due to disordered interface between the sample and
substrate or due to surface roughness, is expected to smoothen the quantumsize oscillations through the above matrix elements [88]. Another point is
that such a disorder can also influence the mean density of single-electron
states in the Debye window through a broadening of the transverse electron
levels. In particular, this can somewhat shift superconducting resonances,
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Fig. 3.4 (Color online) The hollow nanocylinder for R = 0.5 nm and d = 1.1 nm): (a)
the radial distribution of the pair condensate; (b) the quasiparticle energy Ejmk versus
k > 0 for relevant single-electron subbands (j, m) = (0, 0)-(0, ±5) and (1, 0), (1, ±1);
E
(c) the radial distributions of the corresponding quasiparticles; and (d) the ratio k∆
B Tc
as function of T for the hollow cylinder (solid curve) and bulk (circles).

violating the regular pattern at large R. The broadening should exceed the
inter-subband spacing δsub in order to completely destroy the formation of
distinguished single-electron subbands. Note that tunneling experiments with
single-crystalline Pb nanofilms demonstrate clear signatures of the formation
of well distinguished transverse electron levels [5, 19, 60].
3.3.3

Andreev-type states induced by radial quantum confinement

As seen from Figs. 3.1, 3.2 and 3.3, the formation of multiple single-electron
subbands results in significant modifications of the spatial distribution of the
superconducting condensate and in quantum-size oscillations (both regular
and strongly irregular) of basic superconducting properties. Another interesting consequence of the appearance of multiple subbands is the multi-gap
structure of the quasiparticle excitations. As follows from Eq. (3.11), each
single-electron subband is specified by ∆jm , the energy gap of excitations in
a given subband. Based on Eqs. (3.1), (3.9) and (3.11), this quantity can be
represented as
Z
∆jm =

∗
d3 r[u∗jmk (r)∆(r)ujmk (r) + vjmk
(r)∆(r)vjmk (r)],

(3.18)
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i.e., ∆jm is the average value of the order parameter as “seen” by quasiparticles in the corresponding single-electron subband. If the order parameter
is uniform (e.g., in bulk), ∆jm does not depend on the Rrelevant quantum
numbers because of the normalization condition [35], i.e., d3 r[|ujmk (r)|2 +
|vjmk (r)|2 ] = 1. In the presence of quantum confinement the superconducting
order parameter is always position dependent due to a broken translational
symmetry and, so, we obtain energy gaps sensitive to the quantum numbers,
i.e., the multi-gap case. From Eq. (3.18) it follows that when quasiparticles
are successive in avoiding local enhancements in ∆(r), they are specified by
smaller ∆jm ’s and, so, by generally lower energies: to some extent a spatial
variation of the superconducting order parameter appears to be analogous to
a potential well for quasiparticles. This is the basis of the well-known Andreev reflection (see, e.g., Refs. [89] and [22]) which we refer to as Andreev
mechanism. Its interplay with quantum confinement is illustrated by Fig. 3.4
for R = 0.5 nm and d = 1.1 nm (the point of a superconducting resonance).
Here panels (a) and (b) show the order parameter and the radial distribution
2
2
of quasiparticles u2jmk (ρ) + vjmk
(ρ) = ψjm
(ρ) (the latter does not depend on
k in Anderson’s approximation). There are eight relevant subbands making
a contribution to the superconducting characteristics at the chosen geometrical parameters: (j, m) = (0, 0)-(0, ±5) and (1, 0)-(1, ±1). The bottom of
the single-electron subband with (j, m) = (1, ±1) is situated in the vicinity
of the Fermi surface and, so, it makes a major contribution to ∆(ρ) due to
an enhanced density of states. This is the subband that controls the resonant
enhancement at R = 0.5 nm and d = 1.1 nm (resonant subband) and determines the corresponding radial profile of the order parameter with the two
local maxima [compare with the radial distribution of quasiparticles (1, ±1)
in panel (b)]. Other subbands play a less important role at this superconducting resonance. The most significant contribution among them is due to the
states with (j, m) = (1, 0). As these states have practically the same radial
distribution as those with (j, m) = (1, ±1) [the curves for (1, ±1) and (1, 0)
in Fig. 3.4(b) are almost indistinguishable), then, based on Eq. (3.18), one
can expect that ∆1,0 should be nearly the same as ∆1,±1 . This expectation
agrees with our numerical results given in Fig. 3.4(c). Here the quasiparticle
energy Ejmk is plotted versus the positive values of k and, as seen, each singleelectron subband is specified by its own quasiparticle branch whose minimum
energy gives the subband superconducting gap.
By virtue of the definition of j (the number of nodes in the radial direction), the spatial distribution of quasiparticles with j = 0 is characterized by
one maximum [see panel (b)] located next to the point of a local minimum
of ∆(ρ) at ρ ≈ 1.05 nm. Therefore, ∆jm is generally lower for j = 0 [see
Fig. 3.4(c)] and, so, quasiparticles with (j, m) = (0, 0)-(0, ±5) can be interpreted as Andreev-type states induced by the radial quantum confinement.
The total energy gap in the quasiparticle spectrum ∆E is determined by the
lowest subband-dependent gap, i.e., ∆E = ∆0,±5 , see panel (c). Due to a relatively small density of states, such Andreev-type quasiparticles produce only
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Fig. 3.5 (Color online) The same as in the previous figure but for R = 0.2 nm, d =
1.2 nm).

a minor contribution to the basic superconducting characteristics, e.g., the
critical temperature. However, they control the low-lying energy excitations
in a superconductor. This is illustrated by Fig. 3.4(d), where the ratio of ∆E
to Tc is shown as function of temperature. Subband (0, ±5) has the lowest
energy gap and determines ∆E but does not make a significant contribution
to Tc . The latter is controlled by the resonant subband (1, ±1) with the higher
energy gap. This is why the ratio ∆E /kB Tc is decreased as compared to bulk.
As seen from panel (d), such a decrease is about 10%. This is by a factor of
2 smaller than the reduction of ∆E /kB Tc due to similar Andreev-type states
in a cylindrical nanowire with radii 1-2 nm. [22] The point is that the superconducting condensate in a hollow nanocylinder exhibits generally more
uniform spatial patterns, which results in a less profound difference between
subband-dependent gaps. The centrifugal energy appears to be a significant
contributor to a nonuniform distribution of the pair condensate, and the role
of this term is reduced due to the annulus in a hollow nanocylinder. This is
the reason why the Andreev-type states play a more important role with decreasing R. This is seen from Fig. 3.5 that shows the same data as in Fig. 3.4
but for R = 0.2 nm and d = 1.1 nm, i.e., for nearly the same thickness as
previously but for a significantly smaller inner radius.
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The superconducting resonance illustrated by Fig. 3.5 is governed by the
single-electron subband with (j, m) = (0, ±4) and, as seen, the maximum of
∆(ρ) is located at the same point as the maximum of the radial quasiparticle distribution for (j, m) = (0, ±4). In addition to states (0, ±4), there are
five more single-electron subbands making a minor contribution to the superconducting characteristics. Four of them are specified by j = 0 and, so,
spatial distributions of the corresponding quasiparticles are close to that of
the resonant subband. So, there is a minor difference between ∆jm ’s with
j = 0. However, it is clearly seen that ∆jm (with j = 0) is slightly diminished
when decreasing |m|. The reason is that the maximum of the quasiparticle
distribution for the states with j = 0 is shifted to smaller ρ with decreasing
|m|. It means that the value of the corresponding integral in Eq. (3.18) is
reduced. One more relevant single-electron subband is (j, m) = (1, 0). The
radial distribution of the quasiparticles in this subband has two local maxima
and the most significant of them is located far to the left from the maximum
of ∆(ρ). As a result, we obtain a significant drop of ∆1,0 as compared to the
energy gap of the resonant subband, i.e., ∆0,±4 . Such a drop leads to a significant decrease (now it is about 20%) in the ratio ∆E /kB Tc , where ∆E = ∆1,0
and Tc is controlled by the states with (j, m) = (0, ±4) (notice the reasonable
estimate kB Tc ≈ 1.76∆0,±4 ).
For non-resonant sets of R and d, when the bottoms of all relevant subbands
are far below the Fermi level, the order parameter (and Tc ) is not enhanced as
compared to bulk and exhibits, as a rule, a more uniform spatial distribution.
In this case the Andreev mechanism plays a less important role and the ratio
∆E /kB Tc is close to its bulk value. However, deviations from bulk can still
be significant, see Ref. [22] and, so, this effect of Andreev-type states induced
by quantum confinement can be observed even in the presence of fluctuations
of the transverse dimensions R and d when all the results should be averaged
over relevant intervals of their variations.
Interplay of the Andreev mechanism and quantum confinement in nanoscale
superconductors can be probed experimentally by means of simultaneous measurements of Tc and ∆E . So, it is interesting to have an idea about how the
quasiparticle density of states measured in tunneling experiments, is modified by quantum confinement. The dependence of this density of states on the
quasiparticle energy E (in units of ∆bulk ) is illustrated for a hollow nanocylinder by Fig. 3.6 for: (a) R = 0.5 nm and d = 1.1 nm; (b) R = 2.0 nm and
d = 1.1 nm; and (c) R = 1.0 nm and d = 1.77 nm [all sets are resonant
points]. In addition, panel (d) shows the quasiparticle energy Ejmk versus
k > 0 for the latter set of R and d. Multiple peaks (more precisely, multiple square-root type of divergences) in the quasiparticle density of states
[in units of N (0), the bulk normal density of states] reflects the formation of
the multi-gap structure. In particular, in panel (a) we can see a significant
peak at E ≈ 13.2 ∆bulk and two less important peaks at E/∆bulk = 11 and
11.5. The major peak is due to the contribution of quasiparticles from the
resonant single-electron subband with (j, m) = (1, ±1) [see Fig. 3.4(c)]. Two
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Fig. 3.6 (Color online) The quasiparticle density of states in the irregular regime: (a)
for R = 0.5 nm, d = 1.1 nm; (b) for R = 2.0 nm, d = 1.1 nm; (c) for R = 1.0 nm, d =
1.77 nm. Panel (d) shows Ejmk as dependent on k for the same parameters as in (c).

small peaks shifted towards smaller energies are due to Andreev-type states
induced by the radial quantum confinement, i.e., E = 11.5 ∆bulk comes from
(j, m) = (1, 0) and E = 11 ∆bulk is from (j, m) = (0, ±3)-(0, ±5). There
are additional divergences in the quasiparticle density of states at E = 1213 meV. They are associated with the single-electron subbands (0, 0)-(0, ±2).
The corresponding peaks in panel (a) are thin and practically invisible.
A similar picture occurs for R = 2.0 nm and d = 1.1 nm. As seen from
Fig. 3.6(b), we again obtain one major peak due to the resonant subband
labeled now by (j, m) = (0, ±13) (at E/∆bulk = 9.6). In addition, there are
two less pronounced peaks: at E/∆bulk = 7 due to the subbands (1, 0)-(1, ±2)
and at E/∆bulk = 7.6 from subbands (0, ±2), (0, ±7) and (0, ±9)-(0, ±12).
Peaks from other subbands almost disappear.
For more specific information, Fig. 3.6(c) shows all peaks in the quasiparticle density of states, both significant and secondary in importance, at a
more detailed energy scale for R = 1.0 nm and d = 1.77 nm. For convenience,
panel (d) demonstrates Ejmk as function of k for the same parameters. These
parameters correspond to a superconducting resonance induced by the singleelectron subband with (j, m) = (1, ±7) that makes a major contribution to
the basic superconducting quantities and is specified by the subband gap
∆1,±7 = 6.35 ∆bulk [see panel (d)]. As a result, we have a profound major
peak at E/∆bulk = 6.3 in Fig. 3.6(c). It is seen from Fig. 3.6(d) that there is
also a subband with (j, m) = (1, ±6) which is characterized by nearly the same
superconducting gap, i.e., ∆1,±6 ≈ ∆1,±7 . However, its contribution to the
density of states is much less significant. The second important peak is situated at E/∆bulk = 5.7, which is the energy gap for subbands (2, 0) and (2, ±1):
∆2,0 = ∆2,±1 = 5.7 ∆bulk . The third pronounced peak in Fig. 3.6(c) forms
due to two divergences in the density of states due to the subbands (0, ±9)
and (0, ±10). Here ∆0,±9 ≈ ∆0,±10 = 5.3 ∆bulk , see Fig. 3.6(d). In addition,
one can see clear signatures of less important divergences in Fig. 3.6(c). In
particular, between the two significant peaks located at E/∆bulk = 5.7 and
E/∆bulk = 6.3, there are a series of peaks coming from the subbands with
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with (j, m) = (0, 0)-(0, ±79) and (1, 0)-(1, ±15); and (c) the density of states versus
the quasiparticle energy E for R = 15 nm and d = 3.1 nm.

(j, m) = (1, 0)-(1, ±6) (the larger the absolute value of the azimuthal quantum number the smaller the corresponding subband energy gap). In turn,
the subbands (0, 0)-(0, ±8) are responsible for a series of peaks in the energy
domain E/∆bulk = 5.3-5.7.
As mentioned above, the formation of Andreev-type states induced by
quantum confinement is related to a spatially nonuniform distribution of the
pair condensate. In the regime of irregular quantum-size oscillations (see
Sec. 3.3.2), i.e., for sufficiently small R, the order parameter exhibits pronounced spatial variations, which results in a significant role of the Andreev
mechanism. When increasing R, we pass to the regime of regular quantum-size
oscillations because single-electron subbands with different absolute values of
the azimuthal quantum number are almost degenerate for large enough R and
form bundles. In this case the spatial variations of ∆(ρ) become less and less
pronounced and, as a result, the multi-gap structure disappears. In particular,
Figs. 3.7(a, b) show the quasiparticle density of states and the quasiparticle
energy as function of k for R = 15 nm and d = 1.09 nm. This is the point of
a superconducting resonance induced by a bundle of single-electron subbands
with j = 1. The states with (j, m) = (1, 0)-(1, ±14) makes a contribution
to the superconducting characteristics of about 60% here. The rest is due
to the subbands (0, 0)-(0, ±79). As seen from Fig. 3.7(b), the quasiparticle
branches with (j, m) = (0, ±7) are almost degenerate. However, branches with
j = 1, |m| > 7 are still well distinguished. Andreev mechanism is of no importance any more and, so, the subband energy gaps do practically not depend on
the quantum numbers: ∆jm = 6∆bulk for (j, m) = (1, 0)-(1, ±14) and (0, 0)(0, ±78). Therefore, we can see a profound peak in the quasiparticle density
of states at E/∆bulk = 6. There are two additional subbands (0, ±79) and
(1, ±15) that contribute to the superconducting quantities. As follows from
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Fig. 3.7(b), the spectroscopic gaps for these states are 13.5 ∆bulk and 18 ∆bulk
with the corresponding peaks in Fig. 3.7(a). These spectroscopic gaps are not
directly related to ∆0,±79 and ∆1,±15 because the bottoms of both subbands
are located above the Fermi level (but in the Debye window). It means that
ξjmk is different from zero at the point of the minimum of the corresponding
quasiparticle energy Ejmk taken as function of k [see Eq. (3.11)]. Hence, the
above spectroscopic gaps are shifted up by a nonzero single-electron energy.
It is interesting that ∆0,±79 and ∆1,±15 are smaller than 6∆bulk . However,
this does not have any effect on the ratio of ∆E to kB Tc : these subbands
produce a negligible contribution to the superconducting characteristics due
to the large corresponding spectroscopic gaps. In Fig. 3.7(c) one can see another example of the energy dependence of the quasiparticle density of states.
Thus, as seen, the multi-gap structure is almost degenerate in the regular
regime and Andreev-type states do not play such essential role as for smaller
inner radii, i.e., in the case of irregular quantum-size oscillations.
Concluding this section, we note that the radial profile of the superconducting order parameter is mainly determined by single-electron subbands with
the bottoms close to the Fermi surface. These subbands are characterized by
slow motion of electrons in the direction parallel to the nanocylinder (here
the major part of the corresponding single-electron energy comes from the
radial and azimuthal degrees of freedom). In particular, typical longitudinal
wavelengths for electrons in a resonant subband are about 20 nm  λF . Propagation of such long waves is not sensitive to the surface imperfections with
the characteristic size of the order of the metallic unit-cell dimensions. Thus,
the profile of the order parameter and, so, the formation of Andreev states
induced by quantum confinement will be stable against surface roughness.

3.4

CONCLUSIONS AND DISCUSSIONS

By numerically solving the BdG equations, we have investigated how quantum confinement modifies superconductivity in a hollow metallic nanocylinder. The radial quantization of the electron motion results in a splitting of
the conduction band into a series of subbands whose lower edges move in energy when changing the inner radius R and thickness d. Such a multi-subband
structure leads to pronounced quantum-size superconducting oscillations, e.g.,
the superconducting properties varies with d at a fixed R. We have found that
the character of these variations changes qualitatively with an increase in R:
the irregular pattern is replaced by almost equidistant superconducting resonant enhancements. The reason for such a crossover is the change of the
role of the centrifugal energy. When R increases, this energy is diminished so
that single-electron subbands with different absolute values of the azimuthal
quantum number m (but with the same radial quantum number j) are nearly
degenerate in energy. As a result, they form bundles of subbands responsible
for equidistant resonant enhancements in the basic superconducting quantities
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as functions of d. We have shown that the formation of subbands can result
in multiple superconducting gaps due to the interplay between quantum confinement and the Andreev mechanism. The difference between the subbanddependent superconducting gaps is significant in the irregular regime but they
are almost equal when coming to the regular side of the crossover. Here the
ratio of the critical temperature to the energy gap approaches its bulk value
while it is reduced by 20%-30% due to Andreev-type states in the irregular
regime. The role of Andreev-type states induced by quantum confinement is
significant for small inner radii but becomes minor in the regular domain.
We would like to remark that fluctuations are known to play a more serious role for lower dimensionality. So, one can expect deviations from the
mean-field results for nanoscale superconducting systems. However, a recent experimental study of Pb superconducting single-crystalline nanofilms
showed a good agreement with the mean-field results even for film thicknesses
down to 2-5 monolayers (0.5-1.0 nm) [19]. For superconducting nanowires it is
believed [90] that quantum-phase fluctuations suppress the superconducting
state for diameters below 5-8 nm. This expectation is in agreement with the
experimental results of Ref. [9], where a crossover from the superconducting to
normal state was reported for an aluminum nanowire with a diameter of about
8 nm. However, results of another group [10] demonstrate no signature of such
a crossover in aluminum nanowires with diameters 5-6 nm. Thus, based on
the above experimental data, we may expect that the mean-field approach
is reasonable for hollow nanocylinder when d & 1 nm and R + d & 2-3 nm,
with R + d the total radius of the hollow cylinder. In addition, we remark
that the existing treatment of superconducting fluctuations is questionable
in the presence of multiple single-electron subbands in nanowires/nanofilms.
Due to scattering of electrons between different subbands, this has nothing
to do with the 1D/2D limit and, so, the superconducting fluctuations, both
quantum and thermal, will be different. Thus, one can expect that when the
number of the relevant single-electron subbands is significantly larger than
one, the 3D case is being approached and the mean-field approximation is
justified. However, even when only a small number of subbands is occupied,
the mean-field approximation can still yield reasonable results like in Pb and
In single-crystalline one-atomic-layer thick films [13] with only one relevant
single-electron subband.
We also note that some smearing of the spatial profile of the order parameter can be expected when including the nonlocal-gap operator in the BdG
equations. More specifically, using a nonlocal-gap representation of the BdG
equations, one simply avoids the delta-function approximation of the pair interaction in favor of a more detailed potential. Then, when solving Anderson’s
BCS-like equation [see Eq. (3.14)], the only difference is that new interactionmatrix elements Jj 0 m0 ,jm will appear in the problem. While resonant enhancements can be sensitive to the interaction-matrix elements, this is not the case
for the radial profile of the order parameter that is governed by quantum
confinement. Indeed, the main contribution to the order parameter at a res-
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onant point comes from the single-electron subband whose bottom is in the
vicinity of the Fermi surface. It means that, by virtue of Eq. (3.9), the radial
profile of the order parameter is determined by the radial single-electron wave
function associated with the above subband. Hence, the spatial profile of the
order parameter will change only if the relevant single-electron wave functions
will be different. However, such a difference will not be pronounced because
the electron-electron interaction itself has almost no effect on the wave functions in superconducting nanowires/nanofilms. From the numerical results of
Ref. [91], this effect is estimated to be within a few percent. In other words,
the order parameter is directly related to the Cooper-pair wave function, and a
wave function of two particles in a quantum-confining geometry is much more
sensitive to tight confinement than to details of the interparticle interaction.
Generally, the strength of quantum confinement in nanowires/nanofilms can
be specified by the dimensionless parameter δsub /∆bulk : when it is larger than
~2 π 2
one, quantum-confinement effects predominate. For nanowires δsub ∼ 2m
2,
e R
with R the nanowire radius (we note that for a hollow nanocylinder R is a
complicated function of R and d). Typical values for the energy gap in bulk
metallic superconductors are ∆bulk = 0.1-1.5 meV (see, e.g., Ref. [90]). This
allows one to find that δsub /∆bulk > 1 when R < 20 − 80 nm. In particular,
for aluminum this leads to R < 40 nm.
It is also of interest to discuss the possible effect of surface imperfections
on the superconducting resonances in quantum nanowires. Surface roughness can influence both the longitudinal and transverse motion of electrons.
As discussed above, the basic characteristics of the system at the point of
a superconducting resonance are controlled by the corresponding resonant
single-electron subband whose bottom is situated in the vicinity of the Fermi
level. In such a subband the main contribution to the single-electron energy comes from the transverse motion and, so, the longitudinal motion of
electrons is slow. In particular, from Figs. 3.4 we learn that the resonant subband at R = 0.5 nm and d = 1.1 nm is specified by (j, m) = (1, ±1), and the
corresponding subband-dependent longitudinal Fermi wavenumber is about
0.2 − 0.3 nm−1 . Similar values for the the longitudinal Fermi wavenumber in
the resonant subband with (j, m) = (0, ±4) can be found from Fig. 3.5 for
R = 0.2 nm and d = 1.3 nm. In general, the characteristic longitudinal wavelengths of electrons in a resonant subband are larger than 15-30 nm. Propagation of such long waves will not be sensitive to surface imperfections with
characteristic sizes of about the dimensions of the metallic unit cell. Another
possible effect of surface roughness is a broadening of the transverse electron
levels and, consequently, a smearing of the lower edge of a single-electron
subband. This will lead to an uncertainty in the inter-subband energy spacing and, so, one can expect that when this uncertainty is close to or larger
than the Debye energy ~ωD , an effect of such a smearing on quantum-size
oscillations of basic superconducting properties can be pronounced. The uncertainty in the inter-subband energy spacing for nanowires is estimated as
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π ~
∆δsub = m
3 ∆R, with ∆R the characteristic length of the radius fluctuaeR
tions. Taking ∆R = 0.3 nm we can obtain that ∆δsub = 30 meV for R = 2 nm
whereas ∆δsub = 8 meV for R = 3 nm. The Debye energy for aluminum
is about 32 meV, see discussion in the last paragraph of Sec. 3.2.1. Hence,
smearing for quantum-size oscillations of the basic superconducting quantities
due to surface roughness can be expected for aluminum nanowires with radii
less than 2 nm. Thus, in a hollow nanocylinder such a smearing can be of
relevance for R + d < 2 nm.

Publications. The results presented in this chapter were published as:
• Yajiang Chen, A. A. Shanenko, and F. M. Peeters, Hollow nanocylinder: Multisubband superconductivity induced by quantum confinement,
Phys. Rev. B 81, 134523 (2010).

4
Quantum cascades in superconducting
hollow nanocylinders

4.1

INTRODUCTION

For metallic nanofilms and nanowires in the clean limit, quantum confinement
of the perpendicular motion of electrons splits the conduction band into a series of subbands. This leads naturally to multiband superconductivity similar
to, e.g., the two-band superconductivity as found in novel superconductors
such as MgB2 (see, e.g., [92]) and the iron-pnictides (see, e.g., [93]). The
formation of multiple subbands has a significant effect on the superconduct~2 π 2
ing properties when the intersubband energy spacing δsub ≈ 2m
2 (with
e a
a the nanowire/nanofilm thickness) becomes of the order of the bulk energy gap ∆bulk . For conventional superconductors, say, aluminum or tin,
∆bulk = 0.3 − 0.7 meV (see, e.g., textbooks [35, 67]) and, so, δsub exceeds
∆bulk when a . 30 − 40 nm. Thus, before being eventually suppressed in
lower dimensions, superconductivity in high-quality nanofilms/nanowires exhibits an almost unexplored regime governed by quantum confinement, i.e.,
the regime of nanoscale superconductivity.
The presence of multiple subbands causes many effects which may not be
observed in bulk superconductors, e.g., quantum-size superconducting resonances and related quantum-size oscillations of the basic superconducting
properties [20, 24–26, 56, 94, 95], the formation of Andreev states induced by
quantum confinement [22, 68], giant size-dependent drops of the BCS coherence length [27] etc. In the present Chapter we focus on another interesting
effect due to multiple subbands in nanoscale superconductors, i.e., quantum
cascades induced by a magnetic field. It was recently shown [23] that the
superconducting-to-normal transition in quantum nanowires driven by a parallel magnetic field occurs as a cascade of jumps in the order parameter as
65
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a function of the magnetic field. The magnetic field does not “kill” superconductivity simultaneously in all relevant single-electron subbands and the
field-induced decay of superconducting correlations occurs step by step, i.e.,
first in one subband, then in another and so on. This results in a cascade of
transitions. At zero temperature the cascade structure was predicted [23] to
be pronounced in nanowires with diameters . 15 nm, which is an experimentally reachable domain. Here we extend Ref. [23] and consider the impact of
the confining geometry and thermal effects on these quantum cascades. Additionally, we take into account the spin-magnetic-field interaction and study
quantum-size oscillations of the paramagnetic limiting field [96]. Our work
is based on a numerical solution of the BdG equations for a hollow metallic
nanocylinder. Varying its inner radius R and its wall thickness d, we can
switch from nanowire-like (R/d  1) to nanofilm-like (R/d  1) scenario
and back [97]. We also investigate how the cascades are influenced by surface roughness that is the main issue of disorder in high-quality nanoscale
superconductors. The Ginzburg-Levanyuk parameter Gi (Gi ∼ δT /Tc , with
Tc the critical temperature and δT the temperature range where thermal
fluctuations are of importance) is not extremely large in high-quality superconducting nanowires, i.e., Gi ≈ 0.1-0.2 for diameters 5-10 nm (see discussion
in Sec. 4.4). For wires with widths . 8 nm quantum-phase fluctuations are
expected to be of crucial importance. However, the phase-slip rates and the
related long tail in the resistance below Tc depend on the mean-field order
parameter (see, e.g., [9, 10]). Thus, the quantum cascades can be observed in
the magnetic-field dependence of such low-temperature resistance tails even
for extremely narrow wires.
This Chapter is organized as follows. In Sec. 4.2 we outline the formalism
of the BdG equations for a hollow metallic nanocylinder in the presence of
a parallel magnetic field (with only the interaction of the orbital magnetic
moments with the external magnetic field). Further in this section we discuss
how the scenario of the superconductor-to-normal transition, i.e., quantumsize cascades of jumps in the order parameter as function of the magnetic field,
depends on the confining geometry and on the multiple-subband structure
induced by quantum confinement. Then we investigate thermally-activated
smoothing of the cascades. In Sec. 4.3 the spin-magnetic-field interaction is
included and we briefly discuss the spin-generalized BdG equations for a hollow nanocylinder. Based on this generalization, we investigate how including
the spin-magnetic-field interaction influences our results discussed in previous
section. By switching-off the potential energy associated with the orbitalmagnetic moments, we further consider the paramagnetic breakdown of superconductivity in the presence of quantization of the perpendicular electron
motion. Effects of quantum confinement on the paramagnetic limiting field,
including its quantum-size oscillations, are discussed here. Our conclusions
and important discussions on impacts of surface roughness and fluctuations
are given in Sec. 4.5.

ORBITAL-MAGNETIC MOMENTS AND QUANTUM-SIZE CASCADES

4.2

4.2.1
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CASCADES
Formalism

Previously, we showed that the effect of a parallel magnetic field on the electron orbital motion in cylindrical superconducting nanowires results in an
intriguing scenario of a superconductor-to-normal transition at zero temperature, i.e., quantum cascades [23]. Here we generalize our previous study to
the case of a metallic hollow nanocylinder in a parallel magnetic field, and
we investigate how the confining geometry (by changing the cylinder radius
R and its wall thickness d) influences these quantum-size cascades. Effects of
quantum confinement are pronounced at low temperatures and, therefore, we
expect thermal smoothing of the cascades which will also be studied in the
present section. For the moment we neglect spin-magnetic-field interaction
and related paramagnetic effects. Their contribution will be investigated in
the next section.
4.2.1.1 Bogoliubov-de Gennes equations In the clean limit, the single-electron
1
(−i~∇ − ec A)2 − µ, with
Hamiltonian in the BdG Eqs. (1.45) reads He = 2m
e
me the electron band mass (which we put equal to the free electron mass)
and µ the chemical potential. On the other hand, the summation in the selfconsistent condition Eq. (1.62) is over the states with |ξν | < ~ωD , where ωD
is the Debye frequency and ξν is the single-electron energy given by
Z
ξν =



d3 r u∗ν (r)He(0) uν (r) + vν∗ (r)He(0) vν (r) ,

(4.1)

(0)

(0)

where He = He |A=0 . Use of He instead of He in Eq. (4.1) will produce
practically the same results but it is much less convenient for analytical calculations. It is also of importance to note that the usual choice of only positive
quasiparticle energies is not relevant in the presence of depairing due to a
magnetic field (or due to an imposed supercurrent). It is well-known that in
the absence of a magnetic field or a superfluid motion, the system contains
only the quasiparticles with positive energies. To take account of the depairing reconstruction in the system, one should limit the states to those with
positive quasiparticle energy in the limit A → 0, i.e., this implies that the
physical solution satisfies
Eν

A→0

> 0.

(4.2)

In the absence of a magnetic field this criterion recovers the ordinary choice
of the positive quasiparticle energies.
Due to the grand-canonical formulation of the BdG equations, it is convenient to measure all the relevant energies in the problem with respect to
µ. Given the mean electron density ne , the chemical potential µ is calculated
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Z


2 X
ne =
d3 r fν |uν (r)|2 + (1 − fν )|vν (r)|2 ,
V ν

(4.3)

with V the system volume. For elemental superconductors, like, e.g., aluminum, the pairing energy is typically much smaller than the Fermi energy
EF . Hence, changes in the chemical potential due to the superconducting order/temperature are not important when solving Eq. (4.3) and, therefore, we
set temperature to zero and neglect the superconducting order in Eq. (4.3).
This gives µ = EF in a numerical solution of the BdG equations. It is necessary to note that to obtain the correct period for the quantum-size superconducting oscillations in nanoscale systems with a simplified parabolic-band
approximation (based on the band mass me ), one should use an effective
Fermi level rather than the real one (see the discussion in the second paper
of [24, 25]). In general, the effective Fermi level depends on the complicated
interplay between the crystalline and confinement directions, and its possible
values for elemental superconductors (when ignoring the shift-up in EF for extremely small d) can be found in [98]. For aluminum EF = 0.9 eV is justified
from a good agreement with experimental data on aluminum superconducting
nanowires. [26]
4.2.1.2 Anderson’s approximation Even for a broken time-reversal symmetry it was shown [23] that Anderson’s approximation provides still very good
results for a cylindrical superconducting nanowire in a parallel magnetic field,
because the single-electron wave functions are the same in linear order in the
vector potential A. The same holds for a hollow nanocylinder and, so, below
we use Anderson’s approach. When working with the BdG equations, Anderson’s approximation means that we seek for a solution of the BdG equations
when the particle-like un (r) and hole-like vn (r) amplitudes are proportional
to the corresponding single-electron wave function, i.e., (ρ, ϕ, z are the cylindrical coordinates)
ikz
e√
,
L
imϕ ikz
e√
e√
Vjmk ψjm (ρ) 2π L ,
imϕ

uν (r)

= Ujmk ψjm (ρ) e√2π

vν (r)

=

(4.4)

with ν = {j, m, k}, with j = 0, 1, 2, . . . the radial quantum number, m =
0, ±1, ±2, . . . the azimuthal quantum number, and k the wave vector of the
quasi-free electron motion in the z-direction (periodic boundary conditions are
applied in this direction with a unit cell of length L = 50 µm). Diamagnetic
contributions to A can be entirely ignored in the case of interest, which makes
it possible to consider the system in a uniform external magnetic field. In our
case of a parallel magnetic field H = (0, 0, H|| ) it is convenient to adopt the
H ρ

Coulomb gauge, i.e., A = 2|| eϕ , with eϕ the unit vector in the azimuthal
direction. This allows us to choose uν (r) and vν (r) in the factorized form of
Eq. (4.4).
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The problem can be further simplified due to a negligible role of the
term ∝ A2 in the single-electron Hamiltonian that reads 81 me Ω2 ρ2 , with
Ω = |e|H|| /me c. In particular, for a nanowire with a diameter of about
10 nm the critical (depairing) magnetic field Hc,|| is about 1 − 3 T, see [23].
For this case 18 me Ω2 ρ2 . 10−4 meV  ∆bulk = 0.25 meV. We also note
p
that the corresponding magnetic length is aH = ~/me Ω ≈ 25 nm, which is
significantly larger than the radius of 5 nm. Then, when keeping only terms
linear in A, ψjm (ρ) remains the same as in the absence of a magnetic field.
This is why considering only pairing of time-reversed states is still a very good
approximation. Hence, ψjm is obtained from the solution of the second-order
differential equation
ξjmk ψjm (ρ) =


m2
~2  1 ∂ ∂
−
ρ
+ 2 + k 2 − µ ψjm (ρ).
2me
ρ ∂ρ ∂ρ
ρ

(4.5)

The radial part of the single-electron wave function ψjm (ρ) can be expressed
(see, e.g., [97]) in terms of the Bessel functions of the first and second kind with
two coefficients for each set of quantum numbers (j, m). These two coefficients
together with the relevant single-electron energy ξjmk can be obtained by
inserting the expression of ψjm (ρ) into the following quantum-confinement
boundary conditions
ψjm (R) = ψjm (R + d) = 0.

(4.6)

Using these energies and based on Eqs. (4.4) and (4.5), from the BdG equations we can obtain (Ujmk , Vjmk and ∆jm are real)
+
Ejmk Ujmk = ξjmk
Ujmk + ∆jm Vjmk ,

(4.7)

−
ξjmk
Vjmk ,

(4.8)

Ejmk Vjmk = ∆jm Ujmk −
where (µB is the Bohr magneton)

±
ξjmk
= ξjmk ± mµB H|| ,

(4.9)

and the subband-dependent pairing potential ∆jm = ∆j,−m is of the form
R+d
Z

2
dρ ρ ∆(ρ)ψjm
(ρ),

∆jm =

(4.10)

R

with ∆(ρ) = ∆∗ (ρ). The nontrivial physical solution of the above equations
is given by
q
2
Ejmk = ξjmk
+ ∆2jm + mµB H|| ,
(4.11)
where the “+” sign in front of the square root is taken by virtue of Eq. (4.2).
2
Use of Eqs. (4.8) and (4.11) together with the usual constraint [35] Ujmk
+
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Fig. 4.1 (Color online) Hollow aluminum nanocylinder in a parallel magnetic field for
R = 0.1 nm at zero temperature (neglecting the spin-magnetic-field interaction): (a)
the critical magnetic field Hc,|| as function of the nanocylinder wall thickness d; (b)-(f)
¯ as function of H||
quantum-size cascades in the spatially averaged order parameter ∆
for d = 1.7, 2.12, 2.78, 3.06 and 3.81 nm, respectively.

2
Vjmk
= 1, makes it possible to express Ujmk and Vjmk in terms of ξjmk and
∆jm and, then, to rewrite the expression of the order parameter Eq. (1.62) in
the form of the BCS-like self-consistent equation

∆j 0 m 0 = −


∆jm
Jj 0 m0 ,jm q
1 − 2fjmk ,
2
2 ξjmk
+ ∆2jm
jmk
X

(4.12)

with the pair-interaction matrix element given by

J

j 0 m0 ,jm

g
=−
2πL

R+d
Z

2
dρ ρ ψj20 m0 (ρ)ψjm
(ρ).

(4.13)

R

Here it is worth noting that, due to Eq. (4.1), we should make the summation
in Eq. (4.12) over the states with |ξjmk | < ~ωD . This is similar to the wellknown regularization procedure for ultraviolet divergence in the bulk gap
equation (see, for instance, [67]). Based on a numerical solution of Eq. (4.12),
one can simply calculate the position-dependent order parameter from
∆(ρ) =

g X 2
∆jm
ψjm (ρ) q
4πL
ξ 2 + ∆2
jmk

jmk


1 − 2fjmk ,

jm

which follows from the self-consistent condition and (4.4).

(4.14)
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Fig. 4.2 (Color online) The same as Fig. 4.1 but for R = 1 nm. Panels (b)-(f) show
results for d = 1.8, 2.12, 2.8, 3.07 and 3.77 nm, respectively.

4.2.2

Effect of the confining geometry

In our calculation, we consider aluminum as the material of the hollow nanocylinder: ~ωD /kB = 375 K with kB the Boltzmann constant, gN (0) = 0.18 with
N (0) the bulk DOS at the effective Fermi level chosen as EF = 0.9 eV [see
discussion after Eq. (4.3)].
We start our discussion by considering the impact of the confining geometry
on the scenario of the superconductor-to-normal transition at zero temperature. The critical field Hc,|| is set in our numerical study as the magnetic field
at which the spatially averaged order parameter, i.e.

¯ =
∆

2
d(2R + d)

R+d
Z

dρ ρ∆(ρ),

(4.15)

R

drops below 0.01∆bulk , where ∆bulk = 0.25 meV for the parameters in use.
Our previous investigation [23] of the critical magnetic field in cylindrical
nanowires demonstrated that the superconductor-to-normal transition in highquality metallic nanowires with diameters less than 10 − 15 nm occurs as a
cascade of jumps in the order parameter as a function of the parallel magnetic
field. Another finding of [23] is that the scenario of the superconductor-tonormal transition in sufficiently narrow nanowires is very different from both
the first-order transition in bulk for type-I superconductors (we ignore the formation of vortices in nanowires) and the smooth crossover in superconducting
wires with diameters [8, 16, 65] 20 − 200 nm (such a crossover is typical of
mesoscopic samples, see [35] and [99]). As follows from results of [23], Hc,||
is significantly enhanced as compared to the bulk value Hc,bulk = 0.01 T (see
the textbook [35]) and exhibits pronounced quantum-size oscillations.
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Based on a numerical solution of the BdG equations for a hollow nanocylinder in the presence of a parallel magnetic field, we find an even more complex
scenario for the superconductor-to-normal transition due to new details depending on the ratio R/d. In Fig. 4.1(a) the critical (depairing) magnetic
field Hc,|| is shown as function of d for R = 0.1 nm and d = 1.4 − 4.0 nm (this
choice represents the nanowire-like regime with R/d  1). The results of
Fig. 4.1(a) can be compared with those of Fig. 4.2(a) (Hc,|| as function of
d for R = 1.0 nm and d = 1.4 − 4.0 nm) and Fig. 4.3(a) (Hc,|| versus d for
R = 8.0 nm and d = 1.4 − 4.0 nm, the nanofilm-like regime with R/d  1). To
show details about quantum-size cascades we plot the magnetic-field depen¯ for different values of R and
dence of the spatially averaged order parameter ∆
d in panels (b)-(f) of Figs. 4.1, 4.2 and 4.3. Note that the choice of R = 0.1 nm
for the nanowire-like regime can hardly be realized in practice. This choice is
not crucial and is only an illustration for the nanowire-like regime: our results
practically do not change with R for R < 0.1 − 0.3 nm and, so, we are at the
limit R → 0.
4.2.2.1 Quantum-size oscillations of the critical parallel magnetic field From
Fig. 4.1(a), we can see that the critical magnetic field can reach values as high
as 20 − 25 T for resonant points located around d = 1.5 nm. This is by three
orders of magnitude larger than Hc,bulk = 0.01 T and an order of magnitude
(GL)
higher than the estimate Hc,|| = 4λHc,bulk /(R + d) based on the result of
the Ginzburg-Landau theory for a cylinder with diameter 2(R + d) (see [100],
with λ ≈ 50 nm for aluminum in the clean limit). Beyond the superconducting
(GL)
resonances, Hc,|| falls down to 0.5−2 T, which is close to Hc,|| (the same was
found in our previous paper for cylindrical superconducting nanowires [23]).
What is the reason for such pronounced oscillations of Hc,|| ? This is due to
a systematic shift-down of the single-electron energies with increasing R and d.
Due to this shift the bottoms of the single-electron subbands cross one by one
the Fermi surface, which results in quantum-size superconducting oscillations
with pronounced resonant enhancements each time when the bottom of a new
subband approaches the Fermi surface. Since the seminal paper by Blatt and
Thompson [20] (see, also, [24–26, 56, 94]) it is known that when the bottom
of a single-electron subband forming due to quantization of the perpendicular
electron motion is situated in the vicinity of the Fermi level, the superconducting quantities are enhanced due to an increase in the relevant DOS. Hence, the
pair-condensation energy increases at resonant points and so does the critical
¯ is about 2.05 meV (at
magnetic field. In particular, as seen from Fig. 4.1(b) ∆
H|| = 0) at the resonant point d = 1.44 nm, where Hc,|| ≈ 24.5 T. Beyond
this resonance, say, at d = 1.4 nm, the spatially averaged order parameter
falls down to ≈ ∆bulk , i.e., by an order of magnitude, and the corresponding
critical field is also down by a factor of 30, i.e., to 0.7 T. We stress that there
¯ H =0 /∆bulk , as can be seen from
is no simple relation like Hc,|| /Hc,bulk ∝ ∆|
||
Figs. 4.1(b)-(f). The reason is that Hc,|| is not simply determined by the value
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Fig. 4.3 (Color online) The same as in Figs. 4.1 and 4.2 but for R = 8 nm. Panels
(b)-(f) represent d = 1.9, 2.04, 2.64, 3.1 and 3.9 nm, respectively.

¯ at H|| = 0. It also depends on the orbital-magnetic moments of those
of ∆
states that make major contributions to the superconducting characteristics.
The smaller the absolute value of the relevant azimuthal quantum numbers,
the larger the critical magnetic field. In Fig. 4.2(a) (R = 1 nm) the maximal
critical magnetic field is about 9 T at d = 1.75 nm, while for R = 8 nm [see
Fig. 4.3(a)] the maximum of Hc,|| is about 0.75 T at d = 1.75 nm. As seen,
Hc,|| exhibits an overall decrease with increasing R and d. The reason for this
¯ are significantly reduced
is two-fold. First, the resonant enhancements of ∆
for larger R and d (the superconducting resonances are eventually washed
out for large enough R and d, see, for more details, [26] and [98]). Second, a
contribution of subbands with large azimuthal quantum numbers (|m|  1)
increases with R and d. Such a contribution is less stable with increasing H||
due to the term mµB H|| next to the square root in the quasiparticle energy.
Comparing Figs. 4.1(a), 4.2(a) and 4.3(a), one finds a qualitative change
in the character of the quantum-size oscillations in Hc,|| . From our study of a
hollow nanocylinder in the absence of a magnetic field, we learned that there
¯ as function of
are two distinctive regimes of the quantum-size oscillations in ∆
d: (i) an almost chaotic sequence of peaks for R/d  1, i.e., the nanowire-like
behavior, and (ii) regular oscillations with an overall decrease (when increasing d) of the magnitude of resonant enhancement for R/d  1, i.e., the
nanofilm-like regime. We observe a similar picture for the critical magnetic
field: irregular oscillations in Figs. 4.1(a) that change into an almost regular
sequence of enhancements of Hc,|| with period ∆d = λF /2 ≈ 0.7 nm (λF is
the Fermi wavelength) when R/d  1. Switching between these two regimes
~2 m 2
is governed by the centrifugal energy 2m
2 , see Eq. (4.5). The role of the
e ρ
centrifugal energy is more important for small R. In this case the difference
in energy between the bottoms of two neighboring single-electron subbands
strongly oscillates with changing the relevant quantum numbers. This leads
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to an irregular coming-in of superconducting resonances and, as a result, to
¯ with d, as seen in Fig. 4.1(a). Unlike
irregular oscillations of Hc,|| (and ∆)
R → 0, the centrifugal energy becomes infinitesimally small for R → ∞. So,
for sufficiently large R (and d) the single-electron spectrum is almost reduced
2
~2 π (j+1)
(i.e., it is nearly degenerate with respect to m) and one can reto 2m
d2
e
cover the regular nanofilm-like appearance of the superconducting resonances
with the above mentioned period ∆d = λF /2. It is worth noting that the
nanowire-like and nanofilm-like regimes coexist at R = 1 nm as seen from
Fig. 4.2(a). In particular, for d = 1.5 − 2.0 nm (R/d ∼ 1) the overall behavior
of Hc,|| in Fig. 4.2(a) resembles that of Fig. 4.3(a). This is also seen from the
fact that the maximum of Hc,|| in both figures is at d = 1.75 nm. However, the
pattern of the oscillations in Fig. 4.2(a) is still more complex as compared to
Fig. 4.3(a) due to many smaller resonant enhancements that are nearly washed
out at R = 8 nm. It is interesting that a similarity between Figs. 4.2(a) and
4.3(a) are still visible even for d = 3.5 − 4.0 nm (i.e., at R/d = 0.2 − 0.3 at
R = 1.0 nm).
4.2.2.2 Quantum-size cascades in the order parameter Due to the quantization of the perpendicular motion of electrons, the conduction band in nanowires
splits up into a series of subbands. The formation of multiple subbands results in the appearance of different quasiparticle branches. Any quasiparticle branch corresponds to the single-electron states with the same orbitalmagnetic moment. Orbital-magnetic moments acquire a potential energy in
the presence of a magnetic field, which results in a magnetic-field-dependent
shift of the quasiparticle energy. A jump in the order parameter as function
of the magnetic field can arise when one of the relevant quasiparticle branches
touches zero. From this point on, such a branch supplies the system with the
states with a negative quasiparticle energy. For these quasiparticles fjmk = 1
at T = 0 and, as seen from Eq. (1.62), they survive even at zero temperature.
It means that we face a reconstruction of the ground state which is nothing
more then a signature of depairing in the corresponding subband. In order
that a jump (accompanied by the hysteretic behavior) appears, such a subband should make a significant contribution to the order parameter (as seen
in the following paragraph, more than ≈ 10% at H|| = 0). For a smaller
¯ as funccontribution, a smooth decrease accompanied by a kink arises in ∆
tion of H|| . Due to the multiple-subband structure, depairing induced by a
magnetic field does not occur at the same time in all single-electron subbands.
It first takes place in subbands that are most sensitive to a magnetic field,
i.e, the subbands with large orbital magnetic moment (large modulus of the
azimuthal quantum number). This results in a cascade of jumps (and kinks).
However, the number of relevant single-electron subbands increases with the
diameter and a relative contribution of any single-electron subband into the
superconducting quantities becomes smaller and smaller. This is why the
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cascade structure in superconducting nanowires is washed out for diameters
> 15 − 20 nm.
¯ is
Now let us discuss results given in panels (b)-(g) of Fig. 4.1, where ∆
shown versus H|| for R = 0.1 nm and different values of d. Similarly to the
case of a cylindrical nanowire, we observe clear signatures of the formation of
¯ as function of H|| for the hollow nanocylinder. In
a cascade of jumps in ∆
particular, as seen from Fig. 4.1(b), for R = 0.1 nm and d = 1.44 nm we obtain
¯ on H|| . The first, second and
a cascade of four jumps in the dependence of ∆
third jumps are rather small (they appear like kinks in the figure). However,
¯ drops from ≈ 1.7 meV down to zero. The
the fourth jump is pronounced: ∆
first jump is related to the onset of depairing in the subband (j, m) = (0, −4).
¯ (at H|| = 0) is only
It is small because the contribution of this subband to ∆
about 4.5%. We note that before depairing starts in subband (j, m) = (0, −4),
¯ does not exhibit any change with H|| : all quasiparticle energies are posi∆
tive, fjmk = 0 for all relevant quantum numbers and, as a result, the order
parameter does not depend on H|| . The second and third small jumps in
panel (b) mark the onsets of depairing in subbands (j, m) = (0, −3) (contribution of about 6% at H|| = 0) and (j, m) = (0, −2) (contribution ≈ 5% at
H|| = 0), respectively. The eventual drop to zero measures Hc,|| ≈ 24 T and
occurs when the bottom of the quasiparticle branch associated with subband
(j, m) = (1, −2) touches zero. This is one of the resonant subbands [together
¯ is about 30% at H|| = 0 and
with (j, m) = (1, 2)] and its contribution to ∆
approaches 40% in the vicinity of Hc,|| [the growth is due to the depairing
in subbands (j, m) = (0, −2) and (j, m) = (0, −3)]. The question can arise
¯ at d = 1.44 nm [see Fig. 4.1(a)] are
why the third and fourth jumps in ∆
situated at different magnetic fields in spite of the fact that there are the
same azimuthal quantum numbers for the associated quasiparticle branches
(j, m) = (0, −2) and (1, −2). The point is that the subband-dependent order
parameters ∆jm ’s are generally different due to the Andreev mechanism in
nanoscale superconductors (for more detail, see [22, 68, 97]) and in the case
of interest we have ∆0,−2 < ∆1,−2 . Our previous study of magnetically induced quantum cascades in superconducting cylindrical nanowires [23] and
our present investigation of a hollow nanocylinder for R → 0 (R = 0.1 nm)
show that it is almost a typical situation when the onset of depairing in a
resonant subband “kills” the superconducting solution and, hence, marks the
critical field Hc,|| [see panels (b), (d), and (f) of Fig. 4.1 for the resonant
points d = 1.44, 2.12 and 3.06 nm, respectively]. Note that the cascade pattern is changed in the presence of many resonant subbands, as can be seen
from Fig. 4.1(e), d = 2.78 nm. For this resonant thickness there are four res¯ at
onant subbands with (j, |m|) = (1, 5) (a contribution of about 23% in ∆
H|| = 0) and (0, 5) (16%). Two of them, with (j, m) = (1, −5) and (0, −5),
¯
are responsible for two jumps of about 0.2 − 0.25 meV in ∆.
We also remark that unlike the resonant points, the scenario of the magnetically induced breakdown of superconductivity outside superconducting
resonances exhibits, as a rule, a pronounced jump down with a subsequent
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¯ slowly approaching zero with increasing H|| , see, e.g., Fig. 4.1(c).
tail of ∆
¯ as function of H|| which is still visible
Why is there a pronounced jump in ∆
for non-resonant conditions in spite of the fact that there are no resonant subbands? Let us consider what happens during the decay of a superconducting
resonance with increasing d. The bottom of a resonant subband moves down
in energy and leaves the Debye window |ξjmk | < ~ωD . As a result, DOS at
the Fermi level is reduced and a resonant enhancement disappears. However,
¯ remains larger as
the contribution of the former resonant subband(s) into ∆
¯
compared to other single-electron subbands. For instance, a large jump in ∆
in Fig. 4.1(c) measures the onset of depairing in the single-electron subband
¯ is of about 13% at H|| = 0, which
(j, m) = (2, −1), whose contribution to ∆
¯ but it
appears to be sufficient in order to lead to a significant jump in ∆
is not sufficient to “kill” the superconducting solution without a remaining
after-jump tail. Such a tail is not an artifact of our numerical calculations. In
particular, the after-jump tail in Fig. 4.1(c) was self-consistently calculated
to within an accuracy of about 10−6 meV.
When switching from the nanowire-like regime to the nanofilm-like behavior
by increasing the ratio R/d, see Figs. 4.2(b)-(f) and 4.3(b)-(f), we find signif¯ as function of H|| . In particular, Figs. 4.2(b)-(f)
icantly smaller jumps in ∆
show patterns of the superconductor-to-normal transition for R = 1.0 nm for
the five resonant thicknesses d = 1.8, 2.12, 2.8, 3.07 and 3.77 nm, respectively.
It is instructive to compare these patterns with those of Figs. 4.1(b),(d)-(f)
[results for the non-resonant thickness d = 1.9 nm are given in Fig. 4.1(c)]. As
seen, the quantum-size cascades are still well pronounced but jumps become
smaller for R = 1.0 nm (and the numbers of the jumps increases). In addi¯ in panels (e) and (f) of
tion, there are clear signatures of after-jump tales in ∆
Fig. 4.2. This is similar to the non-resonant picture shown in Fig. 4.1(c). The
reason for all the features mentioned above is a rise in the number of relevant
subbands that make a contribution to the superconducting order parameter
(i.e., entering the Debye window). The larger R, the smaller the centrifugal energy in Eq. (4.5), which results in a decrease of the interband energy
spacing. So, more and more single-electron subbands come in play and the
role of any particular subband diminishes. For instance, the typical eventual
¯ at H|| = Hc,|| present in most cases in Fig. 4.1 and 4.2
drop to zero in ∆
breaks into a chain of almost insignificant jumps in Figs. 4.3(b)-(f), notwithstanding whether d is close to a superconducting resonance [as d = 3.1 nm
in Fig. 4.3(e)] or not [as d = 1.9, 2.04, 2.64 and 3.9 nm shown in Fig. 4.3(b),
(c), (d) and (f), respectively]. Further increase in R/d leads to a smoothing
of the jumps together with the accompanying cascade structure. Here it is
worth noting that the microscopic basis of the resonant enhancement for large
R/d is different as compare to those for small R/d. Indeed, for a superconducting resonance at a small ratio R/d we have, as a rule, one single-electron
subband whose bottom is situated in the Debye window |ξjmk | < ~ωD . For
large R/d the bottoms of many subbands are condensed in the vicinity of the
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Fig. 4.4 (Color online) The Gibbs free-energy of the superconducting state (at T = 0)
of the hollow nanocylinder for R = 0.5 nm and d = 1.36 nm as a function of the parallel
magnetic field.

2

2

~ π (j+1)
level 2m
due to an extremely small centrifugal energy. When such a
d2
e
level occurs in the Debye window, we obtain a nanofilm-like superconducting
resonance. Due to the contribution of many different azimuthal numbers, the
response of the system to the external parallel magnetic field is no longer as
dramatic as for small R/d.
To conclude this section, we make some additional remarks on the superconductor -to-normal transition in the presence of the quantum-size cascades.
In Fig. 4.4 we show the Gibbs-free energy (measured from G0 , with G0 the
Gibbs-free energy of the normal state) versus H|| , panel (a), together with
¯ on H|| , panel (b). As seen, jumps in ∆
¯
the corresponding dependence of ∆
are accompanied by discontinuities in G/G0 (see also clear hysteretic patterns in the inserts). It is well-known that when the thermodynamic potential acquires a discontinuity, the system loses its thermodynamic stability at
¯ is an off-equilibrium transition associated
this point. Thus, any jump in ∆
with depairing in one of single-electron subbands. Even in the presence of
smoothing (e.g., induced by an increase in R or d), the system can remain
thermodynamically unstable in the vicinity of the point of a smoothed drop.
This can significantly extend the domain, where the quantum-size cascades
of jumps in the order parameter can be observed experimentally. It is similar
to depairing in the presence of a uniform supercurrent in bulk. Here the supercurrent first increases with the superfluid velocity but, after reaching its
maximal value, starts to decrease quickly to zero. The regime of a continuous decrease of the supercurrent with increasing superfluid velocity can not
be realized experimentally because of a thermodynamic instability [101]. In
practice, after reaching the maximal value of the supercurrent, the system
will pass from the superconducting state to the normal one with a jump sim¯ as function of H|| (see also the recent paper about
ilar to our jumps in ∆
current-induced cascades [102]).
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Fig. 4.5 (Color online) Effect of temperature on the quantum-size cascades for R =
0.1 nm and d = 1.44 nm (no spin-magnetic-field interaction): (a) the contour plot
¯
of the spatially averaged order parameter ∆(in
meV) as function of H|| /Hc,|| (with
¯ versus H|| /Hc,|| for T /Tc =
Hc,|| = 24.5 T) and T /Tc (with Tc /Tc,bulk = 11.4); (b) ∆
¯ as dependent on T /Tc for H|| /Hc,|| = 0, 0.6 and 0.73. The
0, 0.3, 0.6 and 0.95; (c) ∆
¯ down to zero
solid curve in (a) shows the position of the discontinuous jump in ∆
(ending at (T∗ , H∗ )). The dashed curve in (a) represents the temperature-dependent
critical field Hc,|| (T ) = 1.17Hc,|| (1 − T /Tc )1/2 .
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Fig. 4.6 (Color online) The same as in Fig. 4.5 but for R = 1 nm and d = 3.07 nm.
Panel (b) shows data for T /Tc = 0, 0.74, and 0.95 (with Tc /Tc,bulk = 2.8 K), panel (c)
shows results for H|| /Hc,|| = 0, 0.45, and 0.75 (with Hc,|| = 1.99 T). Here the dashed
curve corresponds to Hc,|| (T ) = 1.02Hc,|| (1 − T /Tc )1/2 .

4.2.3

Thermal smoothing

In previous subsection, we considered how quantum-size cascades of jumps
in the order parameter as function of a parallel magnetic field change with
the confining geometry. In particular, it was shown that cascades becomes
much less pronounced with increasing the ratio R/d. The reason is a significant increase in the number of relevant single-electron subbands and, so, a
decrease of the relative contribution of each particular subband. As a result,
the number of jumps in a cascade increases but jumps become smaller. Then,
¯ on H|| and, finally, the
they are converted into kinks in the dependence of ∆
kinks also disappear with a further increase in R/d.
In the present subsection we consider another variant of smoothing of
the quantum-size cascades that is due to thermal effects. Switching on the
temperature means that in addition to quasiparticles with negative energy,
¯ from quasiparticles with positive energy
there appears a contribution to ∆
Ejmk ∼ kB T . One can expect that this will result in a smoothing of jumps
but, unlike the case of increasing R/d, the number of jumps (or smoothed
jumps) in a cascade will not change with temperature. In particular, Fig. 4.5
illustrates how the cascade structure of the superconductor-to-normal transition is smoothed by temperature for the nanowire-like regime R/d  1
¯ as function of T /Tc
(R = 0.1 and d = 1.44 nm): (a) the contour plot of ∆
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and H|| /Hc,|| , with Tc the critical temperature at zero magnetic field; (b)
¯ as function of H|| /Hc,|| for T /Tc = 0, 0.3, 0.6, and 0.95; (c) ∆
¯ as func∆
tion of T /Tc for H|| /Hc,|| = 0, 0.6, and 0.73. Here Tc /Tc,bulk = 11.5, with
Tc,bulk = 1.65 K for our parameters, and Hc,|| = 24.5 T. Our numerical anal¯ to zero (that measures the critical magnetic
ysis shows that the jump of ∆
field as calculated at T = 0) survives up to T∗ /Tc = 0.58 [see the solid curve
in Fig. 4.5(a)]. Physically, we can assume that T∗ is mainly determined by
¯ at zero temperature, i.e., ∆|
¯ jump ≈ 1.74 meV.
the magnitude of the jump in ∆
¯
A naive expectation suggests that the ratio ∆|jump /kB T∗ can be close to the
BCS parameter 1.76, i.e., the ratio of the energy gap to the critical temperature. Interestingly, this expectation is supported by our numerical results.
¯ jump /kB T∗ ≈ 1.85. A similar result is obtained for
In Fig. 4.6 we have ∆|
R = 1.0 nm and d = 3.07 nm, see Fig. 4.7, where panel (a) shows the con¯ as dependent on T /Tc and H|| /Hc,|| (here Tc /Tc,bulk = 2.8
tour plot of ∆
¯ as dependent on
and Hc,|| = 1.99 T); panel (b) represents the data for ∆
¯
H|| /Hc,|| for T /Tc = 0, 0.3, 0.6, and 0.95; (c) gives ∆ as function of T /Tc for
¯ jump ≈ 0.086 meV and T∗ = 0.12Tc ,
H|| /Hc,|| = 0, 0.6, and 0.73. Here ∆|
¯
which results in ∆|jump /kB T∗ ≈ 1.81. Smaller jumps in the cascade are
smoothed into continuous drops even below T∗ . Hence, we can consider that
T∗ measures the temperature above which the cascade structure is almost
washed out due to thermal effects. T∗ strongly oscillates with changing R and
d and exhibits an overall decrease with increasing R and d, which is similar to
other superconducting characteristics. This can be seen from Fig. 4.7, where
our numerical results for R = 8 nm and d = 2.12 nm are given: (a), the con¯ (b), the data for ∆
¯ as function of H|| /Hc,|| for T /Tc = 0, 0.65,
tour plot of ∆;
¯ versus T /Tc for
and 0.97 (with Hc,|| = 0.234 T and Tc /Tc,bulk = 1.88); (c), ∆
H|| /Hc,|| = 0, 0.65, and 0.9. As follows from our discussion in previous sec¯ at such R and d. For instance, jumps of
tion, only small jumps survive in ∆
about 0.02 − 0.03 meV are still visible at T = 0 in the vicinity of H|| = Hc,|| in
Fig. 4.7(b). They are smoothed out when reaching T∗ = 0.08Tc . So, the ratio
T∗ /Tc decreases from Fig. 4.5 to Fig. 4.7 and, in addition, Tc also reduces.
It is of interest to discuss the behavior of the temperature-dependent critical
magnetic field Hc,|| (T ) for T → 0 (i.e., the temperature dependence of the
¯ as function of H|| ). By numerically
position of the final drop to zero in ∆
fitting, we find (Hc,|| (0) = Hc,|| )
Hc,|| (T )/Hc,|| (0) = 1 − αT /Tc

(T → 0),

(4.16)

with α ≈ 1.53 for R = 0.1 nm and d = 1.44 nm. As seen, the temperature
dependent contribution to Hc,|| (T ) is linear in T for T → 0, which has nothing
to do with the temperature dependence of the thermodynamic critical field
in a bulk superconductor with the leading-order temperature correction ∝
(T /Tc )2 (see [67]). In turn, numerical fits for R = 1.0 nm, d = 3.07 nm and
R = 8.0 nm, d = 2.12 nm give α ≈ 1.0 and 0.73, respectively. The factor α in
Eq. (4.16) decreases to zero with increasing R and d (our numerical results
for other values of R and d shows that such a decrease is accompanied by
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Fig. 4.7 (Color online) The same as in Fig. 4.5 but for R = 8 nm and d = 2.12 nm.
The dashed curve in panel (a) represents Hc,|| (T ) = 1.43Hc,|| (1 − T /Tc )1/2 ; the
¯ to zero by a cascade of
solid line in (a) shows the position of an abrupt decay of ∆
jumps of about 0.02 − 0.03 meV. Panel (b) shows our results for T /Tc = 0, 0.65,
and 0.97 (Tc /Tc,bulk = 1.9 K), panel (c) displays the data for H|| /Hc,|| = 0, 0.65, and
0.9 (with Hc,|| = 0.234 T).

size-dependent oscillations). The difference in the low-temperature behavior
of Hc,|| (T ) as compared to the bulk thermodynamic field is directly related
¯ for H|| > H∗ . Here, due to the presence
to the temperature dependence of ∆
¯
¯ as
of the large jump in ∆ as function of H|| , we obtain a similar jump in ∆
function of T , as seen from the results for H|| /Hc,|| = 0.73 in Fig. 4.5(c). Only
for H|| < H∗ the ordinary BCS-like dependence of the order parameter on the
temperature is recovered, see Fig. 4.5(c), the data for H|| /Hc,|| = 0, 0.6, and
Figs. 4.6(c) and Fig. 4.7(c).
For T → Tc , Hc,|| (T ) goes to zero which can be fitted to the expression
Hc,|| (T )/Hc,|| (0) = β(1 − T /Tc )1/2

(T → Tc ),

(4.17)

with β ≈ 1.17, 1.02 and 1.44 for the parametric sets (R, d) = (0.1, 1.44) nm,
(1.0, 3.07) nm, and (8.0, 2.12) nm, respectively. Despite the regular BCS-like
¯ ∝ (1 − T /Tc )1/2 in the
temperature dependence of the order parameter ∆
domain H|| /Hc,||  1, the critical field Hc,|| (T ) again does not exhibit any
similarity with the bulk thermodynamic field [the latter is proportional to
1 − T /Tc (T → Tc ), see the textbook [67]]. The reason is that the magnetic
field easily penetrates into a nanoscale superconductor, which is completely
different from a bulk type-I superconductor. In the case under investigation

82

QUANTUM CASCADES IN SUPERCONDUCTING HOLLOW NANOCYLINDERS

Hc,|| (T ) is always close to H|| at which the resonant subband (or the former
resonant subband for the nonresonant case) begins to supply the system with
negative-energy quasiparticles (thermal effects do not alter this trend but
results in a smoothing of jumps in the cascade). So, based on Eq. (4.11), we
can expect that Hc,|| (T ) ≈ ∆jm /(µB m), where j and m < 0 are the quantum
numbers of a subband making a major contribution to the superconducting
¯ ∝ (1 − T /Tc )1/2 , we recover the result of Eq. (4.17).
quantities. As ∆jm ∼ ∆
Similar to the factor α in Eq. (4.16), the factor β in Eq. (4.17) varies with R
and d, as well. However, our numerical analysis does not show any signature
of a systematic reduction of β. Unlike β, the factor α in Eq. (4.16) exhibits a
significant overall decrease to zero with increasing R and d. It means that the
low-temperature trend of Eq. (4.16) disappears together with the quantumsize cascades for large enough R and d. Equation (4.17) is still applicable until
d approaches the magnetic penetration depth. From this point on we can no
longer consider a homogeneous magnetic field and neglect the contribution of
the diamagnetic currents.

4.3
4.3.1

PARAMAGNETIC EFFECTS
Formalism

When taking the spin-magnetic-field interaction into account, the spin-generalized
BdG Eqs. (1.79) are needed and can be rewritten as follows,




 u
uN,↑
N,↑
He,↑
∆
0
0
 v

 v

∗
 ∆∗ −He,↓
0
0 
N,↓ 
 N,↓ 


=

(4.18)



,
N
 0
0
He,↓
∆  uN,↓ 
 uN,↓ 
∗
0
0
∆∗ −He,↑
−vN,↑
−vN,↑
where N = (ν, σ), with ν = {j, m, k} and σ = ±1 the spin-like discrete index,
and the spin-dependent Hamiltonian He,α (α = {↑, ↓}) is given by
He,α =

e
1
(−i~∇ − A)2 + Φα − µF ,
2me
c

(4.19)

with Φ↑ = −Φ↓ = µB H|| . The self-consistency relation is now written in the
form
X

∗
∗
∆(r) = V
uN,↑ (r)vN,↓
(r)(1 − fN ) + uN,↓ (r)vN,↑
(r)fN .
(4.20)
N

Making use of Anderson’s approximation, we put
uN,α (r)
vN,α (r)

imϕ

ikz
e√
,
L

imϕ

ikz

= ũN,α ϑjm (ρ) e√2π

= ṽN,α ϑjm (ρ) e√2π

e√

L

,

(4.21)
(4.22)

PARAMAGNETIC EFFECTS

83

where the factors ũN,α and ṽN,α can be chosen real. Here it is necessary to
2
note that the constraint ũ2jmk + ṽjmk
= 1, as used for the BdG equations in
the absence of the spin-magnetic energy, is now replaced by
X

2
ũ2N,α + ṽN,α
= 1.
(4.23)
α

When inserting Eqs. (4.22) into Eq. (4.18), Eq. (4.18) is reduced to four linear
algebraic equations that form two systems of two equations with two variables,
i.e.,

+
N ũN,↑ = ξjmk
+ Φ↑ ũN,↑ + ∆jm ṽN,↓ ,
(4.24)
N ṽN,↓

=

−
∆jm ũN,↑ − (ξjmk
+ Φ↓ )ṽN,↓ .

(4.25)

and

+
N ũN,↓ = ξjmk
+ Φ↓ ũN,↓ − ∆jm ṽN,↑ ,

−
N ṽN,↑ = −∆jm ũN,↓ − ξjmk
+ Φ↑ ṽN,↑ ,

(4.26)
(4.27)

±
where ξjmk
and ∆jm are defined by Eqs. (4.9) and (4.10). Equations (4.24)
q
2
+ ∆2jm + (m + 1)µB H|| (here
have a nontrivial solution when N = ξjmk
a sign “+” in front of the square root is taken for the physical solution, as
usual). However, this quasiparticle energy
q is not the same as that for the
2
nontrivial solution of Eqs. (4.27) N = ξjmk
+ ∆2jm + (m − 1)µB H|| . It
means that we obtain two different excitation branches, i.e.,
q
2
+ ∆2jm + (m + σ)µB H|| ,
jmk,σ = ξjmk
(4.28)

where for σ = 1 we have ũN,↑ , ṽN,↓ 6= 0 while ũN,↓ = ṽN,↑ = 0; and for σ = −1
we obtain ũN,↑ = ṽN,↓ = 0 and ũN,↓ , ṽN,↑ 6= 0. Now, solving Eqs. (4.24)
and (4.27) together with the constraint of Eq. (4.23) for both quasiparticle
branches, we arrive at the following spin-generalized BCS-like equation:

P
X
∆jm 1 − σ fjmk,σ
q
∆j 0 m0 = −
,
(4.29)
gj 0 m0 ,jm
2
2 ξjmk
+ ∆2jm
jmk
with gj 0 m0 ,jm given by Eq. (4.13). Following the cut-off rule of Eq. (4.1), the
summation in Eq. (4.29) runs over the states with |ξjmk | < ~ωD . The position
dependent superconducting order parameter is now of the form

P
∆jm 1 − σ fjmk,σ
g X 2
q
ϑjm (ρ)
.
(4.30)
∆(ρ) =
4πL
ξ 2 + ∆2
jmk

jmk

jm
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Fig. 4.8 (Color online) Including the spin-magnetic-field potential energy: (a) Hc,||
¯ as function of H||
as function of d for R = 0.1 nm; (b)-(f) quantum-size cascades in ∆
for d = 1.7, 2.12, 2.78, 3.06 and 3.81 nm, respectively.

4.3.2

Including the spin-magnetic-field interaction

Similar to Eq. (4.12), the magnetic field H|| influences the solution of Eq. (4.29)
only through the quasiparticle occupation number fjmk,σ . It means that ∆jm
is not sensitive to H|| for fjmk,σ = 0, i.e., for positive quasiparticle energies at
zero temperature. So, we expect that the spin-magnetic-field interaction will
not qualitatively change the cascade scenario of the superconductor-to-normal
transition. However, including spin magnetic moments, we obtain an extra
contribution into the quasiparticle energy that splits the excitation spectrum
into the two different branches. This can transform some of the jumps in the
order parameter as function of H|| into smaller jumps. Another quantitative
effect of the spin-magnetic-field interaction concerns the magnitude of the
critical magnetic field. When the relevant azimuthal quantum numbers are
large enough (i.e., for large R and d), the spin-magnetic-field potential energy
can not significantly alter Hc,|| . However, for small R and d, when a major
contribution to the order parameter comes from states with |m| < 10 − 20,
one expects a persistent effect of spin magnetic moments on Hc,|| .
Let us first examine the dependence of the zero-temperature critical magnetic field on d as shown in Figs. 4.8(a) [R = 0.1 nm] and 4.9(a) [R = 1.0 nm].
As was expected, qualitative patterns of the quantum-size oscillations in Hc,||
do not change when including the spin-magnetic-field interaction. In particular, we again observe the same irregular sequence of resonant enhancements
of Hc,|| for the nanowire-like regime at R = 0.1 nm, see Fig. 4.8(a). The
only difference is that Hc,|| is generally smaller by 10 − 20% in the presence of the spin-magnetic-field interaction (this is clearly seen at the resonant
points). However, there are a few exceptions, e.g., Hc,|| increases when the
spin-magnetic-field moments are included, see, e.g., d = 1.85 nm. At first
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Fig. 4.9 (Color online) The same as Fig. 4.8 but for R = 1 nm. Panels (b, c, d, e, f)
shows results for d = 1.8, 2.12, 1.8, 3.07 and 3.77 nm.

sight this looks strange. However, the underlying reason is rather simple. The
spin-magnetic-field interaction splits any resonant subband into two smaller
¯ into smaller
subbands. This not only transform the final jump to zero in ∆
drops but, sometimes, also leads to the appearance of an after-jump tale in
¯ [see Fig. 4.1(c) and the related discussion]. If such a tale is significant, we
∆
obtain an increase in Hc,|| rather than a decrease due to the definition of Hc,||
used in the present work. Recall that Hc,|| is set in our numerical study as
¯ || ) drops below 0.01∆bulk . The decrease in
the magnetic field at which ∆(H
Hc,|| as induced by the spin-magnetic-field interaction is less pronounced for
R = 1.0 nm, see Fig. 4.9(a). Here Hc,|| almost does not exhibit any change
as compared to Fig. 4.2(a) except the domain d < 2 nm, where a general
decrease of about 5 − 10% is observed. This is quite expected because of a
significant increase in the absolute value of the relevant azimuthal quantum
numbers when passing from R = 0.1 nm to R = 1.0 nm. Note that due to an
even more significant increase in |m| for R = 8 nm, we did not find changes
that are more than 1% in the corresponding Hc,|| as compared to our results
without the spin-magnetic-field interaction.
¯
In Figs. 4.8(b)-(f) we show how the spatially averaged order parameter ∆
depends on H|| when including the spin-magnetic-field potential energy in the
nanowire-like regime for d = 1.44, 1.7, 2.12, 2.78, and 3.06 nm (only resonant
points are given). As discussed in the first paragraph of this subsection,
including the spin-magnetic-field interaction not only reduces, as a rule, Hc,||
¯ into smaller jumps. This is clearly the case, as
but also breaks jumps in ∆
seen from the comparison of our results in Fig. 4.8 with those in Fig. 4.1.
For instance, in Fig. 4.8(b) the order parameter decays through 2 large jumps
while in Fig. 4.1(b) only one significant jump appears. In Fig. 4.1(e) there
¯ as function of H|| (here two single-electron
are two pronounced jumps in ∆
subbands with (j, m) = (0, −5) and (1, −5) are responsible for the decay of
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Fig. 4.10 (Color online) Paramagnetic breakdown of superconductivity: (a) and
(b) quantum-size oscillations of the paramagnetic limiting field Hpar as function of
d (the dashed line represents the Clogston-Chandrasekhar bulk field H CC ); (b)-(f)
¯ versus H|| (in the presence of only spinthe spatially averaged order parameter ∆
magnetic-field interaction) for (R, d) = (0.1, 2.12) nm, (0.1, 1.7) nm, (1.0, 2.8) nm, and
(1.0, 3.07) nm, respectively.

¯ So, it is natural to expect that these two jumps are replaced by 4 smaller
∆).
jumps in the presence of the spin-magnetic-field interaction, see Fig. 4.8(e).
It is interesting that such a trend of doubling the number of jumps is not fully
¯ as function of H||
supported by the results given in Figs. 4.9(b)-(f), where ∆
is shown for the resonant thicknesses d = 1.8, 2.12, 2.8, 3.07, and 3.77 nm.
Notice that there are also examples [see panels (c) and (d)] when including
the spin magnetic moments, contrary to expectation based on Figs. 4.8(b)-(f),
results in the appearance of a single pronounced jump substituting for several
smaller ones. This kind of behavior can be observed only for large enough
R and d in the presence of many resonant subbands. Here the spin-Zeeman
splitting of different but close to each other quasiparticle branches does not
result in the formation of clearly distinguished subbranches any more. Instead,
we can obtain bunches of almost degenerate subbranches: we note that the
term µB H|| (m + σ) in Eq. (4.28) has the same value, e.g., for m = −3, σ = 1
and for m = −1, σ = −1. This complex interplay can lead to a significant
¯ and, sometimes, even to larger jumps that arise
rearrangement of jumps in ∆
due the spin-Zeeman splitting. Another deviation from, say, the doubling
rule mentioned above is for resonant enhancements that develops owing to
contribution of states with |m| = 1. In this case we will obtain a jump in
¯ driven by a downward shift of the quasiparticle branch associated with
∆
m = −1. The spin-Zeeman splitting replaces m by m + σ. For σ = 1 Ejmk,σ
does not include the Zeeman term any more. It appears only in Ejmk,σ for
σ = −1. As a result, one jump in the absence of the spin-magnetic-field
interaction will be replaced by a smaller jump in its presence.
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Quantum-size oscillations of the paramagnetic limiting field

It is well-known that the upper limit for the critical magnetic field is controlled
by the paramagnetic breakdown of the Cooper pairs.[96] To investigate how
such a breakdown is sensitive to the quantization of the electron motion, here
we continue our numerical study of the spin-generalized BdG equations but we
switch off the orbital-magnetic interaction, i.e. the term µB mH|| is removed
from Eq. (4.28). As the states with negative azimuthal quantum numbers are
¯ as function of H|| , one can easily
responsible for the cascades of jumps in ∆
see that removing the aforementioned term makes the system less sensitive to
H|| . So, the resulting paramagnetic limiting field Hpar will be generally larger
than H|| discussed in previous subsection. To go in more detail on this issue,
we plot Hpar as calculated from the spin-generalized BdG equations versus d
for R = 0.1 nm and 1.0 nm, see Figs. 4.10(a) and (b). Comparing the results in
panel (a) with those of Figs. 4.8(a) we can see that Hpar is larger than Hc,|| by
a factor of about 2 − 3. The difference between Hpar and Hc,|| gets enhanced
when passing to larger R. In particular, Hpar in Fig. 4.10(b) differs from Hc,||
by a factor of about 3 − 4 for the resonant points and by an order of magnitude for nonresonant thicknesses. Such a significant difference agrees with
the fact that the spin-magnetic-field interaction brings only small corrections
(∼ 10%) to the effect of the orbital magnetic moments, as found in previous subsection. Due to the quantum-size effects, Hpar exhibits pronounced
size-dependent oscillations with significant resonant enhancements over the
Clogston-Chandrasekhar field H CC [the dashed line in Figs. 4.10(a)
and (b)],
√
i.e., the paramagnetic limiting field in bulk H CC = ∆bulk /( 2µB ) ≈ 3.6 T.
However, when a superconducting resonance decays due to a change in d,
Hpar can drop even below H CC . It is instructive to get a simple analytic
estimate for the paramagnetic limiting field for a superconducting nanowire.
Based on Eq. (4.28) and the above discussion of our numerical results, we
can findHpar ≈ ∆jm (H|| = 0)/µB , where j and m are the quantum numbers
associated with a resonant subband (or a former resonant subband as for the
¯ and, so we obtain
nonresonant case). In most cases ∆jm ≈ ∆
¯ || = 0)/µB .
Hpar ≈ ∆(H

(4.31)

There are two points that make Eq. (4.31) different from the Clogston-Chandrasekhar
result. First, the translational invariance in the radial direction is broken and,
so, the spatially averaged order parameter appears in Eq. (4.31) rather than
the uniform pairing energy as√in the expression for the Clogston-Chandrasekhar
field. Second, the factor 1/ 2 is not present in Eq. (4.31). At first sight it
can lead to some inconsistency because it seems that Hpar of Eq. (4.31) does
not approach H CC when, e.g., d → ∞. However, this is not true because the
result of Eq. (4.31) is derived for R, d  λ, with λ the magnetic penetration
depth, i.e., when a magnetic field easily penetrates the system.
Despite the rather simplified character of Eq. (4.31), it provides a reasonable estimate of Hpar . This can be seen from Figs. 4.10(c)-(e), where the de-
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¯ on H|| is shown for R = 0.1 nm and d = 2.12 nm (c), R = 0.1 nm
pendence of ∆
and d = 1.7 nm (d), R = 1.0 nm and d = 2.8 nm (e), and R = 1.0 nm and
d = 3.07 nm (f). For panel (c), Eq. (4.31) gives 19 T, which is only 10%
higher than Hpar = 17.3 T shown in the figure. It is worth noting
that the
√
¯ || = 0)/( 2µB ) = 13 T,
Clogston-Chandrasekhar-like estimate produces ∆(H
which is 30% lower than the result from a numerically solution of the spingeneralized BdG equations. For panel (d), use of Eq. (4.31) results in the
estimate Hpar ≈ 26.6 T, which is about 10% lower than our numerical result
Hpar = 28.9 T. In Figs. 4.10(e) and (f) we have Hpar = 14.3 and 11.5 T,
respectively. Here Eq. (4.31) gives 15.7 T and 12.7 T. As seen, corrections to
the estimate given by Eq. (4.31) are generally within 10%. Concluding this
subsection, it is worth noting that the quantum-size cascades survive in the
¯ on H|| even in the absence of the orbital-magnetic interacdependence of ∆
tion. They appear because the quasiparticle branches with σ = −1/2 are not
degenerate due to the difference in ∆jm . As already mentioned in previous
section, this difference is a manifestation of the formation of Andreev states
induced by quantum confinement (see [97]).

4.4

DISCUSSION ON SURFACE ROUGHNESS AND
SUPERCONDUCTING FLUCTUATIONS

We want to note that up to now our analysis was limited to ideal case of
a hollow nanocylinder without surface roughness and in the absence of any
diameter variation along the wire. Typical experimental diameter variations
along the wire are relatively slow and can be taken into account via an adiabatic treatment, resulting in a variation of the superconducting order parameter along the longitudinal coordinate. As a result, along the wire there
will be a set of domains with enhanced superconducting condensate (they
correspond to resonant values of the diameter) interconnected by weak superconducting links (governed by non-resonant diameters). The evolution of
each domain in a parallel magnetic field will exhibit a cascade decay of the
local superconducting order parameter similar to that in an ideal nanocylinder. Understanding the impact of surface roughness requires a more involved
analysis. In high-quality superconducting nanowires one should distinguish
the perpendicular and longitudinal motion. As the electron mean free path is
close to or even larger than the nanowire width, the perpendicular motion can
not be considered as diffusive. In this case an adequate manner to take into
account the surface roughness is to invoke available models for accounting
such imperfections in semiconductor nanowires, see, e.g., [103, 104]. These
models introduce corrections to single-electron energies due to the presence of
the electron-impurity potential. Below we are based on a simplified approach
of [65], where the single-electron energies in the presence of surface imperfec(im)
tions, i.e., ξjmk , are approximated by (for simplicity, let us consider R = 0,
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Fig. 4.11 (Color online) ∆
for R = 0 and hDi = 2hdi = 6.34 nm: triangles are for the ideal case with δD = 0;
squares represent the results obtained from Eq. (4.32) with δD = 4 Å.

i.e., a cylinder with diameter D = 2d)
(im)

ξjmk = ξjmk + sjmk

dξjmk
δD,
dD

(4.32)

with ξjmk given by Eq. (4.5) and sjmk a random variable uniformly distributed
in [−0.5, 0.5]. As seen, Eq. (4.32) accounts for the uncertainty in the singleparticle kinetic energy due to fluctuations in the confining dimension. We
performed a numerical study of the BdG equations with Eq. (4.32). For illustration, in Fig. 4.11 the spatially averaged order parameter is shown versus
H|| for R = 0 and hdi = 3.17 nm (i.e., for a cylindrical nanowire with the
mean diameter hDi = 6.34 nm) for the ideal case of δD = 0 (triangles) and in
the presence of the surface roughness with δD = 4Å. As could be expected,
surface roughness smoothes the size-dependent oscillations of the DOS at the
Fermi level and, as a result, makes resonant enhancements less pronounced.
In particular, for δD = 4Å the critical magnetic field Hc,|| in Fig. 4.11 is de¯ (taken at at H|| = 0) becomes smaller
creased by almost a factor of 3 and ∆
by a factor of 2. However, even in the presence of such significant surface
¯ survives. Our choice of D = 6.34 nm
imperfections the cascade decay of ∆
is not crucial for the basic conclusions and similar results with clear signatures of remaining quantum cascades can be obtained for other diameters, see
Fig. 4.12.
Another important point to address concerns the superconducting fluctuations in metallic nanowires. As mentioned in the Introduction, our previous
¯ as funcnumerical investigation [23] shows that the quantum cascades in ∆
tion of H|| can be significant in superconducting nanowires with diameters
. 15 nm. However, it is known that quantum phase slips proliferate in superconducting nanowires with diameters . 8 nm, see, e.g., [9, 10, 90], which
corrupts the superconducting state, leading to a long tail in the resistance below the critical temperature. This may question use of the mean-field model
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Fig. 4.12 (Color online) Effect of surface roughness on ∆
and various mean diameters hDi = 2hdi = 8.4 nm (a), 8.8 nm (b) and 9.7 nm (c). In
each panel triangles represent the ideal cylindrical nanowire and squares show results
calculated from Eq. (4.32) with δD = 2Å.

for our nanoscale superconducting systems. However, as already mentioned
in the Introduction, the mean-field approach is useful even for nanowires with
proliferating quantum-phase fluctuations of the order parameter. The amplitude of the mean-field order parameter is an important quantity that controls
the rate of the quantum-phase slips and, therefore, the remaining resistance
below the critical temperature. So, based on the predictions of our work,
one can expect the appearance of a cascade of jumps in the remaining resistance below Tc as function of a magnetic field. It is also of interest to
discuss thermal fluctuations. They are not extremely pronounced in highquality superconducting nanowires. In particular, from [9] we can learn that
the resistance drops rather fast below Tc even for aluminum nanowires with
thickness ∼ 10 nm. Such a drop is more than by order of magnitude when T
decreases from Tc to 0.9 Tc , see Fig. 2 in [9]. It means that we still have a
well-pronounced transition with a thermal broadening of about δT = 0.1 Tc .
This broadening can provide us with an estimate of the Ginzburg-Levanyuk
parameter (Gi ∼ δT
Tc ≈ 0.1) that measures the impact of thermal fluctuations
around Tc . In the situation when the conventional Ginzburg-Landau formalism is not well justified for superconducting nanowires (the nanowire diameter
can be much smaller than the BCS coherence length), this gives a reasonable
guess about the role of thermal fluctuations. Such an estimate of Gi shows
that the mean-field treatment is still applicable for low enough temperatures
even in high-quality nanowires with diameters down to 5 − 10 nm. It is worth
noting that a naive calculation of Gi in superconducting nanowires with width
∼ 10 nm based on conventional Ginzburg-Landau theory in the clean limit,
see [27], produces a similar result, i.e., Gi ∼ 0.1 for diameters ≈ 10 nm and
Gi ∼ 0.2 for diameters ≈ 5 nm. We also note that high-quality Al and Sn superconducting nanowires discussed in [8–10, 16] are far from the dirty limit of
strongly disordered superconducting nanowires, e.g., made of MoGe, see [105].
In disordered nanowires the electron mean free path is significantly smaller
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than the nanowire diameter, and the electron motion is diffusive. As a result,
the superconducting temperature is systematically reduced with decreasing
the nanowire diameter. In addition, the superconducting fluctuations play a
more significant role. For the transition temperature of about 3.5 K in MoGe
superconducting nanowires with width ∼ 10 nm the thermal broadening of
the resistance transition is ≈ 1 K, see [105]. This makes it possible to expect
that Gi ≈ 0.3, which is by a factor of 3 larger than the above estimate for
aluminum nanowires. In high quality superconducting nanowires the electron
mean free path is about the nanowire diameter (i.e., the main issue of disorder is surface roughness), and the formation of single-electron subbands is
not overshadowed by impurity/roughness scattering. As a consequence, the
superconducting temperature is systematically shifted up as compared to bulk
with decreasing diameter, see [26].

4.5

CONCLUSIONS

Concluding, we investigated how quantum-size cascades appearing in the scenario of a superconducting-to-normal transition in metallic nanowires with
increasing parallel magnetic field can be influenced by changing the confining
geometry, by thermal smoothing and by the spin-magnetic-field interaction.
Our study was based on a numerical solution of the BdG equations for a hollow metallic nanocylinder. Varying its inner radius R and its wall thickness
d, we observed a qualitative change in the cascades when passing from the
nanowire-like regime, i.e., R/d  1, to the nanofilm-like regime, i.e., d  R.
In particular, while being pronounced for R/d  1, jumps in the orderparameter as function of an external parallel magnetic field are significantly
smoothed for R  d. The reason for such a smoothing is that an increase in
R results in a significant increase of the number of single-electron subbands
that contribute to the order parameter. Hence, the relative contribution of
each subband is strongly reduced and, as a result, the appearance of negative
quasiparticle energies in one of subbands will no longer have an appreciable
effect on the solution.
We also found that a smoothing of the jumps in the cascades occurs when
temperature is non-zero. However, here the reason for smoothing is different.
The point is that at finite temperature there is a non-zero population of
quasiparticles already at zero magnetic field, i.e., there is thermally-activated
depairing. Therefore, the effect of any additional depairing mechanism, e.g.,
due to the negative-energy excitations appearing in the magnetic field, is
weakened because of such thermally-activated depairing.
We found that taking into account the spin-magnetic-field interaction increases the number of small jumps in a given cascade, which is due to the
spin-Zeeman splitting of the quasiparticle energies. In most cases the critical
magnetic field is smaller in the presence of the spin-magnetic-field interaction.
However, interestingly, due to the complex interplay of the orbital and spin-
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magnetic-field effects, the critical magnetic field can sometimes be enhanced.
The reason is that pronounced jumps in quantum-size cascades occur when
a quasiparticle branch associated with the resonant subband touches zero at
some magnetic field. In this case the order parameter, as a rule, immediately
drops down to zero, which measures Hc,|| . The spin-magnetic-field interaction
splits each quasiparticle branch in two parts, which, as a rule, divides the initial pronounced jump in two smaller ones. Sometimes, the second of them can
be situated at a higher magnetic field as compared to the initial jump and,
thus, we obtain a higher critical field. In addition, the spin-Zeeman splitting
reduces the effect of each subband on the superconducting quantities, which
can lead to smoothing of some of the jumps in the cascades. This can also contribute to rare enhancements of Hc,|| when taking into account the spin magnetic moments. Due to significant orbital motion in a hollow nanocylinder, we
found that the paramagnetic-limiting field Hpar is essentially larger than Hc,||
calculated when including orbital and spin magnetic moments. This can be
different for less symmetric confining geometries, e.g., for a rectangular-crosssection nanowire, and deserves additional investigations. The paramagnetic
limiting field Hpar was shown to significantly oscillate with R and d due to the
quantum-size effects. For the resonant points, Hpar is significantly enhanced
as compared to the bulk Clogston-Chandrasekhar field H CC due to resonant
enhancements of the pairing energy. We remark that the spin-orbit coupling,
as is known [55], can reduce effects of the paramagnetic pair breaking. However, due to a minor contribution of the paramagnetic mechanism, the role
of spin-orbit coupling will not be essential in our system and we leave this
subject for future investigations.

Publications. The results presented in this chapter were published as:
• Yajiang Chen, A. A. Shanenko, M. D. Croitoru, and F. M. Peeters,
Quantum cascades in nano-engineered superconductors: geometrical, thermal and paramagnetic effects, J. Phys.: Condens. Matter (accepted).

5
Molecule-like pairing in superconducting
nanofilms

5.1

INTRODUCTION

Advances in self-assembly and nanofabrication resulted recently in the thinnest
superconductors, i.e., single-crystalline metallic nanofilms with atomically
uniform thickness down to a few monolayers, see, e.g., Refs. [5, 13, 19, 61, 106].
They are characterized by an extraordinary purity and, so, the only issue of
disorder in the case of interest is due to the interface between the substrate
and the nanofilm. Such an interface has an effect on the reflection of electron
waves (it is not perfectly specular). Nevertheless, there are clear signatures
of the formation of discrete levels for the perpendicular electron motion [i.e.,
quantum-well states (QWS)] in tunneling spectra [5, 19]. Pairing correlations
appear to be very robust in single-crystalline nanofilms so that even Pb and In
films with thickness of 1 ML were found not to exhibit any considerable signs
of degradation of superconductivity due to fluctuations [13]. Experimental
results for the temperature dependence of the pairing gap show almost no
deviations from the ordinary BCS picture, see, e.g., Refs [5, 13, 19]. However, it is worth noting that, for some samples, there appear signatures of
suppression of density of states (DOS) in the tunneling spectra at low voltage
above Tc , which resembles, to some extent, the pseudogap physics of high-Tc
superconductors [13, 60].
Another recent experimental breakthrough concerns the iron-pnictides (for
a review see, e.g., Ref. [93]), i.e., a new generation of multi-band superconductors specified by the interplay of different band-dependent superconducting
condensates. This renewed the interest in multi-band superconductivity. In
particular, one of the most intriguing points is a competition of the characteristic lengths of the different condensates [107–110] and a possible contri93
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bution of such a competition to new phenomena, including recently observed
and strongly debated unconventional patterns of the vortex distribution in
magnesium-diboride [108].
The question arises if there is any relation between bulk multi-band superconductors and high-quality superconducting nanofilms? In fact, they are
similar in many important respects. As already mentioned above, tunneling experiments demonstrate that the conduction band in metallic nanofilms
splits up into a series of subbands in such a way that the bottom of each
subband is at the energy position of the corresponding QWS [5, 19, 60]. For
example, Pb nanofilms with thickness 4-5 ML are two-band(subband) superconductors [5, 19]. In those metallic superconducting nanofilms the energetic position of each subband with respect to the Fermi level EF changes
with thickness, i.e., the discrete perpendicular levels scale as 1/d2 , with d
the thickness of the nanofilm while the accompanying variation of EF is almost insignificant. Typically, EF only slightly shifts down when increasing
the thickness. However, such a shift becomes more pronounced for smaller
thicknesses, i. e., in the presence of a few single-electron subbands. In particular, for only one available subband, its bottom can never cross the Fermi
level which will simply shifts together with the subband bottom. Additional
reasons for shifting in energy of the subband bottoms as measured from EF
are due to fabrication circumstances: the presence or absence of a protective
cover, an effect of the wetting layer, use of different substrates etc., which
can significantly change the behavior of the single-electron wave functions
at the interface (and, so, the QWS energy). Thus, the relevant microscopic
parameters of the different subbands, e.g., DOS and the Fermi velocity (in
the parallel direction), are not fixed and can significantly vary from sample
to sample even for the same thickness. It is possible to expect that these
parameters can, in principle, be tailored in future experiments. Therefore, it
is timely to investigate in more detail the properties of the superconducting
state in metallic single-crystalline nanofilms in the case when the bottom of
one of the relevant single-electron subbands approaches the Fermi level. Below we show that the pairing in such a subband exhibits a clear molecule-like
trend, which is very similar to the BCS-BEC crossover investigated at length
in cold atomic gases, see, e.g., Ref. [111]. In particular, we predict that striking results can be obtained for Pb nanofilms with thicknesses 4-5 ML, where
up to half of all the Cooper pairs nearly collapse, i.e., shrinking in the lateral
size (parallel to the nanofilm) down to a few nanometers. Our finding significantly compliments the recent first observation of the BCS-BEC crossover in
a solid-state material, i.e., in one of the available subbands in a multiband
superconducting iron-chalcogenide FeSex Te1−x , see Ref. [112].
The present chapter is organized as follows. In Sec. 5.2 we address the
criterion of the BCS-BEC crossover in a given single-electron subband. We
show that a condensed pair of electrons significantly shrinks in its lateral
size (parallel to the nanofilm) when the ratio of the parallel kinetic energy of
electrons to the absolute value of the potential energy becomes smaller than
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one, i.e., when the subband bottom approaches the Fermi level. In Sec. 5.3 we
investigate 4 and 5 ML thick lead nanofilms, where only two single-electron
subbands are occupied, i.e., we have a coherent mixture of two condensates,
and one of them is formed by extremely small Cooper pairs. Our conclusions
are given in Sec. 5.4.

5.2

BCS-TO-BEC CROSSOVER DRIVEN BY QUANTUM-SIZE
EFFECTS

It is well-known that the governing parameter for the BCS-BEC crossover
in the system with fermionic pairing correlations is the ratio of the relevant
kinetic energy K to the absolute value of the potential energy U . When
K/|U | > 1, we are in the BCS regime with loosely bound and rather extensive
Cooper pairs (the BCS limit corresponds to K/|U | → ∞). On the opposite
side of the crossover, when K/|U |  1, molecule-like bound pairs appear
with the BEC limit K/|U | → 0. Here it is worth noting that an extensive
analysis of the behavior of the kinetic and potential energy through the BCSBEC crossover for the attractive Hubbard model [113] gave K/|U | ≈ 2.2 at
the BCS side, while approaching the BEC regime it resulted in K/|U | ≈
0.03. Interestingly, the right balance between the strength of the kinetic
and interaction energy has been considered as an essential feature of high-Tc
superconductivity [114].
Keeping in mind the criterion based on the ratio K/|U |, let us examine
what happens with a Cooper pair in a given subband when changing the
position of its bottom with respect to EF in single-crystalline nanofilms. If
the bottom of the subband is situated far below the Fermi level, the mean
kinetic energy of electrons in this subband comes mostly from the parallel
motion, i.e., K⊥  K|| ∼ EF . In this case K|| /|U | ∼ EF /|U |  1. However,
when the subband bottom (or the corresponding QWS) approaches the Fermi
surface, we have K⊥ → EF and, so, K|| becomes much smaller than EF . The
parallel motion of electrons is reduced, and such a redistribution of the kinetic
energy between the perpendicular and parallel spatial degrees of freedom leads
to a significant decrease in the ratio K|| /|U |. Furthermore, when the subband
bottom goes above the Fermi level (such a subband still makes a contribution
unless its bottom is above EF + ~ωD , with ωD the Debye frequency), K|| → 0
and, hence, K|| /|U | becomes extremely small, i.e., K|| /|U |  1. Therefore,
when assuming that the ratio K|| /|U | controls the lateral size of a condensed
fermionic pair associated with the corresponding subband in the nanofilm, we
expect from the above arguments a significant reduction in the lateral size of
the Cooper pairs.
To go into more detail, let us consider a superconducting nanoslab in the
clean limit, with perfectly specular reflection at the boundaries. Possible effects of the scattering of electrons at the interface between a substrate and the
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nanofilm will be discussed later. The translational invariance in the perpendicular direction is broken due to quantum confinement and, so, we deal with
a spatially nonuniform order parameter ∆(r) problem. As a consequence, the
ordinary BCS self-consistent equation should be abandoned in favor of a more
elaborate analysis based on the BdG equations (or, equally, on the Gor’kov
Green’s function formalism). As shown in Ref. [115], the BdG equations
are appropriate to describe the BCS-BEC crossover in spatially nonuniform
fermionic systems at nearly zero temperatures. In particular, it has been
shown in Ref. [115] that the BdG equations reproduce the Gross-Pitaevskii
equation for the condensate wave function at the BEC side of the crossover.
Therefore, if our reasoning based on K|| /|U | is correct, we can expect that the
spatial profile of the wave function of a condensed electronic pair will change
(dramatically) crossing over from the BCS regime (i.e., K|| /|U |  1) to the
BEC regime (i.e., K|| /|U |  1). In the BCS regime this pair-wave function
will have many oscillations with the period of the Fermi wavelength λF and
will decay over a significantly larger distance (as compared to λF ) determined
by the size of the extended Cooper pairs. Approaching the BEC regime, the
pair-wave function will have only some insignificant residual oscillations (e.g.,
due to the presence of the ultraviolet cut-off) and will be concentrated at short
separations between electrons associated with the size of a molecule-like pair
(it is close to or smaller than λF ). We limit ourselves to zero temperature
and ignore pairing of electrons between different subbands, which is justified
~2 π 2
when the intersubband energy spacing, i.e., δ ∼ 2m
d2 , is significantly larger
than the pairing energy (it is always true for ultrathin films). In this case it
is possible to take into account only the pairing of the time reversed states,
which means that (see Sec. 1.2.3.2)
ui,k (r) = Ui,k φi,k (r),

vi,k (r) = Vi,k φi,k (r),

(5.1)

where i is the quantum number associated with the quantum-confined motion
in the z direction, k is the wave vector of the quasi-free motion of electrons in
the direction parallel to the nanofilm, ui,k (r) and vi,k (r) are the particle-like
and hole-like quasiparticle wave functions, and Ĥe φi,k (r) = ξi,k φi,k (r) with
ξi,k the single-electron energy measured from the Fermi level, and the factors
Ui,k and Vi,k are chosen real, together with the order parameter. Based on
Eqs. (1.45), (1.62) and (5.1), one can find
2
Ui,k
=

with εi,k =

q

1h
ξi,k i
1+
,
2
εi,k

2
Vi,k
=

1h
ξi,k i
1−
,
2
εi,k

(5.2)

2 + ∆2 , where the subband-dependent gap
ξi,k
i

Z
∆i =

d3 r φ∗i,k (r)∆(r)φi,k (r)

(5.3)
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obeys the following BCS-like self-consistency equation:
∆i0 =

X
i,k

Φi 0 i

∆i
,
2εi,k

(5.4)

R
with Φi0 i = g d2 r|φi0 ,k0 (r)|2 φi,k (r)|2 . As usual, to avoid the ultraviolet divergence, the sum in Eq. (5.4) runs over the states with |ξi,k | < ~ωD , where
ωD stands for the Debye frequency. For Pb we adopt ~ωD = 8.27 meV, see
Ref. [67].
To check our arguments about the influence of the ratio K|| /U on the lateral subband-dependent size of the Cooper pairs, we need to study the “wave
function” of a condensed fermionic pair, i.e., the anomalous average of the
field operators hψ̂↑ (r)ψ̂↓ (r0 )i. More precisely, the anomalous average is proportional to the bound-like eigenfunction of the two-particle density matrix,
which can be safely interpreted as the wave function of a condensed fermionic
pair, see, e.g., Refs. [116] and [117]. This quantity is related to the particle-like
and hole-like vectors of the BdG equations through the Bogoliubov canonical
transformation
i
Xh
†
∗
ψ̂↑ (r) =
ui,k (r) γi,k,↑ − vi,k
(r) γi,−k,↓
,
(5.5a)
i,k

i
Xh
†
∗
ψ̂↓ (r) =
ui,k (r) γi,−k,↓ + vi,k
(r) γi,k,↑
,

(5.5b)

i,k

where γ † and γ are the quasiparticle (bogolon) operators. From Eq. (5.5) we
find (for T = 0)
X
hψ̂↑ (r)ψ̂↓ (r0 )i =
Ui,k Vi,k φ∗i,k (r)φi,k (r0 ),
(5.6)
i,k

which can be rearranged to
hψ̂↑ (r)ψ̂↓ (r0 )i =

X ∆i
i

2

ϕi (z)ϕ∗i (z 0 ) ηi (x − x0 , y − y 0 ),

(5.7)

where ϕi (z) is the single-electron wave function
associated with the i−th
p
QWS, and ηi (x − x0 , y − y 0 ) = ηi (ρ) [with ρ = (x − x0 )2 + (y − y 0 )2 ] controls
the decay of the fermionic-pair “wave function” in the direction parallel to
the nanofilm. This quantity can be represented in the form
Z
dk
J0 (kρ)
ηi (ρ) =
k θ(~ωD − |ξi,k |) q
,
(5.8)
2π
2 + ∆2
ξi,k
i
q
with k = kx2 + ky2 and J0 the Bessel function of the first kind of order 0.
Let us here introduce the QWS energy κi , which makes it possible to write
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Fig. 5.1 (Color online) (a,b,c) The subband-dependent pair “wave function” ηi (ρ)
versus ρ for different values of µi , i.e., µi /~ωD = 0 (a), µi /~ωD = 1 (b), and µi /~ωD =
100 (c). Panel (d) shows how the product ki Ri depends on the ratio µi /~ωD (1/ki
is the measure for the mean distance between electrons in a given subband and Ri
stands for the pair size). The inset in (d) is a room around µi = 0, which shows details
of a drop in the product ki Ri when the bottom of the corresponding single-electron
subband approaches the Fermi level (the BCS-BEC crossover is reached below the
dashed line, i.e., ki Ri < 2π).
2

~
ξi,k = 2m
(kx2 + ky2 ) − µi , with µi = EF − κi . The asymptote for ηi (ρ) at
large ρ can be calculated analytically in several interesting cases. When the
QWS level (i.e., the subband bottom) is situated far below the Fermi level,
i.e., µi > 0 and µi  ∆i , we find


m
(1)
(1)
ηi (ρ) '
J0 (ki ρ) K0 (ρ/Ri ) ρ/Ri & 1 ,
(5.9)
2
π~
(1)

where K0 is the Macdonald function and Ri = ~vi /∆i , with vi = ~ki /m
the subband-dependent Fermi velocity (for parallel motion). This is nothing
more but the ordinary BCS behavior: first, there are fast oscillations with
period of the subband-dependent Fermi wavelength λi = 2π/ki [this comes
from J0 (ki ρ)]; second, we obtain the exponential overall decay governed by
(1)
(1)
Ri , as seen from the asymptote of K0 (ρ/Ri ).
When QWS touches the Fermi level, i.e., µi = 0, Eq. (5.9) does not hold any
more and the behavior of ηi (ρ) changes dramatically. In this case, assuming
ρ → ∞, we arrive at


m
(2)
(2)
(2)
ηi (ρ) '
J0 (ρ/Ri ) K0 (ρ/Ri ) ρ/Ri & 1 ,
(5.10)
2
π~
√
(2)
with Ri = ~/ m∆i . As seen, the characteristic length controlling the decay
of the pair “wave function” in Eq. (5.10) is completely different from that in
(2)
(1)
(1)
Eq. (5.9). Moreover, Ri is significantly smaller
than Ri . As Ri can be
p
well approximated by ~vF /∆i , with vF = 2EF /m, then we obtain
p
(1)
(2)
Ri /Ri ∝ EF /∆i .
(5.11)
In addition, the fast oscillations present in Eq. (5.9) disappear in Eq. (5.10).
(2)
Instead, we obtain a rather slowly oscillating factor J0 (ρ/Ri ) but the role
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of these oscillations is almost negligible because they can only manifest themselves for separations of electrons in a condensed pair such that ηi (ρ) almost approaches zero. So, our expectations based on the behavior of the
parameter K|| /|U | are relevant: when the subband bottom touches the Fermi
level, the Cooper pairs associated with this subband nearly collapse (as compared to typical values of the zero-temperature
p BCS coherence length) in the
lateral direction, shrinking by a factor of EF /∆i ∼ 102 . Such shrinking
continues when µi crosses zero and becomes negative. In particular, when
~ωD  |µi |  ∆i , Eq. (5.8) results in
ηi (ρ) '



m
(3)
(3)
K0 (ρ/Ri ) ρ/Ri & 1 ,
π~2

(5.12)

p
(3)
(2)
with Ri = ~/ 2m|µi |  Ri . Thus, based on Eqs. (5.10), (5.11) and
(5.12), we find a giant drop, from microns to nanometers, in the lateral size
of a condensed fermionic pair associated with the single-electron subband
whose bottom approaches EF . This molecule-like trend in the reconstruction
of the electronic pairing is very similar to the one predicted previously for
high-quality superconducting nanowires [23, 27, 91].
More details about ηi (ρ) can be obtained by numerically calculating the
integral in Eq. (5.8). Using ∆i = 1.08 meV, which results from tunneling
measurements of 4 ML thick lead nanofilms [5, 19], we investigate how the total
profile of ηi evolves with changing µi , in addition to the asymptotic behavior
discussed in the previous paragraph. Figure 5.1 shows numerical results for
ηi (ρ) for different values of µi , i.e., µi /~ωD = 0 (a), µi /~ωD = 1 (b), and
µi /~ωD = 100 (c). As seen, the numerical results fully support the analytical
results given by Eqs. (5.9), (5.10) and (5.12). In particular, we obtain the
typical BCS picture of anomalous correlations when the subband bottom is
situated far below EF [see panel (c)] but we approach a molecule-like character
of the spatial distribution of electrons in a condensed pair for µi → 0 [see
panel (a)]. Fast oscillations in ηi (ρ) at Fig. 5.1(c) are first converted into slow
oscillations shown in panel (b) [here λi significantly increases as compared to
panel (c)] and, then, are almost washed out in Fig. 5.1(a). Only small residual
oscillations can be observed in panel (a), and the period of these oscillations
is about the decay radius for ηi (ρ), which is in agreement with Eq. (5.10).
To further highlight similarities with the ordinary BCS-BEC crossover
driven by the Feshbach resonance in ultracold Fermi gases, we show in Fig. 5.1(d)
how the product ki Ri depends on µi , where Ri is the mean square radius calculated with the “wave function” ηi (ρ) and ki = (3π 2 ni )1/3 , with ni the mean
electron density in subband i. We note that here ki is introduced to measure
the mean distance ≈ λi = 2π/ki between the electrons in the i-th subband,
notwithstanding the presence/absence of the real Fermi motion and the position of the subband bottom with respect to EF . When the bottom of a
subband is far below the Fermi level this definition of ki (and of λi ) recovers
the definition used in Eq. (5.9). Following the results of Ref. [118], we can
expect that the BCS-BEC crossover is approached in a given subband when
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1/π < ki Ri < 2π. In other words, the size of a condensed fermionic pair
Ri becomes smaller than the mean distance between electrons in the corresponding subband. Having at our disposal this inequality, we can learn from
Fig. 5.1(d), that the BCS-BEC crossover is definitely approached when the
subband bottom approaches EF , i.e., when |µi |/~ωD . 1. Here it is worth
noting that, as seen from the inset in panel (d), the product ki Ri slightly
increases with decreasing µi for µi < −0.2~ωD . This feature appears due to
the presence of the ultraviolet cut-off and demonstrates that the regime of
Eq. (5.12) is not reached in our calculations. The point is that Eq. (5.12)
essentially assumes that ~ωD  |µi |  ∆i but this can not be realized for the
parameters used to calculate the data of Fig. 5.1, i.e., for ~ωD = 8.27 meV and
∆i = 1.08 meV. It is also of importance to note here that despite a significant
shrinking in their lateral size down to λi , the condensed pairs of electrons
do not suffer from the Coulomb repulsive effects. In metals such effects can
be expected only for the separations smaller than 0.3-0.4 nm whereas in the
subband whose bottom is in the vicinity of the Fermi level λi ∼ 5-10 nm, i.e.,
the mean density of electrons in the subband whose bottom approaches EF
is significantly smaller than the total mean electron density. We stress that
this does not prevent this subband from making a significant contribution to
coherent phenomena, see Sec. 5.3.
Based on the results of this section, we can conclude that the redistribution
of the kinetic energy between the perpendicular and parallel spatial degrees
of freedom leads to a significant reconstruction of the internal distribution
of electrons in a condensed pair so that we find a clear molecule-like trend
in the pairing. Here it is worth noting the paper by Eagles [72], that is
well-known as one of the pioneering works on the BCS-BEC crossover. In
this paper the author discussed the appearance of BEC features of fermionic
pairs in a one-band system with low carrier concentration, where the chemical
potential drops below the bottom of the band. Eagles also investigated the
formation of uncondensed fermionic pairs in such a band. For instance, in
the two-dimensional case this can happen for arbitrary small values of the
coupling constant g. Here, the critical parameter is the ratio of the kinetic
energy to the pairing energy. At low carrier concentrations the kinetic energy
is depleted and, this ratio becomes small enough resulting in the BCS-BEC
crossover. In Ref. [72] the chemical potential drops below the band bottom
due to a substantial decrease in the density of charge carriers. In our case it
occurs due to shifts of QWS’s in energy, i.e., the quantum-size mechanism.
This can be compared with the more familiar scenario of BCS-BEC crossover
driven by a change in the coupling constant through a Feshbach resonance in
atomic ultracold gases, see, e.g., Ref. [111].
We discussed the pair condensate in a subband whose bottom approaches
the Fermi level. In total, we have a coherent superposition of different subbanddependent condensates. So, the question arises what happens to such a coherent mixture when approaching the BCS-BEC crossover condition in one of
the available subbands. This point is addressed in the next section.
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Fig. 5.2 (Color online) Sketch of the single-electron energy spectrum ξi,k + EF , with
k = {kx , ky }, for the lower (1) and upper (2) subbands in 4-5 ML lead single-crystalline
nanofilms. Two thick arrows show the subband-dependent Fermi wavenumbers.

5.3

COHERENT MIXTURE OF SMALL AND LARGE CONDENSED
FERMIONIC PAIRS

In the previous section we discussed the results for the fermionic condensate
associated with one of the single-electron subbands appearing due to quantization of the perpendicular electron motion in the nanofilm. However, due
to the presence of multiple subbands we have a coherent mixture of subbanddependent fermionic condensates each making a different contribution to the
total condensate and superconducting characteristics. In nanofilms, due to
the quasi-2D character of the electron motion, such contributions are, as a
rule, almost equal to each other, except in the case when the subband bottom
becomes significantly higher than EF −~ωD . In particular, when it approaches
the level EF + ~ωD , the corresponding subband stops to contribute due to
the ultraviolet cut-off. The most interesting choice is realized when there are
only two relevant subbands, which is the case for, e.g., lead nanofilms with
thicknesses 4 and 5 ML (see the sketch given in Fig. 5.2). The optimal variant
of tuning the subband positions is when the bottom of the upper subband
is situated at EF − ~ωD . First, the contribution of such a subband to the
superconducting characteristics is almost the same as that of the lower subband with the bottom far below EF . Second, the lateral size of the condensed
fermionic pairs associated with the upper subband in this case only slightly
increases as compared to µi = 0, see Fig. 5.1(d). Our numerical results for this
variant are shown in Fig. 5.3 for lead nanofilms with thicknesses 4 ML (the
left panel) and 5 ML (the right panel). 1 ML corresponds to 0.286 nm in our
calculations [119]. Here the quantity
RR

d3 rd3 r0 |hψ̂↑ (r)ψ̂↓ (r0 )i|2

ρ<R

w(R) = 1 − RR

d3 rd3 r0 |hψ̂↑ (r)ψ̂↓ (r0 )i|2

,

(5.13)
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Fig. 5.3 (Color online) The probability of finding a Cooper pair with lateral size
larger than R for Pb superconducting nanofilms with thickness 4 ML (the left panel)
and 5 ML (the right panel). The results for a condensed fermionic pair in the upper
subband are given by curve 1; the total probability for the both contributing subbands
is represented by curve 2; the results for the Cooper pairs associated with the lower
subband are given by 3. The Fermi level is adjusted so that the bottom of the upper
of the two available subbands is at the energy EF − ~ωD . The dotted line in both
panels correspond to w = 0.32.

i.e., the probability of finding a Cooper pair with the lateral size larger than
R, is plotted versus R. In both panels of Fig. 5.3 the different curves are
for: (1), the results for the upper subband, whose bottom touches EF −
~ωD [when keeping only its contribution to Eq. (5.7)]; (2), the total results
of both contributing subbands; and (3), the data for the lower single-electron
subband whose bottom is far below EF . Here the coupling constant g is
chosen such that the experimental critical temperature Tc , as reported in
Ref. [19], is obtained. For illustrative purposes, the confining interaction was
taken as zero inside the nanofilm and infinite outside. The Fermi level EF is
adjusted so that to get the second QWS at EF − ~ωD , i.e., EF = κ2 + ~ωD .
As seen from Fig. 5.3, the results for 4 ML and 5 ML are quite close to each
other. If we adopt that the lateral diameter of the fermionic
R +σpair is defined
by w(R) = 0.32 [recall that for the normal distribution 1 − −σ dτ ρnorm (τ ) =
0.32], then we find that the Cooper-pair radius associated with the lower
subband is Rlow = 72 nm for 4 ML and 62 nm for 5 ML. The minor difference
here is due to slightly different Fermi velocities (in the parallel direction)
and critical temperatures. As for the pair radius for the upper subband, we
obtain Rup = 7.6 nm for (a) and Rup = 7.8 nm for (b). These
√ results are
well explained by the trend given by Eq. (5.10), i.e., Rup ∝ ~/ me kB Tc , with
Tc = 6.7 K for 4 ML and 6.3 K for 5 ML (see Ref. [19]). For the total radius we
have for curve (2) Rtot = 34 nm for panel (a) and Rtot = 32 nm for panel (b).
The drop of Rtot as compared to the bulk-like result for the lower subband
is due to the contribution of the extremely small pairs associated with the
upper subband. It is worth noting that the introduction of the characteristic
pair size for a coherent mixture of two different condensates is somewhat
conventional. As seen from Fig. 5.3, curve (2) exhibits a bimodal behavior
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with a clear crossover from the short-range regime governed by the upper
band to the long-range one controlled by the lower band. Such a behavior
can not be, of course, accurately specified by one characteristic length. This
is in agreement with the recent analytical results for the extended GinzburgLandau formalism for multiband superconductors [110] and with numerical
investigations of the coherent properties of MgB2 , see, e.g., Ref. [120, 121].
Thus, Rtot measures the short-to-long crossover in w(R) rather than the size
of a condensed fermionic pair. Nevertheless, the probability to pick up a
condensed pair with lateral size smaller than Rtot is about 0.68. Moreover, as
w(R) decreases relatively slow around Rtot , the probability to find a condensed
pair with size smaller than 10 nm is about 0.5: almost half of the condensed
fermionic pairs are smaller than 10 nm in lateral size.
What are the possible experimental evidences of such a shrinking of Cooper
pairs in single-crystalline nanofilms? First of all, we remark that it is not
an easy task to measure directly the Cooper-pair function and the related
pair radius. This is possible for ultracold atomic condensates through rfspectroscopy [122], but, to our knowledge, there are no similar measurements
for solid-state systems. So, we need to rely upon indirect consequences of the
BCS-BEC crossover in superconducting nanofilms. One possibility is to measure the characteristic length of the spatial variations of the superconducting
order parameter ∆(r). It is well-known that for a single-band superconductor,
such a characteristic length (also known as the healing length and, close to
Tc , it approaches the Ginzburg-Landau coherence length) is almost proportional to the Cooper-pair size (i.e., to the BCS coherence length), and this
proportionality becomes exact when approaching Tc . For two-band superconductors we have a more complex pattern when the spatial characteristic
length of the pair condensate depends on the Cooper-pair radii of both subbands both band(subband) Cooper-pair radii, see, e.g., formulas (33) and
(34) in Ref. [109]. However, what is of importance for us is that a drop in
the Cooper-pair size in one of the available subbands will be accompanied by
a drop in the spatial characteristic length of the superconducting order parameter. So, the profile of the order parameter in the core of the vortex will
be sensitive to the presence of an admixture of extremely small Cooper pairs,
which can be probed via scanning tunneling microscopy, see, e.g., Ref. [61]. In
addition, Josephson physics and Andreev states will be also sensitive to a drop
in the healing length of the condensate caused by the BCS-BEC crossover.
In particular, this can be probed with hybrid superconducting devices similar
to, e. g., a carbon nanotube joining a superconducting loop [123, 124]. In our
case the single-crystalline metallic nanofilm will transmit the current between
superconductors over mesoscopic distances (to keep the nanofilm in the normal state it is necessary to have the critical temperature of leads higher than
that of the nanofilm).
Another interesting possibility is based on a competition of the spatial
lengths associated with the subband-dependent condensates. It was recently
shown that such a competition leads to the appearance of a long-range attrac-
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tion between vortices in a two-band superconductor, see Ref. [125]. In this case
the Abrikosov lattice of vortices formed in a perpendicular magnetic field will
melt, resulting in the formation of stripes and clusters of vortices [107, 108].
The nonmonotonous interaction between vortices and patterns of their spatial
distribution will be sensitive to the BCS-BEC crossover. Here the question can
arise about the Josephson coupling between single-electron subbands in the
superconducting nanofilm. Indeed, one may expect that large Josephson couplings can significantly reduce any difference between the subband-dependent
condensates. Based on results of, e.g., Refs. [109, 110], one finds that the
Josephson coupling in our case is controlled by the ratio Φ12 /(Φ11 Φ22 − Φ212 ),
see the definition of Φi0i in Eq. (5.4). It can be estimated as 0.8 for nanofilms
with two single-electron subbands and, for instance, this is significantly larger
than the corresponding ratio, i.e., about 0.23, in the well-known two-band superconductor MgB2 , see Ref. [126]. However, it is difficult to say in advance
if such a strong Josephson coupling will destroy any interplay between length
scales of two subband-dependent condensates. The point is that a large ratio
of the subband-dependent Fermi velocities (this is exactly our case) enhances
significantly the difference between the subband-dependent length scales [126]
and the corresponding attraction between vortices in a two-band superconductor [125]. Which of the two competing mechanisms prevails in the singlecrystalline nanofilms, will be a subject of our future investigations. Note that
the ratio of the subband-dependent Fermi velocities can be extremely large
in the presence of a subband whose bottom is located just below the Fermi
level.
One more interesting expectation related to the observations of the BCSBEC-like crossover in single-crystalline metallic nanofilms is based on a proliferation of the pairing fluctuations for sufficiently small Cooper pairs. Such
fluctuations can result in a pronounced suppression of the DOS at the Fermi
level above the critical temperature [127, 128], i.e., in the appearance of
the pseudogap behavior driven by the quantum-size induced BCS-BEC-like
crossover. However, it is now difficult to say whether or not these pairing
fluctuations make a contribution to the pseudogap-like behavior revealed recently in single-crystalline lead nanofilms which were found to depend on the
nanofilm thickness [60]; other mechanisms can also be involved (see discussion
in Ref. [60]) and, so, a comprehensive study is necessary. Last but not least,
photoemission experiments can give information about the relevant quasiparticle spectrum that exhibits dramatic changes in the domain of the BCS-BEC
crossover, see, for instance, Ref. [112].

5.4

CONCLUSIONS

In conclusion, we demonstrated that quantum confinement of the perpendicular motion of electrons in single-crystalline metallic superconducting nanofilms
leads to the formation of a nanoscale multi-band(subband) superconductor.
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The position in energy of each subband can vary significantly depending on the
fabrication process, and it is possible that the bottom of one of such subbands
is situated in the vicinity of the Fermi level. We showed that the character
of the superconducting pairing in such a subband changes dramatically and
exhibits a clear molecule-like trend, which is very similar to the BCS-BEC
crossover but now driven by the perpendicular size-quantization.
Though we have considered the system in the clean limit, our results will
also be relevant in the presence of a moderate disorder. The main issue for
disorder in high-quality metallic superconducting nanofilms comes from the
scattering of electrons at the interface between a substrate and the nanofilm,
which leads to a broadening of the QWS levels. Though this will smoothen
a drop in the lateral size of the Cooper pairs, our results given in Fig. 5.2(d)
make it possible to expect that the effect in question will survive to a great
extent until the broadening essentially exceeds 40 meV. Here it is worth noting that in experiments with lead nanofilms, the level broadening of QWS can
be reduced, in the presence of a crystalline interface, down to 30-40 meV (at
zero temperature and at energies close to EF ), see Ref. [129]. We would
also like to note that the line width for the perpendicular discrete levels increases with temperature due to electron-phonon scattering. Though such an
increase is not very pronounced for temperatures around Tc , i.e., it is of about
20 meV, see Ref. [129], this will cause an additional temperature-dependent
smoothing. So, the optimal choice to probe the BCS-BEC-like crossover in
single-crystalline nanofilms is to stay at nearly zero temperatures.
We would also like to highlight strong similarities between our findings
and recent angle resolved photoemission results [112] for multiband superconducting iron-chalcogenide FeSex Te1−x . It was found in Ref. [112] that
the investigated sample of FeSex Te1−x does not lay deep in either the BCS
or BEC regimes but lays instead in the BCS-BEC crossover domain. As
demonstrated above, the same conclusion holds for 4 ML and 5 ML thick lead
nanofilms when the bottom of one of the relevant single-electron subbands
approaches EF . Thus, one can in general conclude that multiband superconductors (both, bulk and with quantum-confined induced subbands, see also
Refs. [23, 27, 91] and [95, 130]) offer new important possibilities towards a
further understanding of the physics of the BCS-BEC crossover in solid-state
materials.

Publications. The results presented in this chapter were published as:
• Yajiang Chen, A. A. Shanenko, A. Perali, and F. M. Peeters, Superconducting nanofilms: molecule-like pairing induced by quantum confinement, J. Phys.: Condens. Matter 24, 185701 (2012).

6
Phonon mediated electron-electron
coupling in Pb nanofilms

6.1

INTRODUCTION

Quantum-size effects on the excitation gap [20, 26] and the transition temperature [4, 5, 7] in superconducting ultrathin films have been a subject of study
since Blatt and Thompson in 1963 predicted that the superconducting gap in
ultrathin films oscillates as a function of the thickness [20]. Such oscillations
are caused by the quantization of the electron motion in the direction normal to the film. In particular, the formation of discrete electron levels, i.e.,
the quantum well states (QWS) [18, 19], splits the three-dimensional (3D)
conduction band into a series of two-dimensional (2D) subbands. The bottom of each subband is at the energy position of the corresponding QWS and
so it is shifted down (up) when increasing (decreasing) the nanofilm thickness. When one of the QWS approaches the Fermi level, the density of the
single-electron states at the Fermi level N (0) increases, resulting in enhanced
superconductivity.
Recently, superconducting Pb nanofilms have been intensively investigated
experimentally where electronic effects are much stronger than effects due to
strain. The critical temperature of atomically flat Pb nanofilms with thickness
down to a few monolayers on a Si(111) substrate have been measured under
different conditions [3–7, 13, 19]. It was found that superconductivity is not
destroyed by fluctuations even when the thickness of the nanofilm is only
a single monolayer [13], and the dependence of the critical temperature on
thickness shows oscillations with a period close to two monolayers (ML) [3, 5],
i.e., the even-odd staggering in the superconducting properties.
In addition to N (0), the phonon-mediated coupling g between electrons
also makes an important contribution to superconductivity. Large efforts [119,
107
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131–133] have been made to understand how the formation of QWS can affect
the electron mass-enhancement factor λ ∼ gN (0) [only in the weak-coupling
limit λ = gN (0)]. Experimentally, from the information of the temperature
dependence of the line widths of QWS in Ag films deposited on top of Fe(111)
whisker, it was found that λ exhibits an overall decrease with increasing film
thickness so that λ approaches its bulk value as ≈ 1/N , where N is the number
of monolayers [131]. The experimental study of λ in Pb(111) nanofilms on
silicon showed that the mass-enhancement factor increases with increasing N .
In both cases λ exhibits pronounced thickness-dependent oscillations. As it
is mentioned above, a well-known reason for these oscillations is the variation
of N (0) with the nanofilm thickness. However, this is not the only important
reason. There is an additional (less known) effect coming from thicknessdependent oscillations of the coupling g. The interplay of the oscillations of
g and N (0) is not well understood yet and often overlooked. The previous
paper [26] initiated a study of such an interplay based on intuitive arguments
and used an ansatz for the thickness dependent g. In the present Chapter
we revisit the problem and develop a simple model to justify this ansatz
and to analyze all the currently available experimental data of Tc versus film
thickness. Our investigation is based on a numerical solution of the BdG
equations. However, instead of solving the full BdG formalism [26]. we make
use of the Anderson recipe for a very accurate approximate semi-analytical
solution to the BdG equations: corrections to the Anderson approximation
are less than a few percent for nanofilms. This will significantly simplify our
numerical analysis.
This Chapter is organized as follows. In Sec. 6.2 we outline the BdG
equations for a superconducting slab, including the basic moments concerning
the Anderson approximation. In Sec. 6.3 we discuss our numerical results on
the critical temperature in ultrathin superconducting nanofilms and highlight
important aspects due to the interplay of the thickness-dependent oscillations
of N (0) and g. We demonstrate that this interplay is responsible for significant
variations in the amplitude of the quantum-size oscillations of Tc from one
experiment to another. Our conclusions are given in Sec. 6.4.

6.2
6.2.1

FORMALISM
Bogoliubov-de Gennes equations for a superconducting slab

Anderson’s approximation assumes that the particle- and hole-like quasiparticle wave functions are proportional to the single-electron wave functions (see
Sec. 1.2.3.2)
uik (r) = Uik ψik (r),

vik (r) = Vik ψik (r),

(6.1)

where Uik and Vik are multiplicative factors (real) and ψik (r) is the singleelectron wave function, i.e., Ĥe ψik (r) = ξik ψik (r). In the case of interest, i.e.,
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for a superconducting slab, we have
ϕi (z) i(kx x+ky y)
ψik (r) = p
e
,
Lx Ly

(6.2)

where ϕi (z) is the QWS wave function and Lx , Ly are the dimensions of the
unit cell used for the periodic boundary conditions in the x and y directions.
For infinite confinement
of electrons in the slab with thickness d (Lx , Ly  d)
p
we have ϕi (z) = 2/d sin(π(i + 1)z/d) and
ξik =

i
~2 h π 2 (i + 1)2
+ k 2 − µ.
2
2me
d

(6.3)

Inserting Eq. (6.1) into Eq. (1.45) and introducing the subband-dependent
gap [in the case of interest ∆(r) = ∆(z)]
Z
∆i = dz ϕ2i (z)∆(z),
(6.4)
we find a homogeneous system of two linear equations controlling Uik and Vik .
The determinant of the corresponding
p matrix should be equal to zero for a
2 + ∆2 . Then, by using the standard
nontrivial solution, leading to Eik = ξik
i
2
2
normalization condition Uik + Vik = 1, the BdG equations are reduced to the
BCS-like self-consistency equation
Z 2 X
1
d k
∆i
∆i0 =
Φi 0 i
tanh(βEik /2),
(6.5)
2
2 (2π) i
Eik
with the interaction-matrix element
Z
Φi0 i = g dz ϕ2i0 (z)ϕ2i (z).

(6.6)

As T approaches the critical temperature Tc , Eik reduces to the single-electron
energy ξik independent of ∆i . Hence, at Tc Eq. (6.5) becomes a linear homogeneous system of equations for ∆i that has a nontrivial solution when the
corresponding determinant is zero, i.e.,
det[Mi0 i − δi0 i ] = 0,

(6.7)

from which we obtain Tc . In Eq. (6.7)
M

i0 i

me
=
2π~2

~ω
ZD

dξ θ(ξ − εi )


Φii0
tanh βc |ξ|/2 ,
2|ξ|

(6.8)

−~ωD
2

2

2

~ π (i+1)
with βc = 1/(kB Tc ) and εi = 2m
− µ. We note that a numerical
d2
e
solution of Eq. (6.7) is significantly faster than the procedure based on a numerical study of the BdG equations. The point is that Eq. (6.7) yields directly
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the value of Tc . In contrast, to calculate Tc from the BdG equations, one first
needs to find ∆i as function of temperature. Then, Tc can be extracted from
these data as the temperature above which there exists only zero solution for
∆i . In addition, such a BdG-based numerical procedure of determining Tc is
rather capricious in practice because at temperatures close to Tc convergence
becomes rather slow and it is difficult to estimate an appropriate number of
iterations to approach a solution. This often results in an overestimation of
Tc that is larger than the corrections to the Anderson approximation, i.e., one
more solid argument in favor of the present numerical scheme.
6.2.2

Quantum-size variations of the electron-electron coupling

In Sec. 6.2.1 it is assumed that the phonon mediated coupling of electrons g is
not position dependent. It is true for bulk and a good approximation even for
metallic nanofilms with thickness d & 10-20 nm (see our results below). However, this is not the case for ultrathin nanofilms due to significantly different
(as compared to bulk) conditions for the lattice vibrations at the interface
between the film and the semiconductor substrate. As we are interested in
superconducting quantum-size oscillations typical for ultrathin metallic films,
the question arises how our formalism should be modified to take account of
this feature.
The coupling between electrons will depend on the proximity to the interface, i.e., g = g(z). Deep in the film, g(z) approaches the bulk coupling g0 .
For Pb we take [35, 67] g0 Nbulk (0) = 0.39, with Nbulk (0) the bulk density of
states at the Fermi energy. Approaching the interface, g(z) is not equal to g0
any longer but acquires a different value gif . Therefore, to first approximation
we can replace g(z) by the step function

gif 0 ≤ z ≤ dif ,
g(z) =
(6.9)
g0 dif < z ≤ d,
where dif can be interpreted as the interface thickness. When introducing the
spatial dependence of the coupling between electrons, Eq. (6.6) is replaced by
Z
Φi0 i = dz g(z) ϕ2i0 (z)ϕ2i (z),
(6.10)
so that we obtain
Φi0 i ≈

ḡ
(1 + δi0 i ),
d

ḡ ≈

1
d

Zd
dzg(z).

(6.11)

0

As seen, to take into account the interface effect on the electron-electron
effective coupling, one should replace g in all the relevant formulas in Sec. 6.2.1
by its spatially-averaged value ḡ given by Eq. (6.11). Based on Eqs. (6.9) and
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(6.11), we can find
dif (g0 − gif )
,
(6.12)
aN
where a is the lattice constant in the direction of the film growth and N is
the number of monolayers in the film (d = aN , and we take a = 0.286Å for
Pb(111), see Ref. [119]). As seen from Eq. (6.12), the presence of the interface results in an extra contribution to ḡ decaying with increasing thickness
as 1/N . This is typical of the surface effects whose relative contribution can
be estimated as roughly proportional to the ratio of the whole surface area
to the system volume. Such a contribution to the coupling was first reported
in Ref. [131], where the electron-phonon mass enhancement parameter λ in
Ag films grown on top of Fe(100) was experimentally studied and found to
dependent on the film thickness. As known, λ = gN (0) for g → 0, with
N (0) the density of states, and λ is often called the (dimensionless) coupling
constant. Ab initio DFT-calculations of λ also revealed the presence of the
1/N -contribution, see, e.g., Refs. [131, 133]. Note that the well-known softening of the phonon modes due to surface effects (see, e.g., Ref. [86]) can be
incorporated in a similar manner. Below we assume that all surface effects
are included in gif . The same holds for effects due to a protective cover.
While g0 is the film-material constant, gif is not and changes from one experiment to another. Moreover, gif varies also with changing nanofilm thickness because of quantum-size oscillations in the interface properties, see, for
instance, theoretical results and discussion about the surface energy and the
work function in nanofilms [119]. Generally, the quantum-size oscillations are
controlled by a multiple-subband structure appearing in the single-electron
spectrum due to the formation of QWS. Each time when the bottom of a subband (QWS) crosses µ, a shape (quantum-size) resonance appears [20] with
a significant effect on the system characteristics. From Eq. (6.3) it is clear
that the shape resonances are periodic with period half the Fermi wavelength
λF /2. Thus, assuming that gif exhibits thickness-dependent oscillations with
period λF /2, Eq. (6.11) can be represented in the form
ḡ = g0 −

ḡ = g0 −

g1 (4πaN/λF )
,
N

(6.13)

where g1 (x) is a periodic function with g1 (0) = g1 (2π). Below, in our numerical study of the BdG equations, we replace g in the formulas of Sec. 6.2.1 by
ḡ given by Eq. (6.13).
It is worth noting that one should distinguish oscillations of g from those
of the electron-phonon mass enhancement parameter λ. As λ ≈ gN (0), there
are two sources of quantum-size oscillations in λ, i.e., (i) the density of states
that exhibits an increase each time when a new QWS crosses µ, and (ii) the
phonon-mediated coupling g. The oscillations of λ are a known point that
was investigated previously in experiments and in theoretical studies, see,
e.g., Refs. [119, 131–133]. However, effects of the interplay of oscillations of
N (0) with those of g were not investigated and reported.
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Experimentally measured values of the period of the quantum-size oscillations in Pb nanofilms are found to be very close to 2 ML. However, the
period is not exactly 2 ML so that the even-odd staggering in the basic superconducting properties has phase-slip points where the phase of the even-odd
oscillations changes by π. When 4a/λF = 1, i.e., the period is equal to 2 ML,
then we deal only with two parameters g1 (π) and g1 (2π) because g1 (4πaN/λF )
is equal to g1 (π) for an odd number of monolayers and to g1 (2π) for an even
number of ML’s. On the contrary, when 4a/λF is not an integer, we need to
go into more detail about the dependence of g1 on N . There is the possibility
to overcome this problem by using, say, a “minimal scenario” when choosing
the chemical potential such that the period of the quantum-size oscillations
is exactly 2 ML. In this case we are able to limit ourselves to only two fitting parameters g1 (π) and g1 (2π). Therefore, our theoretical analysis will be
restricted to the data between the phase-slip points where the effects of the
mismatch between λF /2 and 2 ML can be neglected. Within such a minimal
scenario, the parabolic band approximation used in Eq. (6.3) dictates that
µ = 1.150 eV. It corresponds to λF being four times the single monolayer
thickness a, i.e., λF = 1.14 nm.
Now, we have everything at our disposal to check if the interplay between
thickness-dependent oscillations of N (0) and g can provide a solid understanding of the significant variations in the amplitude of the quantum-size
oscillations of Tc found in different experiments.

6.3
6.3.1

RESULTS AND DISCUSSIONS
Brief review of experimental results on the

Tc -oscillations

In Fig. 6.1 we show all reported sets of recent experimental data on the thickness dependence of Tc in ultrathin Pb(111) nanofilms on silicon. The data
indicated by circles are from Ref. [3] and were obtained by ex situ resistivity measurements. Here Pb nanofilms were deposited on a Si(111) substrate
(with the Si(111) (7×7)−reconstruction) and covered by a protective Au layer
with thickness 4 ML. This set of data exhibits clear even-odd quantum-size
staggering for thicknesses of 22-28 ML. For smaller thicknesses there are only
data for odd number of atomic layers, i.e., N = 15, 17, 19 and 21. A clear
phase slip of π in the even-odd oscillations can be observed at N = 22 ML. At
this point the even-odd staggering in Tc changes its trend: above the thickness
N = 22 ML the critical temperature increases when passing from an odd number of monolayers to an even number, however it decreases from N = 21 ML
to N = 22 ML. Below we will limit the analysis of this data-set to N ≥ 23.
The results of Ref. [4] are given by stars and obtained from ex situ magneticsusceptibility
measurements for Pb films on Si(111) with the interface Si(111)
√
√
( 3 × 3). The samples were protected by a Ge cap. The set includes data
for films with an odd number of atomic layers N = 5, 7, 9, 11, 13 and with
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Fig. 6.1 (Color online) Experimental data on the thickness dependence of the critical
temperature Tc of Pb nanofilms on Si(111) from different experiments.

even numbers N = 14, 16 and 18. Here it is not possible to obtain significant
information about the even-odd oscillations of Tc : we can only compare the
data for N = 13 and N = 14. As seen from this comparison, the increase
of Tc from N = 13 to N = 14 is about two times smaller than the averaged
amplitude of the even-odd oscillations observed in the previous set of data
from Ref. [3].
The third experimental set of thickness dependent Tc (rhombuses, Ref. [5])
is for Pb nanofilms on the substrate Si(111)(7 × 7). Here the data were
measured by in situ scanning tunneling spectroscopy. There was no protective
layer covering the Pb film in this case. Clear signatures of even-odd quantumsize oscillations are visible down to thickness of 5 ML. However, the amplitude
of these oscillations is about 2-3 times smaller than that of the first dataset [3]. It is worth noting that Tc of the third data set does not show an
overall decrease with decreasing film thickness. It is seen that there are two
points where the phase of the even-odd staggering of Tc slips by π, i.e., at
N = 6 and at N = 14. For this set of data we will focus on the domain
7 ≤ N ≤ 13.
The fourth (squares) and fifth (triangles) data sets are from the same
group [6] and were measured by in situ scanning tunneling spectroscopy.
They correspond to Pb nanofilms
√ on√ a Si(111) substrate with reconstruction Si(111)(7 × 7) and Si(111)( 3 × 3), respectively. The fourth set shows
the even-odd staggering of Tc for N = 14-18. However, here the slip-point is
situated at N = 16, which significantly reduces the number of points available
for our analysis (below we work with data for N ≤ 15). The fifth experimental
set for Tc does not provide us with a clear pattern of even-odd oscillations.
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Fig. 6.2 (Color online) Theoretical results for the even-odd oscillations of Tc (open
symbols) versus the experimental data (solid symbols): (a) theoretical data were calculated for g1 (π) = 1.67g0 (odd numbers) and g1 (2π) = 2.13g0 , the experimental
set is from Ref. [3]; (b) theoretical data were calculated for g1 (π) = 0.64g0 (odd)
and g1 (2π) = 1.46g0 (even), experimental results are from Ref. [4]; (c) the same
as in the previous panels but for g1 (π) = −0.12geff and g1 (2π) = 0.84geff (where
gef f Nbulk (0) = 0.36) and the experimental set is from Ref. [5]; (d) the same as in
previous panels but for g1 (π) = 1.08g0 and g1 (2π) = 1.54g0 and the experimental set
is from Ref. [6] (for the interface Si(111)(7 × 7) − Pb); (e) the theoretical data were
calculated for g1 (π) = 1.05g0 and√g1 (π)
√ = 1.59g0 and the experimental set is from
Ref. [6] (for the interface Si(111)( 3 × 3) − Pb).
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Only from the data for film thicknesses N = 5, 6 and 7 we can guess that
the amplitude of such oscillations is not pronounced. The phase-slip point
of the even-odd staggering is visible at N = 6 (below we make a numerical
fit to the data for N ≥ 7). We note that the data of the fourth set are in
significant variance with those of the third set in spite of the fact that the
type of measurement and the substrate-film interface were similar in both
experiments.
6.3.2

Impact of the thickness-dependent coupling between electrons

Results of our numerical analysis (open symbols) are given versus the experimental data (solid symbols) in Fig. 6.2. In panel (a) we compare our data with
the Tc -values from the first set (Ref. [3]). Here we choose the range N = 23-28,
i.e., above N = 22, the experimental phase-slip point of the even-odd oscillations in Tc (see the discussion in the previous section). Our calculations have
been performed for g1 (π) = 1.67g0 (odd numbers) and g1 (2π) = 2.13g0 (even
numbers), which yields good agreement with experiment. At first sight these
values of g1 seem too large to produce a deviation of only about 10%-20%
from bulk. However, g1 /N is the correction to the electron-electron coupling
rather than g1 . In particular, for N = 20 we obtain g1 /N = 0.084g0 for odd
numbers and g1 /N = 0.11g0 for even numbers. It is worth noting that g1 is
larger for even numbers and so the resulting coupling g0 − g1 /N is smaller.
However, Tc is generally larger for even numbers as compared to that for odd
numbers in Fig. 6.1(a). The reason for this counterintuitive behavior is that
there is an essential interplay between the even-odd oscillations in the density
of states N (0) and similar oscillations in the coupling g. In the case of panel
(a) the drop in g for even N is fully overcome by an increase in N (0) so that
the product gN (0) [Tc ∼ e−1/(gN (0)) ] slightly increases for even-number films
and decreases for odd-number films.
Figure 6.2(b) shows our theoretical results versus the experimental data
of the second set from Ref. [4]. Here we used the fitting parameters g1 (π) =
0.64g0 (for odd numbers) and g1 (2π) = 1.46g0 (for even numbers). As seen, g1
for odd numbers is three times smaller than for even numbers but Tc does not
exhibit any pronounced even-odd staggering. The explanation is again the
interplay of the quantum-size variations of N (0) with thickness-dependent
oscillations in g: the effect of the difference between g1 (π) and g1 (2π) is
almost compensated due to significant drops of N (0) for even numbers of
atomic layers. It is worth noting the surprisingly good agreement over the
full range of experimental data.
Now we switch to the analysis of the third set of experimental data for
Tc from Ref. [5]. These data are compared with our theoretical results in
Fig. 6.2(c) for N = 7 ML to N = 13 ML (i.e., between the two phase-slip
points N = 6 and N = 14). For this data-set Tc does not exhibit an overall
decrease with decreasing N but oscillates around a value that is about 15%
lower than the bulk critical temperature of 7.2 K. Even for N = 50 ML the
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critical temperature was found to be about 15% smaller than in bulk. The
bulk value of Tc and the superconducting energy gap were achieved only for
relatively thick films with N = 500 ML. To incorporate this feature, we
introduce a slightly smaller effective electron-phonon coupling constant geff
which replaces the bulk coupling constant g0 . By choosing geff Nbulk (0) = 0.36,
g1 (π) = −0.12geff and g1 (2π) = 0.84geff , we compare our results (the open
symbols) with the experimental critical temperature data (the solid symbols).
As follows from Fig. 6.2(c), we again obtain very good agreement with the
experimental data. As g1 (π) < 0, the total electron-phonon coupling constant
geff − g1 /N for the odd-layered nanofilms is slightly above the effective-bulk
value 0.36 and increases when decreasing N . This is totally different from
our analysis of the previous data sets, and the direct consequence of this
feature is that Tc does not show an overall decrease with decreasing nanofilm
thickness. As seen, in this case the thickness-dependent oscillations of the
electron-electron coupling “kills” such a decrease typical of the remaining
experimental data sets. Note that the appearance of the positive interfaceinduced contribution to g for the odd-layered films, is not a surprise. For
example, a similar effect was found for Ag films deposited on top of Fe(100)
whisker.
Figures 6.2(d) and (e) show the comparison of our numerical data with data
(the fourth and fifth sets, respectively) for Tc from Ref. [6]. For Pb nanofilms
grown epitaxially on Si(111)(7 × 7) [panel (d)] we performed calculations with
the fitting parameters
g1 (π) = 1.08g0 and g1 (2π) = 1.54g0 . For films with
√
√
interface Si(111)( 3 × 3) − Pb we used g1 (π) = 1.05g0 and g1 (π) = 1.59g0 .
For the fourth set we focus on the range below the phase slip point N =
16 (N ≤ 15). For the fifth set we work above the phase-slip thickness N =
6 (N ≥ 7). Here Tc increases for the even-layered nanofilms and decreases
for the odd-layered ones for both data sets. However, similar to what was
previously found for the first data set, the coupling g0 − g1 /N exhibits just
the opposite size oscillations. As Tc follows the trend ∼ e−1/(gN (0)) , one sees
that the thickness-dependent oscillations of N (0) are π-shifted with respect
to the oscillations of g, but the increase of N (0) has a more significant effect
than the corresponding decreases of g for even number of MLs. It is interesting
to note that the fourth and fifth experimental data-sets are characterized by
almost the same coupling between electrons (the difference in g is less than
1%). So, for the experiments reported in Ref. [6], g is not√sensitive
√ to the
change of Si(111) surface crystal ordering from (7 × 7) to ( 3 × 3). Here
the question arises why the results of Ref. [6] are so different with respect to
those of Ref. [5]. One possible reason may be the difference in the quality
of the silicon substrate which may have a significant impact on the interface
phonons, as seen form the completely different values of g1 found from our
analysis in (c) and (d).
Note that the first and second data-sets in the present study were considered in our previous work [26]. However, in that paper time consuming
calculations invoking the full BdG formalism were performed. As already
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explained above (see the discussion after Eq. (6.7)), the full-BdG-based numerical procedure of determining the critical temperature often results in an
overestimation of Tc that are larger than the errors of about a few percent
induced by the Anderson approximation. This is reason why in the present
work we have chosen to use the Anderson-approximation-based analysis of the
available data, including the two data-sets considered previously in Ref. [26].
We also note that we did not discuss error bars for the experimental data
in the present work because they do not influence our results qualitatively:
the fitting parameters may be slightly different but the main conclusion about
the crucial importance of the interplay of quantum-size oscillations of g and
N (0) will remain unaltered.

6.4

CONCLUSIONS

We have analyzed five experimental data-sets for the critical temperature of
ultrathin Pb nanofilms deposited on top of Si(111). We have demonstrated
that all these data sets can be reproduced within the BdG formalism by including the interface effect of the coupling. We addressed the important problem
that the experimentally found amplitudes of the quantum-size oscillations of
Tc vary significantly from one experiment to another. We showed that the
reason for this difference is an interplay of the quantum-size variations in the
single-electron density of states with the thickness-dependent oscillations in
the phonon-mediated coupling between the electrons. Such oscillations of the
coupling depends on the substrate material, the quality of the interface, the
presence or absence of a protection cover and other fabrication details that
change from one experiment to another. In addition, we demonstrated that
oscillations in the coupling g and their interplay with the thickness-dependent
variation of the density of states can even significantly change the overall trend
of Tc with decreasing nanofilm thickness.

Publications. The results presented in this chapter were published as:
• Yajiang Chen, A. A. Shanenko, and F. M. Peeters, Superconducting quantum-size oscillations in Pb nanofilms: Impact of the thicknessdependent oscillations of the phonon mediated electron-electron coupling,
Phys. Rev. B (accepted)..

7
Single vortex profile in two-band
nanocylinders

7.1

INTRODUCTION

The superconducting properties of two-band MgB2 [51] are of great interest
and have been intensely studied. The particular character of MgB2 is resulted
from its two distinct types of electronic bonding, i.e., electron bands π and σ,
which possess their own Fermi velocities, phonon-mediated electron-electron
coupling in Pb nanofilms (i.e., Fermi velocities) and electron-electron couplings. When the temperature drops down to its unique critical temperature
Tc , Cooper pairs formed from electrons of these bands exhibit two gap energies with ∆π (0) = 2.2 meV and ∆σ (0) = 7.1 meV [134–137]. From the BCS
theory, the coherence lengths ξ of the π and σ bands at zero temperature are
estimated to be about 51 nm and 13 nm, respectively, and the BCS coherence
length of the π band matches the experimental result (49.6 ± 0.9 nm at 2
Kelvin) measured from the scanning tunneling spectroscopy [135]. Furthermore, the Ginzburg-Landau parameters κ of these two condensates show that
the π component of the order parameter belongs to the type I superconductor, while the σ component is a type II superconductors. As a result, the
single crystal MgB2 reveals a vortex pattern [108] distinct from the cases in
the intermediate state of type I superconductors and the Abrikosov lattice in
type II superconductors.
The condensates in all bands are not independent because of the nonzero
interband coupling, i.e., the superconducting order parameter of a certain
band is not simply proportional to the Cooper-pair amplitude in this band
but involves a sum over all band pairing amplitudes, each multiplied by a
specific coefficient, i.e., the interband coupling constant, which depends on
the material of the two-band superconductor. However, if the interband cou119
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pling vanishes, we will face a superconducting system with two criticalities.
In this case, the coherence lengths of both bands diverge at the relevant critical temperature. Thus, the interband coupling can be regarded as a source
field controlling the appearance of two criticalities. In this Chapter, we investigate the influence of the interband coupling on the coherence length of
the weak band through the numerical single-vortex solution to the two-band
Bogoliubov-de Gennes (BdG) equations in a superconducting nanocylinder.
This Chapter is organized as follows. In Sec. 7.2, we represent the formalism of single-vortex solution (with winding number equal to 1) to the
two-band BdG equation in a nanocylinder, as well as the formalism of solving
the two-band BdG equation for bulk samples in the absence of vortex. In
Sec. 7.3, besides the vortex profiles of both bands and the coherence length of
the weak band in a two-band nanocylinder, the dependence of the bulk order
parameter of the weak band on the interband coupling and the temperature
is also shown and discussed. The conclusions are given in Sec. 7.4.

7.2
7.2.1

FORMALISM
Two-band Bogoliubov-de Gennes equations

The two-band BdG equations are written as





Ĥi
∆i (r)
uiν (r)
uiν (r)
=
E
.
iν
viν (r)
viν (r)
∆∗i (r) −Ĥi∗

(7.1)

where i enumerate the two bands, ν stands for the set of relevant quantum
numbers, ∆i (r) is the order parameter, uiν (r) and viν (r) are the quasiparticle
wave functions, Eiν is the quasiparticle energy, and
Ĥi =

e 2
1
− i~∇ − A − µi ,
2me
c

(7.2)

with me the electron band mass (set to the free electron mass), µi the chemical
potential of a certain band measured from its bottom, and A the vector
potential. The order parameter ∆i (r) is given by
X


∗
∆i (r) =
gij ujν (r)vjν
(r) 1 − 2f (Ejν ) ,
(7.3)
jν

where gij is the 2-by-2 coupling constant matrix with g12 = g21 , f (Eiν ) is
the Fermi distribution. The summation for every component of the order
parameter is taken over the states which have single electron energy in the
Debye window around the corresponding Fermi level.
Here we consider a nanocylinder with the radius R = 300 nm, and neglect
the magnetic field in the single-electron Hamiltonian, i.e., we restrict ourselves
in the approximation of the extreme type II superconductors. Due to the

FORMALISM

121

chosen geometry, the cylindrical coordinates system is applied. And the singleelectron Hamiltonian is rewritten as follows,


~2 ∂ 2
1 ∂
∂2
1 ∂2
Ĥi = −
+
+
− µi .
(7.4)
+
2me ∂ρ2
ρ ∂ρ ρ2 ∂ϕ2
∂z 2
Due to the assumption of an isolated vortex line with the winding number
equal to one and the quantum confinement on the transverse boundary, the
quasiparticle wave functions uiν (r) and viν (r) are set to have a fixed phase
difference, and their radio components are expanded in terms of the Bessel
functions in radial direction,
uiJmk (r)

= ūiJm (ρ) √12π ei(m−1/2)ϕ √1L eikz ,

(7.5)

viJmk (r)

v̄iJm (ρ) √12π ei(m+1/2)ϕ √1L eikz ,

(7.6)

with
ūiJm (ρ) =

=
N
X

cijJm φj,m−1/2 (ρ),

j=1

v̄iJm (ρ) =

N
X
j=1

φj,m+1/2 (ρ) =

dijJm φj,m+1/2 (ρ),

(7.7)

√

ρ
2
Jm+1/2 αj,m+1/2
.
RJm+3/2 (αj,m+1/2 )
R

In the above equations, m is half and odd integer, Jm (x) is the Bessel function
of the first kind of the m-order, αjm is the jth zero of this function, and
cjJm and djJm are real coefficients. By using Eq. (7.4) and the expansions of
quasiparticle wave functions, the BdG Eq. (7.1) are reduced into the following
form





ξi
∆i
cijJm
cijJm
=
E
,
(7.8)
iν
dijJm
dijJm
∆T̂i −ξi
where T̂ is the transposition operation of a matrix, and the matrix elements
are given by


 2  2
αj,m−1/2
~
2
+ k − µi ,
ξijj 0 = δjj 0
2me
R2
(7.9)
Z
∆ijj 0 = ρdρ φj,m−1/2 (ρ)|∆i (ρ)|φj 0 ,m+1/2 (ρ).
By inserting the expansions of uiν (r) and viν (r) into Eq. (7.3), the order
parameter is rewritten as
∆i (ρ, ϕ) = ∆i (ρ) e−iϕ
X gij


=
ūjν (ρ)v̄jν (ρ) 1 − 2f (Ejν ) e−iϕ ,
2πL
jν

(7.10)
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where the order parameter in the radial direction ∆i (ρ) is real. From Eq.
(7.10), we can see that an isolated vortex line with the winding number equal
to one has been constructed in the nanocylinder. Making use of Eqs. (7.9)
and (7.10), the eigenvalue problem in Eqs. (7.8) is solved self-consistently.
7.2.2

Bulk solution of the two-band BdG equations

As a comparison to the single-vortex solution, the bulk solution is also of great
important. Here we solve the bulk solution of the two-band BdG equations
in the absence of the external magnetic field. In this case, the system keeps
the translational symmetry, so the quasiparticle wave functions are set to be
proportional to plane waves,
r
eik
uik (r) = U

1 ik·r
e ,
Ω

r
vik (r) = Veik

1 ik·r
e ,
Ω

(7.11)

where Ω is the volume of a sample and i is the index of bands.
By inserting Eqs. (7.11) into the BdG Eqs. (7.1) and the expression of the
order parameter Eq. (7.3), we have the spatial independent order parameter
∆i for both bands. The quasiparticle energy and the temperature-dependent
order parameter are given by
Eik

=

∆i

=

q

2 + ∆2
ξik
i
X

1
∆j 
gij
1 − 2f (Ejk ) ,
Ω
2Ejk

(7.12)
(7.13)

jk

2

~
where ξik = 2m
k2 − µi .
e
Moreover, Eq. (7.13) can be rewritten as follows

∆1 = g11 A1 ∆1 + g12 A2 ∆2 ,
∆2 = g21 A1 ∆1 + g22 A2 ∆2

(7.14)

with
Ai =

Z
1 X [1 − 2f (Eik )]
1
[1 − 2f (Eik )]
=
k 2 dk
.
L3
2Eik
2π 2
2Eik

(7.15)

k

The above linear equations result in an identical equation
2
(g11 A1 − 1)(g22 A2 − 1) = g12
A1 A2 ,

(7.16)

from which the unique critical temperature Tc can be easily obtained due to
the factor that when arriving at Tc the order parameters become zero and the
quasiparticle energy is reduced into the single-electron energy, i.e., the only
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variable appearing in Eq. (7.2.2) is Tc . When considering the approximation
~ωD  kB Tc , the coefficients Ai read
Ai =

1 X [1 − 2f (ξik )]
1.14~ωD
= Ni (0)ln
,
L3
2ξik
kB Tc

(7.17)

k

3 √
e 2
µi is the density of states of one band at the
where Ni (0) = 4π1 2 2m
~2
Fermi surface µi . With this approximation, the solution to Eq, (7.14) is
p
2 N N
(g11 N1 + g22 N2 ) ± (g11 N1 − g22 N2 )2 + 4g12
1.14~ωD
1 2
ln
=
. (7.18)
2 )N N
kB Tc
2(g11 g22 − g12
1 2
This result is in agreement with that in Refs. [138] and [109] deduced from the
weak-coupling approach of the Eilenberger equations. Between two solutions
of Tc , normally the larger one corresponds to the critical temperature of the
system, while the other is possibly a hidden criticality.

7.3

RESULTS AND DISCUSSION

In order to compare our results with the γGL equations, instead P
of gij we
introduce λii = gii N (0) as the coupling constant (where N (0) = i Ni (0))
and a dimensionless parameter γ = λ12 /(λ11 λ22 ) as the interband coupling.
The parameters taken in the numerical calculations are shown in Table 7.1.
Table 7.1 Constant parameters used in the numerical calculations.

µ1

µ2

λ11

λ22

~ωD

30 meV

80 meV

0.94

0.41

10 meV

In Fig. 7.1(a), the single-vortex profile of the order parameters of both
bands is shown for the interband coupling γ = 0.0002 at zero temperature.
The coherence lengths for both bands are defined by the horizontal dashed
line in the figure which stands for the condition ∆i (ρ = ξi ) = 0.8∆i,bulk , i.e.,
ξ1 = 14 nm and ξ2 = 74 nm. Such choice of the criteria is reasonable because
it makes the coherence lengths of these two bands close to the uncoupled
BCS coherence length at zero temperature. We can see that after the order
parameters arrive at their bulk values, fast oscillations near the boundary
R = 300 nm show up and finally drop to zero. The behavior of approaching
the bulk order parameter is because the size of the sample is sufficiently large
compared to the coherence lengths and the region with radius about 240
nm is equivalent to the place deep inside the superconductor, while the fast
oscillations are resulted from the quantum confinement. Fig. 7.1(b) shows the
temperature-dependent of the coherence length of the weak band for different
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Fig. 7.1 (a) The single-vortex profile of a two-band nanocylinder as calculated for
γ = 0.0002 at T = 0 K. The coherence lengths ξi defined by ∆i (ρ = ξi ) = 0.8∆i,bulk
are ξ1 = 14 nm and ξ2 = 74 nm. (b) The coherence length of the weak band ξ2 as a
function of T /Tc for different γ. The dashed curve represents ξ2 in the independentband limit γ → 0, and the dotted line marks Tc2 = 2.645 K (for comparison, they are
shown versus T /Tc with Tc calculated for γ = 0.02). (c) The ratio of the coherence
lengths ξ2 /ξ1 versus temperature. (d) The bandgaps versus temperature and the
definition of the crossover temperature T ∗ (where ξ2 reaches the maximum) extracted
2
from the condition ∂∂T∆22 = 0.

interband couplings. The dashed curve corresponds for the result of uncoupled
case i.e., γ = 0, and the vertical dotted line labels the crossover temperature
(T ∗ ) where the maximum ξ2 locates for γ = 0.02. With the chosen parameters
for µi and λii , the uncoupled critical temperature Tc2 = 2.645 K is about one
fourth of the Tc . As seen in this figure, at temperature close to Tc2 there exists
a peak in ξ2 . It becomes more pronounced with decreasing the γ, and the curve
in the range from 0 to Tc2 approaches to the curve of the case γ = 0. Although,
the coherence length (ξ2 < 150 nm) of the weak band is limited by the radius
of the nanocylinder, Fig. 7.1(b) gives the clear signal of the existence of the
hidden criticality at Tc2 and γ → 0. The ratio ξ2 /ξ1 as a function of the of the
temperature is shown in Fig. 7.1(c). As a result of the divergence behavior
at temperature near Tc2 , we also observe the most difference between these
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two coherence lengths in the same temperature region when γ → 0. At the
temperature near to Tc , the coherence lengths of both bands diverge at the
almost same speed. As seen in Figs. 7.1(b,c), with increasing coupling γ
the temperature where ξ2 peaks, labeled T ∗ , increases while the peak itself
decreases (for the chosen parameters, the peak is washed out for γ > 0.2). It
is interesting that T ∗ can be evaluated without a time-consuming numerical
study of the vortex solution, being very close to the temperature at which
∂ 2 ∆2 /∂T 2 = 0 for a bulk superconductor. This is illustrated in Fig. 7.1(d)
for γ = 0.02, where the inflection point of ∆2 (T ) at T = 0.33 Tc matches well
with T ∗ = 0.31 Tc found from the peak position in panel (b). In either case, T ∗
should be seen as the crossover temperature between the two regimes: lower
temperatures - where ∆2 is governed by the properties of the weaker band
(for sufficiently small γ), and higher temperatures - where ∆2 is controlled by
the tunneling from the stronger band.
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Fig. 7.2 (a) The order parameter ∆2 of the weak band as a function of the temperature
T and the interband coupling γ calculated from the two-band BdG equations for bulk.
2
(b) The γ−susceptibility ∂∆
as a function of T and γ.
∂γ

Now we discuss the numerical bulk solution of the two-band BdG equations. Fig. 7.2(a) shows that the increase in ∆2 with γ becomes faster as T
approaches Tc2 ≈ 2.645 K. In Fig. 7.2(b) we can see that at Tc = Tc2 the
critical behavior of ∆2 as a function of γ leads to a diverging γ−susceptibility,
which also explains the divergence of ξ2 at temperature close to Tc2 and γ → 0.
Finally, we briefly discuss available two-gap materials from the point of
view of the hidden criticality. Based on the coupling constants available from
Refs. [136, 139–142], we estimate the dimensionless coupling strength γ for
various two-gap superconductors in Table 7.2. According to our calculations
the best candidates to observe the effects associated with the hidden criticality
seem to be V3 Si and FeSe1−x due to their particularly low values of coupling
γ and low T ∗ and Tc2 in comparison with the bulk Tc . This is supported by
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Material

λ11

λ22

λ12

Tc1 (K)

Tc2 (K)

T ∗ (K)

Tc (K)

γ

Ref.

MgB2
OsB2
LiFeAs
V3 Si
FeSe1−x

1.88
0.39
0.63
0.566
0.482

0.5
0.29
0.642
0.472
0.39

0.21
0.0084
0.061
0.0074
0.001

38
2.1
17.7
16.4
8.3

3.9
1.2
6.7
8.1
3.1

14
1.5
(14)
9
3.2

39
2.1
18
16.5
8.3

0.22
0.074
0.15
0.03
0.005

[136]
[139]
[140]
[141]
[142]

Table 7.2 The coupling constants, calculated nominal critical temperatures Tc1 and
Tc2 of the separate bands, the approximate crossover temperature T ∗ , the critical
temperature Tc and the interband coupling γ for selected two-gap materials. The
coupling constants are taken from the references in the last column of the table.

the experimentally observed anomalies close to T ∗ in these two materials, see
Refs. [141, 142].

7.4

CONCLUSIONS

By solving the single-vortex solution of two-band BdG equations in a nanocylinder with sufficiently large radius, we obtained the profiles of both two components of the order parameter and the temperature-dependent coherence
lengths for different interband coupling. We found that there exists an hidden criticality at the critical temperature of the weak band in the uncoupled
case, and the interband coupling is the source field controlling the proximity
to this critical point. In the vicinity of this point, the coherence length of the
weak band in the nanocylinder diverges, and the bulk order parameter of the
weak band shows a γ−susceptibility.

Publications. The results presented in this chapter were published as:
• L. Komendová, Yajiang Chen, A. A. Shanenko, M. V. Milošević, and
F. M. Peeters, Two-band superconductors: Hidden criticality deep in the
superconducting state, Phys. Rev. Lett. 108, 207002 (2012).

Samenvatting

Recent hebben verscheidene ontwikkelingen in nano-fabricatie geleid tot supergeleidende metallische dunne nano-filmen en nano-draden van hoge kwaliteit.
Door deze materialen uitermate zuiver te maken kon men verstrooiing dermate beperken dat de gemiddelde vrije weglengte van de elektronen even
groot of groter dan de dikte van de systemen werd. In zulke situaties wordt
de invloed van de quantum-mechanische opsluitingspotentiaal in de loodrechte
(transversale) richting groot wat maakt dat de conductie-band in een aantal
één-electron subbanden splitst. Dit resulteert in supergeleidende bekomen
we een supergeleidende systemen die zich gedragen als meerbandssupergeleiders die modificeerbaar zijn op nano-schaal. Zulke systemen bieden nieuwe
mogelijkheden door hun eigenschappen die sterk verschillen van elementaire
bulk supergeleiders. In deze thesis, onderzoeken we de supergeleidende eigenschappen, en de invloed van quantum-mechanische opsluiting hierop, van
metallische nano-draden (we beschouwen zowel nano-cilinders als holle nanocilinders) en nano-filmen. In dit onderzoek wordt voornamelijk de zuivere
limiet onder de loep genomen en de Bogoliubov-de Gennes vergelijkingen worden gehanteerd als basisformalisme. In het volgende overlopen we kort wat
de voornaamste theoretische bevindingen van deze thesis zijn.
In Hoofdstuk 1 geven we kort de historische achtergrond weer van het
fenomeen supergeleiding en bespreken we de fenomenologische London vergelijkingen en het Ginzburg-Landau formalisme. Verder introduceren we het
microscopisch formalisme van het Bardeen-Cooper-Schrieffer model en de veralgemening van dit model voor een ruimtelijk gemoduleerde orde parameter,
gekend als de BdG vergelijkingen (samen met een spin-veralgemeende versie).
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Numerieke methodes om de BdG vergelijkingen op te lossen worden hier ook
in detail besproken. In het laatste gedeelte van dit Hoofdstuk worden twee
belangrijke wijzen van nano-fabricatie beschreven, namelijk, molecuulbundelepitaxie en lift-off lithografie, alsook wordt scanning tunneling spectroscopie
besproken.
In Hoofdstuk 2 nemen we een nano-cilinder als model voor een metallische supergeleidende nano-draad om de invloed van een positie-afhankelijke
Hartree-Fock potentiaal, op de distributie van de supergeleidende orde parameter ∆(r) en de kritische transitie-temperatuur Tc , te bestuderen. In een
bulk supergeleider is de Hartree-Fock potentiaal onafhankelijk van de positie
zodat de één-electron energiën en de chemische potentiaal een vergelijkbare
invloed ondervinden. Omdat ∆(r) and en Tc afhangen van de één-electron
energiën gemeten vanaf de chemische potentiaal, blijven deze onveranderd onder ompolen van de Hartree-Fock interactie. Dit is niet het geval voor nanosupergeleider. We tonen aan dat, in tegenstelling tot een bulk supergeleider, in de aanwezigheid van een quantum-mechanische opsluitingspotentiaal
de positie-afhankelijke Hartree-Fock potentiaal resulteert in een verschuiving
van de systeem-afhankelijke oscillaties van de kritische temperatuur (alsook
van de bandkloof en de orde parameter uitgemiddeld over de posities) naar
grotere diameters.
In Hoofdstuk 3 onderzoeken we hoe een quantum-opsluitingspotentiaal
de supergeleiding beı̈nvloed in een holle metallische nano-cilinder. De radiale
kuantisatie door de opsluitingspotentiaal in een holle nano-cilinder leidt tot
de splitsing van de conductie-band in meerdere subbanden die verschuiven
in energie als de binnenste straal R, van de dikte van de cilinderwand d,
aangepast worden. Een dergelijke bandenstructuur met meerdere subbanden
zorgt voor quantum supergeleidende oscillaties, zo zullen bijvoorbeeld de supergeleidende eigenschappen variëren met d bij een vaste R. Verder vinden we
dat de karakteristieke eigenschappen van deze variaties kwalitatief verandert
als R groter dan een bepaalde waarde komt: het onregelmatige patroon van
supergeleidende resonanties wordt periodisch. De reden voor deze transitie is
de verandering van de rol dat de centrifugale energie speelt. Wanneer R vergroot, verkleint deze energie zodanig dat de een-elektron subbanden, dewelke
verschillende waarden voor het azimutaal quantumnummer in absolute waarde
|l| (maar met hetzelfde radiaal quantumnummer j) bezitten, bijna ontaard
zijn in energie . Dit leidt tot bundels van subbanden die verantwoordelijk zijn
voor de equidistante resonanties in de fundamentele supergeleidende grootheden als funktie van d. We tonen aan dat de vorming van de subbanden verder
kan leiden tot meerdere supergeleidende bandkloven, door interactie tussen
quantum opsluiting en het mechanisme van Andreev-reflectie. Het verschil
tussen deze subband-afhankelijke supergeleidende bandkloven is groot in het
onregelmatige regime, maar ze worden bijna gelijk in het regime van periodische resonanties. Daar is de verhouding van de kritische temperatuur over de
bandkloof bijna gelijk aan de bulk-waarde, terwijl in het onregelmatige regime
deze gereduceerd wordt met 20%-30% door de Andreev-toestanden. De rol die
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de Andreev-toestanden, veroorzaakt door de quantum opsluitingspotentiaal,
spelen is belangerijk bij kleine binnenste straal R, maar wordt verwaarloosbaar in het regelmatige regime.
In Hoofdstuk 4 onderzoeken we een ander interessant fenomeen dat door
een opsluitingspotentiaal geı̈ntroduceerd wordt, namelijk een cascade struktuur van transities tussen de supergeleidende en normale toestand. Meer
bepaald onderzoeken we de cascades veroorzaakt door een parallel aangelegd
magnetisch veld in een metallische holle nano-cilinder. Hierbij richten we ons
op de invloed van de geometrische vorm van de opsluitingspotentiaal, de thermische ‘smoothing’, en de interactie tussen de spin en het magnetisch veld.
Wanneer de binnenste straal R en de dikte van de cilinderwand d worden
gevariëerd dan vinden we dat er een kwalitatieve verandering optreedt in de
cascades als we van het nano-draad regime, d.i., R/d  1, naar het nanofilm
regime, d.i., d  R, gaan. Terwijl in het geval dat R/d  1, de cascade
sterker benadrukt wordt, worden de cascade sprongen in de orde parameter,
als funktie van het extern aangelegd magnetisch veld, in het andere regime,
R  d, sterk gereduceerd. De reden voor het glad worden van de cascade
voor grote R is dat het vergroten van R ervoor zorgt dat er meer één-electron
subbanden een bijdrage leveren aan de orde parameter. Hierdoor wordt de
relatieve bijdrage van elke subband kleiner en het process van ontparing in
één van de beschikbare subbanden wordt niet meer vergezeld door een discrete
sprong: de cascade wordt glad.
Eveneens vonden we dat bij toenemende temperatuur een aanzienlijke gladstrijking van de sprongetjes optreedt in de cascades. De reden hiervoor verschilt. Bij eindige temperaturen zijn er reeds in de afwezigheid van een magnetisch veld tekenen van ontparing, dwz. thermisch-geactiveerde ontparing.
Daarom worden effecten van bijkomstige ontparingsmechismen, bv. door het
magneetveld, verzwakt.
We observeerden ook dat het mee in rekening brengen van de interactie
tussen spin en magneetveld het aantal kleine sprongetjes in een cascade doet
toenemen, wat te wijten is aan de spin-Zeeman splitsing in de quasideeltjesenergie. De spin-magneetveldinteractie splitst elke quasideeltjesvertakking
in twee delen, die, als regel, de initiële en uitgesproken sprong opdeelt in twee
kleinere. In de meeste gevallen is het kritische magneetveld kleiner in de aanwezigheid van de spin-magneetveldinteractie. Soms echter, door de complexe
wisselwerking van de orbitale spin-magneetveld effecten, kan het kritische
magneetveld verhoogd worden. Door de significante orbitale beweging in een
holle nanocylinder, vonden we dat het paramagnetisch-begrensde veld Hpar
in essentie groter is dan Hc,|| , wanneer berekend inclusief orbitale en spinmagnetische momenten. Dit kan verschillen voor minder symmetrische opsluitingsgeometrieën, bv. voor een nanodraad met een rechthoekige doorsnede.
Van het paramagnetisch begrensde veld Hpar is aangetoond dat het oscilleert
met R en d door kwantumschaaleffecten: op de maxima neemt Hpar beduidend
toe vergeleken met bulk Clogston-Chandrasekhar veld H CC . Zoals geweten
is, kan de spin-baan koppeling [55] de effecten van paramagnetische paarbrek-
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ing verminderen. Echter, door een geringe bijdrage van het paramagnetische
mechanisme, is de rol van spinbaankoppeling niet essentieel in ons systeem.
In Hoofdstuk 5 wordt getoond hoe kwantumopsluiting voor de loodrechte
beweging van elektronen in enkelvoudig kristallijne metallische supergeleidende films leidt tot de vorming van een multiband(subband) supergeleider.
De energie positie van elke subband kan sterk variëren naargelang het fabricatieproces, en het is mogelijk dat de onderkant van één van dergelijke subbanden zich in de nabijheid van het Fermi-niveau bevindt. Voor Pb nanofilms
met een dikte van 4 en 5 monolagen, vonden we een spectaculair scenario:
tot de helft van alle Cooperparen krimpen in hun laterale afmetingen (evenwijdig aan de film) tot enkele nanometers, d.w.z. dat het supergeleidende
condensaat een coherente mix wordt van de bijna molecuulachtige fermionparen met de gewone zwakgebonden en uitgebreide Cooperparen. Zulk een
molecuulachtige fermionische paring is gelijkaardig aan die gerealiseerd in de
BCS-BEC crossover. Hier is het effect echter een gevolg van de kwantisatie
t.g.v. de opsluiting.
In Hoofdstuk 6 analyseerden we de beschikbare experimentele datasets
van de dikte-afhankelijkheid van de kritische temperatuur in ultradunne Pb
nanofilms afgezet op een Si(111) substraat. De analyse was gebaseerd op
een numerieke studie van de BdG vergelijkingen, voorzien van een eenvoudige
theorie van de dikte-afhankelijke elektron-elektronkoppeling. Meer specifiek
richtten we ons tot het belangrijke probleem dat de experimenteel gevonden amplitudes van de kwantum-grootte oscillaties in Tc significant variëren
van het ene experiment tot het andere. We vonden dat de reden voor zo
een verschil de competitie is van de kwantum-grootte variaties in de eenelektrontoestandsdichtheid bij het Ferminiveau met de dikte-afhankelijke oscillaties in de fononen-gemediëerde koppeling tussen elektronen. De oscillaties
van de koppeling zijn afhankelijk van het type van meting, het substraatmateriaal, de kwaliteit van het tussenvlak, de aan- of afwezigheid van een
beschermingslaag en andere fabricatiedetails die veranderen van experiment
tot experiment.
In Hoofdstuk 7 werd een een-vortex oplossing beschouwd voor een tweeband s-golf supergeleider die kwantumopgesloten werd in een cylinder met een
straal van ongeveer de Ginzburg-Landau coherentielengte. We onderzochten
hoe de verschillende genezingslengtes van de twee bandcondensaten veranderen met de interband Josephson-achtige koppeling γ en hoe het KramerPesch-effect gevoelig is aan kwantumopsluiting. We vonden dat het supergeleidende gedrag van een tweebandsysteem beı̈nvloed wordt door een verborgen
kritikaliteit diep in de supergeleidende toestand, nl. bij de kritische temperatuur van de zwakkere band beschouwd als een onafhankelijk supergeleidend
systeem. In de nabijheid van dit punt, vertoont de genezingslengte van de
zwakkere band een erg uitgesproken piek als functie van de temperatuur. De
grootte van de piek schaalt als ∝ γ −µ , met de Landau kritische exponent
µ = 13 , gelijk aan die gevonden voor het gemiddeld-veld kritische gedrag ten
opzichte van het bronveld in ferromagnetisme en ferroelektriciteit. De ver-
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borgen kritikaliteit in twee(multi)band supergeleiders kan dus experimenteel
geobserveerd worden door bv. beeldvorming van de variaties van de vortexkern over een breder temperatuursbereik. Gelijkaardige effecten worden
verwacht voor supergeleidende multilagen.

Summary

Recent advances in nanofabrication technology resulted in high-quality superconducting metallic nanofilms and nanowires. It was possible to minimize
disorder so that in most fabricated samples, the electron mean-free path was
estimated to be about or even larger than the specimen thickness. In this case
the effects of quantum confinement for the perpendicular (transverse) electron
motion are not washed out by impurity scattering, and the conduction band
splits up into a series of single-electron subbands. As a result, such superconducting systems become quantum-engineered multi-band superconductors
and promise a plethora of interesting phenomena that are completely different as compared to bulk elemental superconductors. In the present thesis, we
investigated the superconducting properties of metallic nanowires (we considered nanocylinders and hollow nanocylinders) and nanofilms as governed by
quantum confinement. The investigation was focused on the clean limit and
based on the Bogoliubov-de Gennes equations. In what follows, we summarize
the theoretical findings of the present thesis.
In Chapter 1 we briefly outlined the history of the superconductivity
and discussed the phenomenological London equations and Ginzburg-Landau
approach. Furthermore, we introduced the microscopic formalism from the
Bardeen-Cooper-Schrieffer model to its generalization for spatially modulated
order parameter, i.e., the BdG equations (together with the spin-generalized
version). Numerical approaches to a solution of the BdG equations were also
discussed in detail. In the last part of this chapter, two important methods
of nanofabrication, i.e., molecular beam epitaxy and lift-off lithography, were
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described, and important insight into scanning tunneling spectroscopy was
provided.
In Chapter 2 we took a nanocylinder as a prototype of a metallic superconducting nanowire to investigate the effect of a spatially-dependent HartreeFock potential on the distribution of the superconducting order parameter
∆(r) and the critical transition temperature Tc . In a bulk superconductor,
the Hartree-Fock potential is position-independent and gives the same contribution to both the single-electron energies and the chemical potential. As
∆(r) and Tc depend on the single-electron energies measured from the chemical potential, they remain unaltered when switching the Hartree-Fock interaction. This is no longer the case for nanoscale superconductors. Unlike a bulk
superconductor, we showed that in the presence of quantum confinement the
spatially Hartree-Fock potential results in a shift of the the size-dependent
oscillations of the critical temperature (and also of the energy gap and the
spatially-averaged order parameter) to larger diameters.
In Chapter 3 we explored how quantum confinement can modify superconductivity in a hollow metallic nanocylinder. The radial quantization of
the electron motion in the hollow nanocylinder results in a splitting of the
conduction band into a series of subbands whose lower edges move in energy
when changing the inner radius R and thickness d. Such a multi-subband
structure leads to pronounced quantum-size superconducting oscillations e.g.,
the superconducting properties varies with d at a fixed R. We found that
the character of these variations changes qualitatively with an increase in R:
the irregular pattern is replaced by almost equidistant superconducting resonant enhancements. The reason for such a crossover is the change of the
role of the centrifugal energy. When R increases, this energy is diminished so
that single-electron subbands with different absolute values of the azimuthal
quantum number m (but with the same radial quantum number j) are nearly
degenerate in energy. As a result, they form bundles of subbands responsible
for equidistant resonant enhancements in the basic superconducting quantities as functions of d. We showed that the formation of subbands can result
in multiple superconducting gaps due to the interplay between quantum confinement and the Andreev-reflection mechanism. The difference between the
subband-dependent superconducting gaps is significant in the irregular regime
but they are almost equal when coming to the regular side of the crossover.
Here the ratio of the critical temperature to the energy gap approaches its
bulk value while it is reduced by 20%-30% due to Andreev-type states in the
irregular regime. The role of Andreev-type states induced by quantum confinement is significant for small inner radii but becomes minor in the regular
domain.
In Chapter 4 we explored another interesting phenomenon developing
in the presence of quantum confinement, i.e., a cascade structure of the
superconducting-to-normal transition. In particular, we investigated the cascades driven by the parallel magnetic field in a metallic hollow nanocylinder. The special focus was on the confining geometry, thermal smoothing
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and spin-magnetic-field interactions. Varying the inner radius R and its wall
thickness d, we observed a qualitative change in the cascades when passing
from the nanowire-like regime, i.e., R/d  1, to the nanofilm-like regime, i.e.,
d  R. While being pronounced for R/d  1, the cascade jumps in the orderparameter as function of an external parallel magnetic field are significantly
smoothed for R  d. The reason for this smoothing is that an increase in R
results in a significant increase of the number of the single-electron subbands
that contribute to the order parameter. Hence, the relative contribution of
each subband becomes strongly reduced and, as a result, the depairing in one
of the available subbands is not accompanied by a discontinuous jump any
more: the cascade structure is smoothed out.
It has also been found that a considerable smoothing of jumps in the cascades occurs when increasing temperature. The reason for this is different. At
finite temperatures there are signatures of the depairing already at zero magnetic field, i.e., the thermally-activated depairing. Therefore, effects of any
additional depairing mechanism, e.g., due to the magnetic field, are weakened.
We also observed that taking into account the spin-magnetic-field interaction increases the number of small jumps in a cascade, which is due to the
spin-Zeeman splitting in the quasiparticle energy. The spin-magnetic-field
interaction splits each quasiparticle branch in two parts, which, as a rule,
divides the initial pronounced jump in two smaller ones. In most cases the
critical magnetic field is smaller in the presence of the spin-magnetic-field interaction. However, sometimes, due to the complex interplay of the orbital
and spin-magnetic-field effects, the critical magnetic field can be enhanced.
Due to significant orbital motion in a hollow nanocylinder, we found that
the paramagnetic-limiting field Hpar is essentially larger than Hc,|| calculated
when including orbital and spin magnetic moments. This can be different
for less symmetric confining geometries, e.g., for a rectangular-cross-section
nanowire. The paramagnetic limiting field Hpar has been shown to oscillate
with R and d due to the quantum-size effects: at maxima Hpar is significantly
enhanced as compared to the bulk Clogston-Chandrasekhar field H CC . The
spin-orbit coupling, as is known [55], can reduce effects of the paramagnetic
pair breaking. However, due to a minor contribution of the paramagnetic
mechanism, the role of spin-orbit coupling will not be essential in our system.
In Chapter 5 quantum confinement for the perpendicular motion of
electrons in single-crystalline metallic superconducting nanofilms has been
demonstrated to lead to the formation of a nanoscale multi-band(subband)
superconductor. The position in energy of each subband can vary significantly
depending on the fabrication process, and it is possible that the bottom of one
of such subbands is situated in the vicinity of the Fermi level. For Pb nanofilms with thickness of 4 and 5 monolayers, we found a spectacular scenario:
up to half of all the Cooper pairs nearly collapse, shrinking in the lateral size
(parallel to the nanofilm) down to a few nanometers, i.e., the superconducting
condensate will be a coherent mixture of almost molecule-like fermionic pairs
with the ordinary loosely-bound and extended Cooper pairs. Such molecule-
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like fermionic pairing is similar to that realized in the BCS-BEC crossover.
However, the effect is now driven by the size quantization.
In Chapter 6 we analyzed the available experimental data sets on the
thickness dependence of the critical temperature in ultrathin Pb nanofilms
deposited on a Si(111) substrate. The analysis was based on a numerical
study of the BdG equations equipped with a simple theory of the thickness
dependent electron-electron coupling. In particular, the important problem
has been addressed that the experimentally found amplitudes of the quantumsize oscillations in Tc vary significantly from one experiment to another. We
found that the reason for such a difference is an interplay of the quantumsize variations in the single-electron density of states at the Fermi level with
the thickness-dependent oscillations in the phonon-mediated coupling between
electrons. The oscillations of the coupling depend on the substrate material,
the quality of the interface, the presence or absence of a protection cover and
other fabrication details that change from one experiment to another.
In Chapter 7 a single-vortex solution has been considered for a two-band
s-wave superconductor that is quantum-confined in a cylinder with the radius of about the Ginzburg-Landau coherence length. We investigated how
the different healing lengths of the two band condensates change with interband Josephson-like coupling γ and how the Kramer-Pesch effect is sensitive
to quantum confinement. We found that the superconducting behavior of a
two-band system is influenced by a hidden criticality deep in the superconducting state, i.e., at the critical temperature of the weaker band taken as an
independent superconducting system. In the vicinity of this point, the healing
length of the weaker band exhibits a well pronounced peak as a function of
temperature. The magnitude of the peak scales as ∝ γ −µ , with the Landau
critical exponent µ = 31 , the same as found for the mean-field critical behavior
with respect to the source field in ferromagnets and ferroelectrics. Thus, the
hidden criticality in two(multi)-band superconductors can be experimentally
observed by e.g., imaging of the variations of the vortex core in a broader
temperature range. Similar effects are expected for the superconducting multilayers.

Outlook

This thesis investigated the effect of quantum confinement on superconducting properties in clean metallic nanocylinders and nanofilms by numerically
solving the Bogoliubov-de Gennes equations. Future work beyond this thesis
may include the following aspects:
1. Consider more complex boundary profile of nanowires. In such case,
the surface roughness can be investigated in more details and the model
will be more practical. Moreover, such samples may exhibit distinctive
superconductivity due to the complex quantum confinement.
2. Consider the effect of an electrostatic field on nanoscale superconductivity. The superconducting properties of nanostructures can be tuned
by applying an electrostatic field which controls electron density distribution.
3. Consider the effect of impurities and pinning on nanoscale superconductivity. Such problems are of interest because impurities and pinning
in clean metallic nanostructures change the constitution of the sample.
The interplay between quantum confinement and the impurities/pinning
may lead to novel superconducting properties.
4. Consider the stability of giant vortex structure in superconducting Pb
nano-islands under an external magnetic field. Recently, Pb nanoislands have been fabricated and giant vortex states were observed in
such systems. It is also of great interest to investigate the Andreev
states located in the center of the vortex core.
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Appendix A
Abbreviations

• AC: Alternating current
• BCS: Bardeen-Cooper-Schrieffer
• BdG: Bogoliubov-de Gennes
• DC: Direct current
• DOS: Density of states
• GL: Ginzburg-Landau
• HF: Hartree-Fock
• LDOS: Local density of states
• MBE: Molecular beam epitaxy
• MEG: Magnetoencephalography
• ML: Monolayer
• MRI: Magnetic resonance imaging
• NMR: Nuclear magnetic resonance
• QWS: Quantum well states
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• RHEED: Reflection high energy electron diffraction
• SQUID: Superconducting quantum interference device
• STM: Scanning tunneling microscope
• STS: Scanning tunneling spectroscopy
• TEM: Transmission electron microscope

Appendix B
List of publications

1. Yajiang Chen, Mauro M. Doria, and F. M. Peeters, Vortices in a
mesoscopic cone: A superconducting tip in the presence of an applied
field, Phys. Rev. B 77, 054511 (2008).
2. Yajiang Chen, M. D. Croitoru, A. A. Shanenko, and F. M. Peeters, Superconducting nanowires: quantum confinement and spatially dependent
Hartree-Fock potential, J. Phys.: Condens. Matter 21, 435701 (2009).
3. Yajiang Chen, A. A. Shanenko, and F. M. Peeters, Hollow nanocylinder: Multisubband superconductivity induced by quantum confinement,
Phys. Rev. B 81, 134523 (2010).
4. Yajiang Chen, A. A. Shanenko, A. Perali, and F. M. Peeters, Superconducting nanofilms: molecule-like pairing induced by quantum confinement, J. Phys.: Condens. Matter 24, 185701 (2012).
5. Yajiang Chen, A. A. Shanenko, M. D. Croitoru, and F. M. Peeters,
Quantum cascades in nano-engineered superconductors: geometrical, thermal and paramagnetic effects, J. Phys.: Condens. Matter (accepted).
6. Yajiang Chen, A. A. Shanenko, and F. M. Peeters, Superconducting quantum-size oscillations in Pb nanofilms: Impact of the thicknessdependent oscillations of the phonon mediated electron-electron coupling,
Phys. Rev. B (accepted).
147

148

LIST OF PUBLICATIONS
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